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Abstract

An algebra A has g-determined congruences if there is a binary alge-
braic function (i.e. a polynomial) g such that for each § € Con A we have
(a,b) € 0 iff (g(a,b),q(a,a)) € 6. We characterize g-determined algebras
and their varieties.
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Let A = (4, F) be an algebra of type 7.

For two n-ary terms p(Zi,...,Zn), q(Z1,...,T,) of type T we say that
A satisfies the identity p(zi1,...,2n) = ¢(z1,...,z,) if for any choice of el-
ements ai,...,a, € A the element p(ai,...,a,) coincides with the element
glai,...,an).

Following [4] we say that an algebra A has an equationally defined constant if
there exists an n-ary term t(xy,...,z,) such that t(z1,...,2,) = t(y1,--.,yn)

is satisfied in A. Hence, if n = 0 then this equationally defined constant is
evidently a nullary operation of type 7. However, for n > 0 it says that the
value of t(ay,. .., a,) does not depend on the choice of elements a;,...,a, € A,
i.e. it is a constant.

J. Stominski [4] introduced the following concept.
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Definition 1 Let 4 = (A, F) be an algebra of type 7 and p(z1,z2) be a binary
term of type 7. We say that the congruence 6 € Con A is p—determined if there
exists an element e € A such that

(a,b) € 0 if and only if (p(a,b), p(e,e)) € 6.

We say that an algebra A has p-determined congruences if every 6 € Con A
is p-determined. A class C of algebras of the same type 7 has p-determined
congruences if each A € C has this property.

For such algebras, we can state the following:

Proposition 1 (see [4] or [5]) Let A = (A, F) be an algebra of type T and
p(x1,22) be a binary term of type 7. For § € Con A, the following are equiva-
lent:

(i) 8 is p-determined;
(i) {a,b) € 0 if and only if (p(a,b),p(c,c)) € 8 for each c € A;

(1) there exists a congruence class N of 6 such that (a,b) € 6 if and only if
p(a,b) € N.

Remark 1 (i). By (i) of Proposition 1, one can see that the definition of
p-determined congruence (or algebra or class of algebras) does not depend on
the choosen element e € A.

(ii). Every p-determined congruence 6 € Con A is in fact determined by the
unique congruence class N; call this class p—normal.

Let us note that [5] contains a characterization of p-normal classes of A and
an assertion showing that if 4 has p-determined congruences then p(a,a) =
p(b,b) for any a,b of A, i.e. A has an equationally defined constant p(a,a). If
e.g. A is a group, one can take p(z,y) = z - y~! and, evidently, a class N of
6 € Con A is p-normal if and only if N is a normal subgroup of A; moreover,
p(a,a) = e, the identity element of A.

G. Matthiessen [3] gave a Mal’cev characterization of varieties with p-determ-
ined congruences. We give more convenient form of such a condition.

Theorem 1 LetV be a variety of type 7 and p(x1,z2) be a binary term of type
7. V is p-determined if and only if there exist 4-ary terms t1,...,t, of type 7
such that

p(z,z) = ply, Y)

T = tl(p(:v,y),p(a:,x),:l:,y)
ti(p(z, z),p(z,9),2,y) = tiv1(p(z,y),p(z,2),2,y) fori=1,...,n—1
y = ta(p(z,z),p(2,9),7,9)

are identities in V.
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Proof Let V has p-determined congruences. Let A = Fy(z,y) be the free
algebra of V with two free generators z,y. By Theorem 12.3 in [5] for any
a,b € A we have p(a,a) = p(b,b) and (a,b) € 0(p(a,b),p(a,a)). Hence, p(z,z) =
p(y,y) is the identity in Fy(z,y) and

(z,y) € 0(p(z,y),p(z,2)).

Therefore, there exist binary algebraic functions ¢, ..., ¢, such that

zr = (pl(p($>y))p($7x))
(Pi(p(.'t,l'),p(iﬂ, y)) (pi+1(p($7 y),p(m,z)) 1= 1a ey — 1
¥y = en(p(z,2),p(2,9))

Il

Since A has exactly two generators z,y, there exist 4-ary terms ty,...,1, with
vi(z,v) =ti(z,v,z,y) (G=1,...,n)

whence we obtain the identities of the statement.

Conversely, suppose A € V, A= (A, F) and a,b € A. Then p(a,a) = p(b,b)
and, by using of the identities, (a,b) € 8(p(a,b),p(a,a)). By Theorem 12.3. in
[5], it is equivalent to the fact that A has p-determined congruences. a

For congruence permutable varieties the foregoing condition can have a very
readable form.

Theorem 2 Let V be a variety of type 7 and p be a binary term of type 7. The
following are equivalent:

(i) V is congruence-permutable and has p-determined congruences
(ii) there exists a 3—ary term t of type T such that
p(z,z) = p(y,y)

z = t(p(z,y),,y)
y = t(p(z,z),7,y).

are identities in V.

Proof By Theorem 1, (i1) clearly implies that V has p-determined congruences.
Moreover, we can put m(z,y, z) = t(p(z,y),z,2). Then

m(z,z,y) = t(p(z,z),2,9) =Y,
m(z,y,y) = tp(z,y),2,y) = =,

i.e. m is a Mal’cev term and, therefore, V is congruence-permutable.
Conversely, suppose V is congruence permutable and has p—determined con-

gruences. By using of Theorem 12.3 in [5], we conclude p(z,z) = p(y,y) and

(z,y) € 0(p(z,y),p(z,z)) analogously as in the proof of Theorem 1 for A =
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Fy(z,y). Since V is congruence-permutable, every reflexive compatible relation
on A € V is a congruence on A, see e.g. [6]. Hence (z,y) € R(p(z,y),p(z,z))
where R(a, b) denotes the least reflexive and compatible relation on 4 containing
the pair (a,b) € A2. Hence, there exists a unary algebraic function p with

z = p(p(z,y)) and y = p(p(z,z)).

Since A has exactly two generators z,y, there exists a 3-ary term ¢ with u(z) =
t(z, z,y) whence (7i) is evident. ]

Example 1 Let V be a variety of groups. We can take t(z,z,y) = z -y and
p(z,y) =z -y~'. Then p(z,z) = e = p(y,y) and
tp(z,y),0.y) =y y=2

t(p(a"7w)7$7 y) =Z- $~1 Y=y

Unfortunately, the foregoing theory is sound only in the case if A (and hence
V) has an equationally defined constant. Hence, it is not applicable in the case of
quasigroups although they obey similar properties as loops for which the theory
works. The aim of the remaining part is to generalize the foregoing concepts for
algebras without constants.

Let A = (A, F) be an algebra of type 7 and let p(zy,. .., Zn, Tnt1,- - Tntm)
be an (n + m)-ary term of type 7 (n,m nonnegative integers). Let ay,...,am
be elements of A. As it was mentioned in the proofs of foregoing theorems, an
n-ary function

q(z1,...,zp) =p(T1,-.-,ZTn,Q1,...,0m)

is called an algebraic function over A.

Definition 2 Let A = (A, F') be an algebra and ¢ be a binary algebraic function
over A. A congruence § € Con A is called g-determined if there exists an element
d € A such that

(a,b) € 9 if and only if (¢(a,b),q(d,d)) € 6. (*)
An algebra A has g-determined congruences if each 6 € Con A is g-determined.

Theorem 3 Let A = (A, F) be an algebra, q be a binary algebraic function
over A and 0 € Con A. The following conditions are equuivalent:

(i) 0 is g-determined;
(%) {a,b) € 8 if and only if (g(a,b),q(c,c)) € 0 for each c € A;

(#1) there exists a class N of the congruence 6 such that (a,b) € 6 if and only
if g(a,b) € N.
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Proof (i)=(ii): Suppose ¢ € A. Then (c,c) € 8 and, by (i), (g(c,¢),q(d,d)) €
6. However, (a,b) € 8 if and only if (g(a, b), ¢(d,d)) € 6, thus using symetry and
transitivity of 8, we conclude (g(a,b),q(c,c)) € 6.

(it)=(ii1): Suppose N is a class of § with ¢(d,d) € N. By (i), g(c,c) € N
for each ¢ € A, i.e. (a,b) € 6 if and only if g(a,b) € N.

(iti)=>(i): Evidently, any element of A plays the role of d from (x). O

Lemma 1 Let q be a binary algebraic function over an algebra A. Denote by
w4 the least congruence on A. If wa is q-determined then g(a,a) = q(b,b) for
every a,b of A.

‘Proof For any a € A we have (a,a) € wa. Since wy is g-determined, it implies
(g(a,a),q(d,d)) € wa, ie. q(a,a) = g(d,d) (for some d € A). The assertion is
evident. O

Definition 3 Let 6 € Con A is g-determined (for some binary algebraic func-
tion q over A4). The class N of 9 satisfying

(a,b) € 0 iff g(a,b) € N
(by (#i1) of Theorem 3) will be called g-normal.

Theorem 4 A subset N of an algebra A = (A, F) is a g-normal class of scme
congruence of A if and only if N satisfies the following conditions:

(i) for each a € A, q(a,a) € N;
(i) if q(a,b) € N then q(b,a) € N;
(iii) if g(a,b) € N and q(b,c) € N then g(a,c) € N;

() if f € F is n-ary and g(a;,b;)) € N fori=1,...,n then
q(f(a'lr‘-'7an))f(b1)“"bn))EN;

(v) for each a,b € N also g(a,b) € N;
(vi) ifa € A and b € N then q(a,q(b,b)) € N impliesa € N.

Proof It is an easy exercise to check that any g-normal class satisfies the
conditions (%)-(vi).
Conversely, let N C A satisfies (i)—(vi). Introduce a binary relation § on A
as follows :
(a,b) € 0 if and only if ¢(a,b) € N. (%%)

By (i), (ii) and (%), @ is an equvivalence on A. Applying (iv) we check the
substitution property, i.e. 8 € Con A. Suppose z,y € N. By (v), ¢(z,y) € N
and,by (¥x), (z,y) € 6. Hence, N is contained in some congruence class of 6.
Now suppose a € A and b € N. Let (a,b) € . Since (b,b) € 6, also g(b,b) € N.
However, N is contained in some class of 8, thus b € N and ¢(b,b) € N give
(b,q(b,b)) € 6. Applying transitivity we conclude (a,q(b,b)) € 6. By (vi), it
gives also a € N. Thus the congruence class of 6 containing a is included in N,
i.e. N is a congruence class of §. By (i) of Theorem 3, 6 is g-determined. O
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Corollary 1 Let A be an algebra with q-determined congruences. The set
Ny(A) of all normal congruence classes forms a complete lattice with respect
to set inclusion. The greatest element of Ny(A) is the whole set A, the least
element is the singleton {q(a,a)} for some a € A.

Proof By (i)-(vi) of Theorem 4 it is evident that N;(A4) is closed under set
intersection. Clearly A € Ny(A), i.e. Ny(A) is a complete lattice. Since also
wa € Con A, Lemma 1 completes the proof. O

Denote by Con, A the set of all g-determined congruences on an algebra A.
Evidently, Cong A is an algebraic lattice and, moreover, Cong A4 =2 N (A).

Theorem 5 Let g be a binary algebraic function over an algebra A. A has
g-determined congruences if and only if for each a,b € A of A it holds:

(i) q(a,a) = q(b,b);
(ii) (a,b) € 8(q(a,b),q(a,a)).

Proof Let A has g-determined congruences. By Lemma 1 we obtain (). By
Definition 2 and Theorem 3, (g(a,b),q(a,a)) € 6 implies (a,b) € 6. Taking
0 = 6(g(a,b),q(a,a)) we obtain (i).

Conversely, suppose (i) and (ii). Let § € Con A. If (a,b) € § then clearly
also (g(a,b),q(a,a)) € 0. If {¢(a,b),q(a,a)) € 6 then, by (ii), also (a,b) €
0, ie. (a,b) € 0 iff (g(a,b),q(a,a)) € 6. Applying (i) we conclude that @ is
g-determined. ]

Example 2 By Example 1, every group G has p-determined congruences for
p(z,y) = z -y~ ! and the p-normal class of § € ConG is the normal subgroup
N = {z € G; (z,e) € 6}. However, every class of 8 is a g-normal class of . Let
us pick up a € K for any congruence class K of # and put ¢(z,y) =z-y~! - a.
Then 6 is also g-determined and (v, w) € 6 iff ¢(v,w) € K.

Every convex sublattice of a Boolean algebra B containing a given element
c is a g-normal class for q(z,y) =z @y ®c wherez @y = (' Ay) V (z Ay'), the
symmetrical difference.

Let R = (R,t,u,0,1) be a bi-ternary ring (see {2]), § € Con R. Every class
of 6 is g-normal. To show this, let [a]y be any class of 6 and put g(z,y) =
t(1,a,u(1,z,y)). I (z,y) € 6 then (u(1,z,y),0) = (u(l,z,y),u(l,z,z)) € 0
which implies (¢(1,a,u(l,z,y)),a) = (t(1,a,u(l,z,9)),t(1,a,0)) € 6. Con-
versely, if (¢(1,a,u(1,z,y)),a) € 0 then

(u(l,2,),0) = (u(1,a,t(1,0,u(l,2,y))),u(1,a,a)) €6
which gives (y, z) = (¢(1, z,u(l, z,¥)),t(1,z,0)) € 6.

Remark 2 Evidently, every algebra with p-determined congruences has also
g-determined congruences since every term is an algebraic function. We are
going to show that algebras with g-determined congruences from a larger class.
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Definition 4 For an algebra A, denote by AF(.A) the set of all algebraic func-
tions over A. Let A # 0 be a set and A; = (A, F1), A2 = (4, F2) be two
algebras. We say that A is a function reduct of A; if F» C AF(4,).

Hence, A is a function reduct of A; if for each n-ary f € F; there exists an
n-ary algebraic function g over A; such that

flai, ... an) = g(as,...,an)
for any aq,...,a, € A.
Lemma 2 Let As be a function reduct of A;.
(i) if @ € Con A; then § € Con Ay;

(1) if As has p-determined congruences (for some binary term p) then A; has
g-determined congruences (for some binary algebraic function over A;).

Proof The proof follows directly by Definition 4 an by Proposition 1(%#4) and
Theorem 3 (ii1). ]

Remark 3 The converse of (i) of Lemma 2 does not hold in general, see the
following;:

Example 3 Let A = {a,b,c,d} and consider the quasiqroup @1 = (4;-,/,\),
where the table for - is

[ a b ¢ d
a a b ¢ d
b c d b a
c b a d c
d d ¢ a b

Let Q2 = (A4;0,//,\\) be a quasigroup with operations introduced as follows:

zoy = (z/b)-(a\y)
z/ly = (z/(a\y))-b
z\\y = a-((z/b)\y).

Then @ is a function reduct of Q);. However the equivalence # with the partition
{{a, b}, {c,d}} is a congruence on Q3 but not on Q;.

Definition 5 (see [1]) Let @1 = (41;+,/,\), @2 = (As;0,//,\\) be quasi-
groups. By an isotopy between @; and Q. we mean the triple (a,3,7) of
bijections of A; onto A satisfying

a(a) o B(b) = v(a-b) for each a,b € A;.

By a loop L we mean a quasigroup with an identity element, i.e. with an
element e satisfying -e =e-x = z for each z € L.
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The following statements are well-known, see e.g. [1] for the proofs.
Lemma 3 FEvery quasigroup Q = (A4;-,/,\) is isotopic to a loop
L= (4;0,//,\\s€)

where (Ry ', L7, ida) is this isotopy (Ry(z) = z-b, Lo(2) = a-x). In this case
we have e = a-b and

zoy = (2/b)-(a\y)
¢/ly = (z/(a\y))-b
2\\y = a-((z/b)\y).

Theorem 6 Every quasigroup has q-determined congruences (for some binary
algebraic function q).

Proof Let Q = (4;-,/,\) be a quasigroup. By Lemma, 3, Q is isotopic with a
loop L = (4;0,//,\\) and, by Lemmas 2 and 3, every congruence on Q is also a
congruence on L. By Lemma 2 (i), Q has ¢g-determined congruences provided
L has p—determined congruences for some binary term p of type {o,//,\\,e}.
However, it is well-known (see [1]) that for § € Con L,

(z,y) € 0 if and only if z//y € N

where N is the class of 6 containing e. By (%4) of Proposition 1, L has
p-determined congruences for p(z,y) = z//y finishing the proof. a

Corollary 2 Let Q = (A;-,/,\) be a quasigroup and a,b € A. Then
(a) Q has g-determined congruences for q(z,y) = (z/(a\y)) - b;

(b) for each 8 € Con @, the class of @ containing the element a-b is g-normal.
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