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Abstract

We study the steady motion of second-grade fluid in exterior domains
with a small but non-zero velocity prescribed at infinity. We split the
problem into the Oseen problem and transport equation and look for a
fixed point in Sobolev spaces. We proof the existence of strong solutions.
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1 Introduction

Let us study the plane flow of second-grade fluid past an obstacle. The second-
grade fluid is characterized by the constitutive law (see e.g. [TrNo])

T =2uD + 201 A4 + 4a,D?, (1.1)

where p is viscosity, a; and ay are normal stress moduli, D is the symmetric
part of the gradient of velocity and
d
A, = EZD +(Vv)TD + DVv. (1.2)

“The work was written during the stay of the author at the University of Toulon and was
supported by the scholarship of the French governement.
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168 Milan POKORNY

Here ad—t denotes the material time derivative and v the velocity field.
Steady motion of the incompressible second-grade fluid is governed by the
balance of momentum

ov-Vv+Vp=V -7+ of (1.3)

and the balance of mass
V-v=0, (1.4)

where g denotes the (constant) density, p the pressure and f the external forces.
This model of non-Newtonian fluid was studied for different types of domains
by several authors, see e.g. [DuFo], [DuRa), [GaSe], [NoSeVi], [PiSeVi].

We put the origine of the coordinate system into the obstacle i.e. into the
compact body O with smooth boundary. Imserting (1.1) and (1.2) into (1.3)
and using the condition of thermodynamical stability a; + as = 0 (see [DuFo])
we obtain following system of equations which describes the steady motion of
second-grade fluid in the exterior domain Q = R?\ O

—pAv — oy v-VAv + Vp= —pv - Vv + of+
+ a1V - [(VV)T (Vv + (Vv)T)]

V-v=0 (1.5)
v=0 atd =00
Vo Ve as |x| =+ 0.

We shall assume throughout the paper that the prescribed constant velocity
at infinity v, # 0. We can rotate the coordinate system in such a way that
Voo = 3(1,0). We shall search the solution v in the form v = u + v,; we have
for u:

—pAu - aju- VAu - alﬂA% + Qﬁgz‘il +Vp=

= —pu-Vu+ of + V- [(Vu)T(Vu + (Vu)7)]

V-u=0 (1.6)
u=—ve = —(3,0) at 00
u—>0 as|x|—o0.

Using the decomposition procedure proposed by Mogilevskij and Solonnikov
(see [MoSo]) we consider formally the mapping

M:g— (u,8) -z,

where
—Au+g§§z—"l +Vs=g
V-u=0
u=—(4,0) at 00

u—-0 as|x|—= o0,

1.7)
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it means that the pair (u, s) satifies the Oseen problem with the right hand side
g, and

1z +ar1(u+ve) - Vz = —gu - Vu + of +
+aV- [(Vu)T(Vu +(Vu)T) + Lo gy — s(Vu)T] +a 2y,

w 9z1

(1.8)

it means that z satisfies transport equation with the right hand side depending
on (u,s). (In fact, each component of z satisfies scalar transport equation.)
Clearly, if we find a fixed point of the mapping M in an appropriate space then
the corresponding pair (u,p) with p = us + a1(u+ v ) - Vs solves the original
problem (1.6).

2 Notation, Basic Theorems

We denote by L?(2) the usual Lebesgue space equipped by the norm

full = ( lul"dxf

The Sobolev space W#4(Q) contains all measurable functions such that the

norm
l.

llelle,g = (Z IID"‘UII")

la|<k

is finite. If £ = 0 then W%4(Q) = LI(). Here @ = (a1, az) is a multiindex and

D%y = aza'f;;‘ >. By D*u we understand the vector which consists of all deriva-
1 2
tives of k-th order of u. If k = 1 we shall write only Du. We do not distinguish
between W*4(Q) and (W*7(22))™ but in order to avoid misunderstanding, all
the vector- and tensor-valued functions are printed boldfaced.
We shall mention some well-known theoreras which will be often used in the

next section:

Theorem 2.1 Let Q@ C R™. Letu € LP(Q) N LI(RN), 1 < p < ¢ < 0. Then
ue L™(Q) Vre (pq) and

llullr < fullgilellg™
ith L — a 4 1-o
with =T

Proof It is an easy consequence of the Holder inequality. O
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Theorem 2.2

1. Let Q C R? be exterior domain with lipschitzian boundary. Let for some
p €[1,2) Du € LP(Q). Then there exists a unique constant ug such that

2p

Iu = ualls < CIDul, s = 57—

b

where the constant C does not depend on u.

2. Letu € WYP(Q), p > 2. Then u € C(Q) and there exists C > 0, indepen-
dent of u, such that

llulleo < Cllullp -
Proof see [Gal]. O

Remark 2.3 Let all the assumptions of the first part of Theorem 2.2 be satis-
fied. If moreover u € L(Q) for some g € [1,00) then evidently ug = 0.

The decomposition (1.7)—(1.8) allows us to study separately the Oseen prob-
lem (1.7) and the transport equation (1.8). Let us recall some known facts about
these two equations.

Theorem 2.4 Let1 < g < g and B € (0,8). Let g € WFi(Q), k =0,1,---
and Q C R? be exterior domain. Then there ezists unique solution to the Oseen
problem (1.7). Moreover denoting by u this solution, we have:

(Woa = Allluallze + 1Duzlly) + B2 jull_2g_ + 6| Dull o0 <
< C(@,0,60)(lglly + A2 B IVaolla-1,000)  (21)
[we = B2 (ID%ullkg + 1Dsllkg) <

< C(@,0,60) [llglls + 80~ (llgllk.g + Voollai—3 4.00)] (2:2)

Proof The existence and uniqueness of the solution is shown in [Gal]. The
inequality (2.1) can be found in [Ga2], the inequality (2.2) in [Po]. O

Theorem 2.5 Let u+ ve, = 0 on 0. Let Q be exterior domain with smooth
boundary. Let u+ vy € CE(Q), F € Wk4(Q), £ =0,1,---, 1 < g < co. Let
I = |Ju+ Voollgr be small enough (if k = 0, we must consider ||[u+ veollct).
Then there exists exactly one solution z € W59(Q) to the transport equation
(1.8). Moreover

1
< —F—|F .
llzllk.q < ”_aﬁkll llk,q
The constant o depends only on k, q.

Proof see [No]. O
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3 Main Theorems

We proceed as follows. We first show that the mapping M maps for § small
enough the balls (small enough) in W4((2) into themselves. Then we show that
the mapping is a contraction in L(2). The following classical theorem gives us
the existence of a fixed point in W19((2).

Theorem 3.1 Let X be reflexive Banach space, Y Banach space, X — Y.
Let H be a closed unempty ball in the norm topology of X. Let T : H — H be
contraction in Y. Then there exists a unique fized point of T in H.

Remark 3.2 Analogously to what follows we may show that the mapping M
maps small balls into themselves in W*4(Q), k > 2, and is a contraction in
Wk=1.4(Q). Therefore there exists a fixed point in W*9(Q2) (see Theorem 3.9).

Throughout this section we shall assume that ¢ € (1, $). We shall show that
if ||£]]1,q is sufficiently small then

1. 36(8) > 0 such that [|gll1,q <6 = [[Mgll1,q <6

2. M is a contraction in L!(Q) i.e. || Mgy — Mgall; < v(9)|lg1 — g2|lq, where
0<vy<1andl|gil,q<d,i=1,2.

We start to study the problem (1.7) i.e. the Oseen problem. From (2.1)-(2.2)

we have .
()g,q < C(llgllg + B+~ gl ~)
1 _1

[u); < Clgllg + B2 ||gllr,q + B F200)).

We need an estimate of z = Mg in W19(Q) by means of the expressions on
the left hand side of (3.1). Let us begin with two lemmas dealing with some
auxilliary estimates.

(3.1)

Lemma 3.3 Let u has finite norms (- )g,q and [-1x, £ > 0. Let u= —(5,0) on
0. Then

oo < C(RuloB ™0 ) T () o84 5 + 5777

]
3.2
ID*ullee < OB~ Dluli, k> 1. 2

Proof We start with the first inequality. We denote by w the function which
is equal to u inside of Q and —(8,0) outside of 2. The function w belongs to
W1H4(R?) and the interpolation inequality from [Ma] gives us

Wlloo < CUDWIG e Wl e,

where 0 = a(l -~ 1)+ (1-a)l. Weputr = 3—3%‘1— and s = z—z;qa;soaz S——ql’l. As
w =uon  and Vw = 0 outside of 2, we have

3-2

3(e—1) 3(g—1
ullo <C ? + q Dul| ¢ .
Iulle < CQIull S+ 8FDul 5
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The inequality (3.2;) follows by means of Theorem 2.2 and definitions of the
norms.

The other inequality is even easier. Theorem 2.2 gives us
ID*ulles < ClID*ully 2 < CID**!ully, < CB~20D(ul;

which finishes the proof of the lemma. O
We next estimate the quadratic terms on the right hand side of (1.8).

Lemma 3.4 Let u be sufficiently smooth. Then we have the following estimates
with C' independent of u and 3

—1-2(1-1
llu-Vall, < (w3 87172072,
3—-2

[uD*ull, < Cluly? [uls_nB~20— 9.

3(1-1) o1 _1
[y5hT W g20-D 4 g0-D] k> 2,

IDulz, < CSs Pt po0-DE, (3.3)
|DuD*ull, < Clulifule—op~*0" %), k>2,

ID?ul3, < Clul2p™40-%,
ID*sDull, < Clulifuls-18720"7, k>1,
IDsD*ully < Clulyfuli-1 8403, k>2.

Proof The first inequality is classical and can be found e.g. in [Ga2]. We next
have

[[uD*ully < [ID*ufjqllulle

and the second inequality follows from Lemma 3.3. The third inequality is a
consequence of the interpolation and imbedding inequalities

-1 6-4g 6(1-1) 8-4q
IDul, < 1Dul’sy P lDull & < CIDuly * ID%ull,?
3—-q —-q -

which hold for ¢ € [1,3]. The fourth and sixth inequalities can be shown
similarly as the second one. From the imbedding theorem we have
ID?ull3, < CID*ullR,
and we get the fifth inequality. Finally
IDsD*ully < [1Dsl] 2o [ID*ullz < CUD?slgllD*ullig

The lemma is proved. O

So we are in position to show that the operator M maps sufficiently small
balls in W14(Q) into themselves.
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Lemma 3.5 Let ||f|l1,; and B be sufficiently small. Then there exists 5(8) > 0
such that the operator M maps Bs = {g € W19(Q); ||gll1,; < 8} into itself.

Proof Let us take g € Whi(Q), 1 < ¢ < g, llgll1,q < & small enough (will be
precised later). For the couple (u, s) the estimates (3.1) are available. Now, let
us assume (will be demonstrated below) that ||u+ Voo||c1 is small enough. Let
z be solution of (1.8) with the right hand side depending on (u,s). Then

llzll1q < ClIF(w, 8)ll1,q -

We need therefore to assure the smallness of ||u+veo||c1 and to estimate F(u, s)
by means of the norms on the left hand side of (3.1). In what follows we assume
that § = ¢, where a > 0 and ¢ is a positive small number. First we need

lall1,c0 < Cpi. (3.4)
From Lemma 3.3 and estimate (3.2) we have
laflsc0 = lTulloo + Dulloo < C{ep—20 70 +ep720- D514

4 g 0D | g20-H BN | g0 5}

Evidently, as 1 > 2(1 — %)?»—T?q for ¢ € (1,%), it is enough to assume § small
and

a>21-13=2
9 g
So we get (3.4) satisfied. Let us note that it is enough to take & > 1. As will
be seen later we shall need much sharper condition on a.
Now from (1.8) we see that

IF(u,9)ll1q < C(llu- Vall,g +[[DuD?ully g + BlluD?ully 4+
+||DsDull1,q + |Ifll.q + 821D ulls,q) -

Lemma 3.4 reads

1Elhe < Of ()2, 877208 4 uygty Plul, ™ p00-D5 4
@ (e + a6 DI+ B+
(T + [y )BT (14 B+
(2 + [l o (1 + B)B D) 4 e + [l p*20 D).
Employing Theorems 2.4 and 2.5 we get finally (we assume |In | > 1)
lzllig < ClIFllg < C{ligli? (87172073 + p00- D5 4
+ BT+ ) + BT (14 B)]+
Fllgla B0 D521 4 gy 4 lglhgBi+
+ 20D g2 4 gR20- DT 4

+ B2 (148) 4 8214 B) + g )
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So we easily see that the smallest exponent in the terms without ||g||1,q i8
exactly 1+ 2(1 - ). We have therefore

1
OLS1+2(1"E).

On the other side, taking the terms with ||g||1,4 into accout we easily see that
necesserily 2a — 1 —2(1 — %) > aie.

1
a>1+2(1-2>)
q
and the only possibility is to choose a = 1+ 2(1 — %). Evidently, if € and 3 are
small enough, then we get
lzlls,g < e840 =

Let us emphasize that
gl 87172078 < Ce2gH20-D) < Lepti-)
for € small enough and
D] In g2 < e+

for B small enough. Lemma 3.5 is proved. O

Now it remains to show that the operator M is a contraction in the space
L1(f2). It means we are about to show that there exists § small enough such
that for all g1, g2 € Bs there exists v € (0,1) such that

Mg — Meallq < 7vller — gllq -
Let us first reformulate the problems (1.7) and (1.8). We have easily
—A(u - up) + 0222 4 Y(s) — ) = g1 — 2
V-(ag —u2) =0
u; —uy = 0 at 69

uy—u—+0 as|x| o0

(3.5)

p(z1 — 22) + e (uy + Vo) - V(21 — 22) =
=F(uy,s1) — F(uz,s2) —a1(u; —uz) - Vzs = G, (36)
where .
F(uy,s1) — Fug,s2) = —p(u; —up) - Vu; — gus - V(uy — up)+
+o1 V- {(V(u — )T [Vuy + (Vu) ]+
+ (V)T [V(uy — up) + (V(a1 — u2)) "]+

(a1 —u3) 3.7
+ 055 @ (w —w) + 02 X5 @ uy— (3.7)

= (51 = 82)(Vuy)T — 52(V(wy — uz))” }+

082 8%(u1—uy)
+a m Ba2 .
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Our aim is to show that ||z; — 22|y < /|81 — 82l with v < 1. For (3.5) we
have
(u; —uz)p,4 < Cllg1 — 82|
1—U2)g,q 1 q (3.8)
[u; —uzo < Cllgi — 82llg

while for (3.6)

llz1 — z2(ly < Gl - (3.9)

u— ady
Similarly as in Lemma 3.5 we can show that 1, is small if § is small enough.
We start to estimate G in L7(2) by means of (u; — u2)g,q and [u; — uy]p.
The constants in the estimates will depend on (u;)g,, and [u;]; and will be small
for § small. We shall give the estimates of the terms on the right hand side of

(3.6).

(w1 —u2) - Vazlly < [lur — uzleo]| V22 |lg <

(1 1y3= 3-29 3(1-1)
<D T g —wply (g — )y, <

< Eﬂ1—2(1—%)3'q”"

llgr — 82l
Let us note that for g € (1, g) the exponent by S is strictly positive.
0wy = uz) - Vayfly < A7 72079 ur — wa)g g (s <
<C(m B~ +e)llgr — g2llq

The same result holds also for the term uy - V(u; — uy).

Bllus D?(us — ua)lg < BlID?(w; — uz)llluzlles <
<CB D L4 e)lgs — gallg + B2A 4+ )llgr - gall,

Completely analogously we can estimate
3—
Bll(wr = uz) Dy, < 27207 (1L 4 ¢)llgr — g2lly

Moreover )
BPID?(wy - wp)lly < CB7|lg1 — gallq -

All the other terms can be estimated by the same term.
o
1D (s = ug) D?uilly < |D(us = wa)ll 2o 10wl < G (1 +6)llgr - el
.
ID2(u; — wz) Duyly < [|D?(u1 — wa)ll|Duslloo < CA7 (1+6)lg1 — g3,
2
ID(s1 = 52)Dually < 1D(s1 = s2)llgll Dutlloo < CB7F (1 +€)llg1 ~ gall
2—
|1Ds2D(uy — u2)llg < [|Dsall2l|D(ur - U2)||§&_9; <CAT (L+6)e - g2l

From the calculations above we conclude
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Lemma 3.6 Let B, € be small enough, § = eﬂ“’z(l“%). Then there exists
v € (0,1) such that
IMg1 — Meallq < 7llgr — g2llq

for all g1, g2 € Bs.
Combining Lemmas 3.5 and 3.6 with Theorem 3.1 we get finally

Theorem 3.7 Letq € (1,8). Let ||f||1,q be sufficiently small. Then there exists
B* such that for all B € (0, 3*) there exists at least one strong solution to (1.5).

3 3
Moreover we have D*>v € Wh4(Q), Dv € Ls_—q?(ﬂ), u=v-—vyg € L§:qﬁ_q((2)
and Dp € Wh1(Q).

Proof From Lemmas 3.5 and 3.6 we get existence of the fixed point w €
Wb19(Q). From (1.7) we can calculate the corresponding pair (u,s). Now,
vV = u + Vo solves the problem (1.5) while p = us + a;(u + Vo) - Vs is the
corresponding pressure. We easily have

IDpll1,q < pllDsll1,q + [l + Voollool| Dslla,q + [ Dulleo|| Dslly < €
and Theorem 3.7 is demonstrated. O
Remark 3.8 A similar procedure (in some sense even easier) gives us

Theorem 3.9 Let k > 1. Let g € (1,8) and let ||f||r,, be sufficiently small.
Then there ezists 8* such that for all § € (0,3*) there ezists at least one strong
solution to (1.5). Moreover we have that D>v € W*4(Q), Dv € L34(Q),
U=V — Voo € L% () and Dp € Wh(Q).

The details of the proof can be found in [Po].
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