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Abstract

The note deals with differential equations with Borel measures as coef-
ficients. The problem of existence and uniqueness of solutions is discussed.
The Ritz—Galerkin method is used for determining approximate solutions.

Key words: Differential equation, Borel measure, Ritz—Galerkin
method.

1991 Mathematics Subject Classification: 34A12, 34A45

1. Let us consider the boundary value problem

k
D (=1 au®) 4 pyu = py

i=1

u(i)(a):u(i)(b)zﬂ fori=0,....,k—-1, k>1,

(1)

where p; and p, are real Borel measures, g3 >0 and a; > 0fori=1,... k.
It was shown in [1] that for £ = 1 Problem 1 has exactly one solution, which
can be approximated by the Ritz—Galerkin method. Here we shall show that

Problem 1 can be solved similarly.

Every continuous function u fulfilling the boundary conditions and the dif-
ferential equation (1) in the distributional sense will be called a solution of

Problem 1. This means that
k

a

i=1 a

159

b b b
Z(—l)iai/ usa(z‘)dw+/ updy (z) =/ pdps(z) for p € D(a,b), (2)
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where D(a, b) denotes the Schwartz space of test functions. Therefore u(2¢-1) ¢
BV (a,b) C L%(a,b). Further it implies that u € W?~12(a,b) (W™2(a,b), n =
1,2, ...1s the Sobolev space of functions u € L?(a, b) such that the distributional
derivative u(") belongs to L?(a,b); the space W™?(a,b) is equipped with the

norm |[ul| = (37, [lu?)72) 7).
Let us define now the space

Wg2(a,b) = {u e W™2(a,b): u(a) =uD(b) =0 fori=1,...,n— 1} .

It is easy to show that W;?(a,b) is the closure of D(a,b) in W™2(a,b) with
respect to its norm || - ||

An easy computation using integration by parts shows that equation (2) can
be rewritten in the form

k b b b
Soai [ u0e0ds+ [ updin(@)= [ pdi@) forpe Db @)
i=1 a a a
For simplicity of notation we put for u, ¢ € Wg’z(a, b)

k b b b
au,p) = Zai/ u(’)w(’)dx+/ updp (z), B(p) ::/ wdps(z).
=1 @ a a

Thus the original Problem 1 can be written as
a(u,¢) = Blp) for p € Wy (a,b). (4)

It results from the discussion given above that if equation (4) has a unique
solution u € W: ’z(a,b), then u is the unique solution of Problem 1 and u €
W?2k=1.2(g b). Hence we can consider the problem of existence and uniqueness
of solutions of equation (4). For this purpose we will define the following two
norms in the space Wg'*(a, b):

Julle == Vo(u,u)

elll = Yz
Theorem 1 The norms || - ||, ||| - ||l and || - ||a are equivalent on WeE2(a,b).

Proof One can show that |u(i)(;c)| < Vb— aHu(“‘l)HLz for z € (a,b), u €
W:’z(a:b)» i=0,...,k—1. From this we get

Nu®)1ps < (b= a)* | |ull] (5)
and

sup u*(z) < (b— a)llw'|[72 < (6 —a)**Hu|l>. (6)
z€(a,b)
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By (5) we obtain
k . k .
lli? < flulf® =3~ Jlu@)Fa < Y@ —a®Elll® = Al (7)
=0 =0

where A = Q’—(;“_:—l%—l. Therefore the norms || - || and ||| - ||| are equivalent.
Moreover, by virtue of inequalities (6) and (7) there is

A

k b
alllall? < Jlull2 = 3 ailu®)2, + f w2y (z) <
1=1 a

< (4 max, 00+ 0~ o,8) ) Il

This finishes the proof. m]

In the space Wg%(a, b) besides the usual inner product

(u,9) == zk: (uu), S‘,(f))“

1=0

one can consider two other products, namely a(u, ¢) and [u, @] := (u(¥), p(*)) 2.
It follows from Theorem 1 that Wg?(a,b) is a Hilbert space with any of these
products.

Theorem 2 Problem 1 has ezactly one solution in W2*~1.2(a, b).

Proof From the previous remarks it follows that it is sufficient to show that
N . . k2 . . .
equation (4) has exactly one solution in Wy "(a,b). B is a continuous linear
form on W¥%(a,b), (Wg'(a,b), a(-,-)) is a Hilbert space, therefore the Riesz
Representation Theorem of a continuous linear form shows that a solution of
(4) exists and is unique. O

2. In this section we shall show how approximate solutions of Problem
1 can be determined in the space Wg(a,b) , if a countable complete sys-
tem of linear independent functions {¢n}5%; is given. It will be noted that
cd(lin{pn; n =1,2,...}) = Wg(a,b). ‘Lin’ denotes the lineal hull and ‘cl’ the
closure of the set {¢n; n =1,2,...}. Let us define the quadratic form

F(u) = %a(u,u) —B(u) for u € WE?(a,b).

From the Ritz Theorem ([1], p. 21, see also [2]) one can conclude, that u is a
solution of Problem 1 if and only if

Fw= inf  Fg). ®)
‘PEW:’z(a!b)
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Assume that E, is a subspace of W: ’2(a, b) spanned by elements ¢, ..., p,. Let
up = infyeg, F(p). It is known that u, tends to u with respect to any of the
norms considered above. Therefore the problem of determining the approximate
solutions of Problem 1 reduces to the possibility of determining functions uy,.
The quadratic form F' on the space E, reads as

F(<p)=G(/\1,,/\")—_—

" & n b
=3 [ > 3 axia (6267) + 50 s [ prpsdi(e) | -

i,j=1s=1 ij=1 a
n b
DI / pidpa(z), (9)
Jj=1 @

where ¢ = A1 + ...+ Apn. The expression (9) may be rewritten in matrix
form

k
G(A) = %AT (Za,l‘s + A) A—ATP,
s=1

where

A=[)\.. J\n]T ) Ly = {("D’(S)’So’(:))Lﬁ]Zkzl ’

b n b b T
A= [_/a soa-sokdm(x)] , P=[/a soldm(w)--/a sonduz(w)] :

i,k=1
It is easy to check that
G(AY) = Alélé'n G(A)

when . '
' (Z asl, + A) A* =0. (10)
i=1

Equation (10) may be used for determining approximate solutions of Problem 1.

3. To solve Problem 1 we can apply any complete system of linearly
independent functions in the space W(f ‘z(a, b), but for calculational reasons sys-
tems connected with Haar functions in L?(a,b) are convenient. Let us remind
that

2% forte [3%%,22;,,:%]
En(t) = 2-% fOI‘tE(zz,ln;:l,z—%r]

0 for other t € [0, 1],

where n = 2™ 41, 1 =1...2™ m=0,1,...and & := 1 on [0,1] are called
Haar functions, they constitute a complete orthonormal system in L%(0, 1) ([3],
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p. 132). A complete orthonormal system in (Wy'2(0,1),[.,.]) was constructed
in paper [2], which after differentiation gives the Haar functions §,, n = 2,3, ...
For various reasons this cannot be repeated for £ > 1. Otherwise it another con-
struction is possible in the space Wg'%(0,1). Because of calculational difficulties
we will discuss this for the case k = 2 only.

To solve this problem we have to find functions in Wg ’2(0, 1) which are parts
of second order polynomials and are linearly independent. They determine a
complete system. After double differentiation they become a linear combination
of some Haar functions. Let us begin with the following two functions

% fort €[0,1]
w(t) = -3 (t- %) (t- 45°) forte (33l
Q:z—lﬁ fort € (3,1]

and y4(t) := —ys(1 —¢t), t € [0,1].
One can show that y! = —& + 2v/2€, for @ = 3,4. Now, we put for
n=2"t L s m=0,1,..,s=1,...27H

m EL 2% s41 | _ 41
Yom+1ys 1= 2_32_‘”& [zm (t - : 2'2" 2 4)] fort e [%:1 4_%1]
0 for other ¢ € [0, 1]
(11)

where @ = 3 if 5 is odd and & = 4 if s is even. By || the entire part function
is denoted. For ¢ € [0, 1] the following formula holds

m 4|l 4
Yamti s (1) = 27 Y [2"' (t - Lﬁ%ﬁ‘*)]

—92 {_52 [2'” (t - ﬂ%#)] +2v2, [2m (t - %)]}

= —~Eymy g1y + 2V 2% qmir gy (12)
Theorem 3 cl(lin{y; n=1,2,...}) = L2(0,1), where 3, := & and 3 :=&,.

Proof We shall show that for every m, m =0, 1,... the functions yf, ... ¢ym+2

. m .
are linearly independent. Let us assume that Z?:l : a;y/’ = 0 for some a;, i =
1...2m+2 By (12) we obtain

gm+1 gm+1
1 /"
0= E a;y; + Z Aam+14sY gmt14s
i=1 s=1

m 2i gm+1 gm+1
— . 1"
= E E a2-+jy 2i+j _ E a2m+l+‘,£2m+l_§%ij +2\/-2_ E a2m+1+3£2m+1+6.

i=1j=1 s=1 s=1

The above expression is a linear combination of the Haar functions and therefore
we have agm+14; = 0 for s = 1,...2™*+1. This implies that agm4s; = 0 for
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s =1,...2™. Continuing the above consideration we can conclude that a; = 0
for ¢ = 1,...2m*+2_ By induction it can be shown that for m = 0,1,...,
s=1,...27*! we have

142 1 m+1
(13)

Therefore every Haar function may be represented as a combination of some
functions y//. Let f € L%(0,1). The function f has the Fourier representation

2u+2 2m+l

0
f= Z cnén = c1é1 + 262 + nli_)ngo Z Z Comt1 g s€amtiys- (14)
n=1 m=0 s=1
By (13) we obtain
on+2
f=cg+ lim Z &y + Anka | (15)

where ¢ may be determined by formulas (13), (14) and

on+2 om+1

1
Animeat Y e 3 Cpmiigs, n=0,1,... (16)
2 o &

This completes the proof of the theorem. (m]
Theorem 4 cl(lin{y,; n=3,4...}) = WOZ’Z(O, 1).

Proof In virtue of Theorem 1 the space W' (O 1) witk the norm || - ||| may
be considered. Assume that a function f € W2'(0,1) is given. Then f” €
L?(0,1) and the function f” may be represented by formulas (14)-(16). Clearly

¢1 = f) f’é1dz = 0. We shall show that A := limn e A, = 0. It is easy to
check that fo {fo Eanyi(s)ds}dt = W forn=0,1...,1=1,...2". By (14)
integrating two times we get

o= ([ roe)asFon [ e

n=2
f:zz Contl _2_+l v 2m+lc g A
=0 I=1 27+ 4 e Sy 2£—+l 4
Now, we can put
am+2
Fo=1im | Y @ul, Fewd(o,1).
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This means that

gm+2
£r : 1" 1"
fr=lim | Y &y =7

m—00 o

=

a.e. on [0,1]. Hence f(t) = f(t) for each t € [0, 1]. This finishes the proof. O

Remark 1 Let us mention that using y,, n = 3,4 one can define a complete
orthonormal system in (W02’2(0, 1),[.,.]) by putting

1
Uomtrggs_1 = m(yr"'ﬂ-{-h—l + Yam+142,)
1
Uomtrpgs @ = 1 (Yom+1 4251 — Yam+142)

fors=1,...2", m=0,1,....

Remark 2 Similarly one can construct a countable complete system of linearly
independent functions in the space Wy '2(0, 1) consisting of functions which are
parts of polynomials of order m and in some joint points ¢5,...,t,, are at least
of class C™~!. One can start with function

% for t € [0, 1]
y(t) =& B2t g fort € (ti,tipa], i=1,..m—1 (17)
M%)—m—- for t € (tm, 1]

which can be always determined (homogeneous system of m? equations with
(m—1)(m+1) + 2 = m? + 1 unknowns). We assume that m = 2" +1[, n =
0,1,..,1=10,...(2" = 1). Taking ¢;, ¢ = 1,...m from among points s,
s =1,...(2 — 1) it can be defined 2"*! — m = 2" — [ linear independent
functions according to formula (17). Their m~th derivative is a constant in
the intervals determined by points t;, ¢ = 1,...m. Thus, they are a linear
combination of Haar functions &1, ...&5m+1 (see [3], p. 133). Applying linear
transformation appearing in formula (11) one can formulate a complete system
of linear independent functions in WJ™?(0, 1) analogously as for m = 2.

Example 1 For differential equation
¥ +166,y =1
y(0) = y(1) =¢'(0) =¢/(1) =0,

where 6 1 is the Dirac measure concentrated at point ¢ = % we obtain the exact
solution

o) = { Lt — A58 4 3012 fort € [0, 3]
- 144 _ 4943 97 42 1 1)3 1
That is y(3) = z55 = 2.6-107%. Approximate solutions in spaces E3, E¢

and F14 calculated numerically by the method described in this paper have the
following values 1.83-107%,2.23 - 10~ and 2.36 - 10~* at point ¢ = 1.
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