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Abstract

it is shown that from the fact that the unique solution of homogeneous
problem is the trivial one it follows the existence of solution of nonhomo-
geneous problem in the Colombeau algebra.
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1 Introduction

We consider the following problem

(10) S 2@+ p(t)e () + g()x(t) = r(2),
(1.1) Li(z) = d;, & eR, i=1,2,

where p, ¢ and r are elements of the Colombeau algebra G(R); d;, d; are known
elements of the Colombeau algebra R of generalized real numbers and L; are
operations on G(R) (see: [2]), the multiplication, the derivative, the sum and
the equality is meant in the Colombeau algebra sense. We prove theorems on

existence and uniqueness of solutions of the problem (1.0)—(1.1).
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104 ~ Jan LIGEZA

2 Notation

Let D(R) be the set all C*™ functions R — R with compact support. For
g=1,2,... we denote by Aq the set all functions ¢ € D(R) such that relations

(o] oo

(2.1) / $(t)dt = 1, / tkp(t)dt = 0, 1<k<gq

— 00 —00

hold. .

Next, £[R] is the set of all functions R : A; xR — R such that R(¢,t) € C*>
for every fixed ¢ € A;.

If R € £[R], then Dy R(¢,t) for any fixed ¢ denotes a differential operator
int (ie. DyR(,1) = &2 (R(¢,t)) for k > 1 and DyR(¢,t) = R(4,1)).

For given ¢ € D(R) and € > 0, we define ¢., by

1, /t
2.2 e(1) = - -].
(22 6.0)= 20 (%)
An element R of £[R] is moderate if: for every compact set K of R and every
differential operator Dy there is N € N such that the following condition holds:
for every ¢ € An there are ¢ > 0, g9 > 0 such that

(2.3) sup | Dx R(¢e, )| < ce™N if 0<e<eo.
teK

We denote by Eur[R] the set of all moderate elements of £[R].

By T we denote the set of all the increasing functions o from N into R such
that a(g) tends to oo if ¢ — oo.

We define an ideal NR] in £y [R] as follows; R € N[IR] if for every compact
set K of R and every differential operator Dy there are N € N and « € I" such
that the following condition holds: for every ¢ > N and ¢ € A, there are ¢ > 0
and € > 0 such that

(2.4) sup | Dk R(¢e,t)] < ce*@=N  if 0<e<e.
teK

The algebra G(R) (the Colombeau algebra) is defined as quotient algebra of
En [R] with respect to M[R] (see [2]).

If Ry, Ry € Em[R] are representatives of elements G1, G2 € G(IR) respectively,
then G -G is defined as the class R; - Ry. This class does not depend on choice
of Rl and RzA

We denote by & the set of all the functions from A; into R. Next, we denote
by En the set of all the so-called moderate elements of & defined by

(2.5) &m = {R € &: there is N € N such that for every ¢ € Ay there are
¢> 0, no > 0 such that |R(d:)| < ce ™ if 0 < & < no}.
Further, we define an ideal 7 of £ by :
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(2.6) T = {R € &: there are N € N and o € T such that for every ¢ %N
and ¢ € A, there are ¢ > 0, 7o > 0 such that |R(¢e)] < g O-N if
0<e<m}

We define an algebra R by setting

— &m
R= £a (see [2]).

It is known that R is not field.

If R € Em[R] is a representative of G € G(R), then for a fixed ¢ the map
Y : ¢ — R(¢,t) € Ris defined on A; and Y € Exr. The class of Y in R depends
only on G and t. This class is denoted by G(t) and is called the value of the
generalized function G at the point ¢ (see [2]).

We say that G € G(R) is a constant generalized function on R if it admits a
representative R(#,t) which is independent on ¢. With any Z € R we associate a
constant generalized function which admits R(¢,t) = Z(¢) as its representative,
provided we denote by Z a representative of Z (see [2]).

We denote by Rp(¢,t), Reo(4), Ro(to)(#), Ror(t0) (@), Rer(4) representatives
of elements p, zg, z(to), z'(to) and z’.

We say that a generalized function p € G(R) is w-periodic (w > 0) if it
admits w-periodic representative Rp(¢,1).

Throughout the paper K denotes a compact set in R and [a, 4] is the compact
interval (i.e. —oo < a <t < b < 00).

We say that ¢ € G(R) is a solution of the equation (1.0) if there is n € N[R]

D2R3(¢,t) + RP(¢)t)D1R$(¢)t) + Rq(¢:t)Rz(¢;t) = R‘I‘(¢)t) + 7l(¢,t)

for all § € A; and t € R, where R; denotes an arbitrary representative of z.

3 The main results

First we shall introduce a hypothesis H.
Hypothesis H.

(3.0) p,q,7 € G(R),
(3.1) the elements p and ¢ admit representatives Rp(¢,t) and Rq(¢,t) with
the following properties: for every compact subset K of R there is N

such that for every ¢ € An there are constants ¢ > 0 and 70 > 0 such
that

¢ ¢
sup |/ |Rp(¢e,8)|ds| < ¢, sup [/ |Rg(@e,s)lds| <c if 0<e <o,
tek J tek )
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(3.2) the element p € G(R) admits a representative Rp(@#,t) with the following
property: for a fixed compact interval [a, b] there is N € N such that for
every ¢ € Ay there are constants €9 > 0 and v > 0 such that

b

4
/‘Rp(¢eyt)|dtgm—7 if 0<e<e,

a

(3.3) the elements p,q¢ € G(R) admit representatives R,(¢,t) and Ry(¢,1)
with the following property: for a fixed compact interval [a,b] there is

N

€ N such that for every ¢ € Ay there are constants o > 0 and v > 0
such that
b b o 4
/iRp(¢€1t)ldt+/IRq(¢E)t)]dtS m—‘)’ lf 0<5<E(],
a a . .

(3.4) a)

(3.4) b)

(3.4) ¢)

(3.5)

(3.6)

the element p € G(R) admits w-periodic representation Rp(¢,t) with
the following property, there is N € N such that for every ¢ € Ay
there are constants o > 0 and 7o < 0 such that

Ry (9e,t) <70 for 0<e<e and teER,

the element p € G(R) admits w-periodic representative Rp(¢,t) with
the following property: there is N € N such that for every ¢ € Ay
there are constants €9, 70 > 0 such that

|Rp(%e,t)| > o for 0<e<eg and tek,

the element p € G(R) admits w-periodic representative Rp(®,t) with
the following property; there is N € N such that for evel‘y b€ Ax
there are constants €9, 7o > 0 such that

16 .
/|Rp(¢e,t)|dt5 PR if 0<e< e,
0 . _

b
pelh® and [lp0ld< ;o

—a

a

4
Pa € Lho(®)  and /|p O]+ la()1dt < —g.



On Some Boundary Value Problems ... 107

(3.7)  p € Li,(R) and p is w-periodic function such that

w

/ p)dt >0, w / (Ol <16, p(t) 20,

0
(3.8) L; (¢ =1,2) are operations such that
a) Li(y) € R for y € G(R) and L;(y) € R for y € C®(R),

b) Li(Aryi+Aaya) = A1 Li(y1)+A2 Li(y2), where y1, y2 € G(R) and A1, Az € R,

¢) if Ry(¢,t) € Em[R], then hi(¢) € Enr, where hi(¢) = Li(Ry(4,-)) (for
¢ (S Al))

d) Li[Ry(4,1)] = [Li(Ry(4, )], where y = [Ry(¢,1)] € G(R).

Now we shall give theorems on the existence of the solution of the problem

(1.0)-(1.1). Apart from the problem (1.0)-(1.1) we shall examine the homoge-
neous problem

(3.9) 2 (t) + p(t)2’(t) + q(t)z(t) = 0

(3.10) Li(z) =0, Ly(z) = 0.

Theorem 3.1 We assume the conditions (3.0)-(3.1) and (3.8). Moreover, we
assume thai the zero is the unique soluiion of the probiem (3.9)-(3.10) in G(R).
Then the problem (1.0)-(1.1) has ezactly one solution in G(R).

Remark 3.1 If p, ¢ and 7 have properties (3.0)-(3.1), then the problem

(3.11) 2(t) +p(t)2' (1) + g(t)a(t) = r(t)

(3.12) ¢+ z(te)=ri, (t)=ry tER, r,;ER

has exactly one solution z € G(IR) (see [11]). Besides, every solution z of the
equation (3.11) has a representation '

(3.13) r=cip+ Y+ Q,

where ¢ and 1 are solutions of the problems

©"(t) + p(t)¢' (t) + q(t)p(t) = 0
(3.14) { p(0)=1, ¢'(0)=0,

P (t) + p(t)y' (1) + g(t)¥(t) = 0
(3.15) { $(0) =0, w(0)=1,
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Q is a particular solution of the equation (3.11) and ¢; and ¢y are generalized
constant functions on R. The solution z is the class of solutions of the problems:

(3.16) z" + Ry(¢e,t)z’ + Rg(de,t)z = Rr(de,t)

(3.17) z(to) = Ry, (9), @'(to) = Rr,(dc), ¢ € A1 (see [11]).

Remark 3.2 Let ¢ denotes the generalized function (delta Dirac’s generalized
function) which admits as the representative the functions Rs(¢,t) = ¢(—t),
where ¢ € A; Then é has property (3.1). It is not difficult to show that the
problem

(3.18) { 2"(t) = 28'()3(t)=' (1)

z(-1)=0, 2'(-1)=1
has not any solution in G(R) (see [11]).

Remark 3.3 If p € L}, (R), then we put

oo

(3.19) R(6.)= [ b+ enptu)du= s $)0),
where ¢ € A;. Hence
(3.20) (pré) >p  in Lio(R) (see [1)

and R,(¢,t) has property (3.1).

Remark 3.4 By C(R) we denote the space of all real continuous functions
defined on R. It is known that C(R) is a subspace of G(R). On the other hand
every element y € G(R) has exactly one representation of the form y = y; + ya,
where y1 € C(R), y2 € M, C(R)N M = {0} and M is the complementary
subspace of the subspace C(R) to the space G(R). We define L(y) = y1(0),
where y = y1 + y2, y1 € C(R), y2 € M and y:1(0) denotes the classical value of
the function y, at the point 0. The operation L has property (3.8) a)-c). Let
y(t) = |t|. Then

LRy (6,0) = By9,0)= [ lulpla)dug T

(see [2]) and
L{Ry(¢,t)] = »:(0) = 0.
Thus
L{Ry(#,1)] # [L(Ry(, )]
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Remark 3.5 Let z € g(ma) and let L(z) = z(a), L2(2) = a'(a), Ls(z) =
z(b) — z(a), La(z) = z'(b) — 2'(a), where a,b € R. Then L; (j =1,2,3,4) have
properties (3.8) a)-d).

Proof of Theorem 3.1 First we shall prove three lemmas. To this purpose
we consider the following systems of equations

(3.21) { c1a11 + 2012 = by
’ c1ag) + caaz = by
and
(3.22) { ciayr + caa12 =0
’ c1ag + caaz; =0,
where
(3.23) ain = Li(p), a1z =Li(¢), an = La2(p),

agy = Lz(lﬁ), b1 = d1 it Ll(Q), bg = dz - LQ(Q)

and ¢, ¢ are solutions of the problems (3.14)-(3.15). If z is a solution of the
problem (1.0)—(1.1), then (by (3.13)) c; and c; satisfy the system of the equa-
tions (3.21). We put

(324) det A = Q11a22 — A21Q12.

In the Lemmas 3.1-3.4 we suppose that all the assumptions of Theorem 3.1 are
satisfied. .

Lemma 3.1 If det A # 0 and if det A is the invertible element of R, then the
system of equations (3.21) has ezxactly one solution in R.

Proof of Lemma 3.1 is obvious.

Lemma 3.2 If det A = 0 in R, then the problem (8.9)~(3.10) has nontrivial
solution in G(R).

Proof Let det A = 0. Then
(325) C1 = —ajz2 and Cy = a1

are solution of the equation (3.22).
If a;2 # 0 or a1y # 0, then (by (3.13)) the problem (3.9)-(3. 10) has nontrivial
solution in G(R). In the case a;; = ajp = 0, we deduce that :

(3.26) cg=—azp and c3=ayn

satisfy the system of equations (4.2).
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If aza # 0 or aa1 # 0, then the problem (3.9)—(3.10) has nontrivial solutions.
From the equalities :

(3.27) ain = a1 =as =azp =0

we infer that the problem (3.9)—(3.10) has also nontrivial solutions G(R). This
proves the Lemma 4.2.

Lemma 3.3 If det A # 0 and if det A is nonibnuertible element of R, then the
problem (3.9)-(3.10) has nontrivial solutions in G(R).

Proof Since det A # 0 and det A is noninvertible on R, there exists a constant
¢ such that

(3.28) cdet A=0, c#0, ceR  (see [13]).
Let
(329) 1 = —cCayg, Cy = Caj1.

Then ¢; and c; are solutions of the system (3.22). If ¢; # 0 or ¢ # 0, then the
problem (3.21)—(3.22) has nontrivial solutions. In the case

(3.30) cay =capz =0
we observe that
(331) c1 = —cazy, Cy = Ca9y.-

are solution of the system of equations (3.22).
If '

(3.32) caza 0 or caz #0,
then the problem (3.9)—(3.10) has also nontrivial solutions. In the case
(3.33) cay; = cajz = cap; = cazy =0

the problem (3.9)—(3.10) has also nontrivial solutions in G(R). This proves the
Lemma 3.3.

Proof of Theorem 3.1 The uniqueness of solution of the problem (1.0)—(1.1)
follows from assumptions of Theorem 3.1. By Lemmas 3.1-3.3 we obtain the
existence of a solution of the problem (1.0)—(1.1).

Theorem 3.2 We assume that

(3.34) all the assumptions of Theorem 8.1 are satisfied, z(¢¢,t) is a solution of
the problem '
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(3.35) { z"(t) + Rp(de,t)2'(t) + Re(¢e,t)z(t) = Rr(de, )
| Li(z(¢e,)) = Ra,(¢e), S E€AN; i=1,2
(for sufficiently large N and for small e > 0).
Then
(3.36) z(¢,t) € Ey[R] and z =[z(4,1)]

is a solution of the problem (1.0)-(1.1).
Proof First we examine the problems

0" (t) + Rp(¢e, t)¢' () + Ry(¢e, t)p(t) = 0
(3:37) { ¢(0) = LP ¢'(0) =0, '

and

V(L) + Ry, )W (2) + Ry(de 1)(0) = 0
(3.38) {wm:mpwm=L

Let R,(¢e,t) and Ry(¢e,t) be solutions of the problems (3.37)-(3.38). Then
every solution z(¢.,?) of the equation (3.35) has the representation

(3-39) (e, 1) = c1(Be) Ry(de, 1) + ca(de) Ry (de, 1) + Q(e, 1)

where

(340)  Q(¢:,1) = ~R<p(¢e,t)/Rr(¢s,S)(W(ff’s,t))"lﬂw(%,S)ds
0

4 Rylbe8) [ Re(6est)(W(6e,9) " Rl 5)ds
(]

and

(3.41) W(de,t) = Ry(e,t) Ry (¢e, 1) — Ry (8e,t) Ry (ge, )

= exp (—O/Rp(¢5,s)ds) .

Now, we consider the equation (3.35) with the following conditions
(3.42) Li(z(¢e,-)) = Ra,(¢e), i=1,2.
By (3.35), (3.39) and (3.42) we obtain the systems of equations

{ cl(¢e)alle + C2(¢e)al2e = bse

(3.43) c1(¢e)azie + ca(de)azze = bae
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c1(@e)arre + ca(@e)aize =0
(3.44) { c1(de)azie + c2(Pe)azee = 0,
where
aite = Li(Ry(4e,)), ar2e = Li(Ry(de,-)),
(3.45)  as1 = La(Ry(de,)), azze = La(Ry(ée,-)),

bls Rd1 (¢s) - Ll(Q(¢ey ))7 sz = Rd2(¢e) - LZ(Q(¢€; ))

Taking into account Lemmas 3.1-3.3, assumptions of Theorem 3.2 and rela-
tions (3.39)-(3.45) we conclude that there is N € N such that: for every ¢ € Ax
there are ¢, €9 > 0 such that

(3.46) |det A, | = |a11cazze — azieaiae] > e (for 0 < e < éo).

Using (3.39)-(3.46) we deduce that the equation (3.35) with conditions (3.42)
has exactly one solution z(¢¢,t) (for ¢ € Ay, ¢ > Nand 0 < € < &). By
(3.43)—(3.46) we get

(347) C1 (¢E) - (detAe)w_l(blsa22€ - b2£a125)
and
(3.48) ca(¢e) = (detAc) ™' (boearie — brcaz)

(for¢5 €A, and0<5<60)
The last equalities and (3.8) yield

(3.49) ci(¢), ca(d) € Enr.
Since

(3.50) Ry(¢,t), Ry(¢,t) € En[R]
therefore

(3.51) 2(4,t) € Em(R]

which completes the proof of Theorem 3.2.

Now, we shall give conditions under which solution of the problem (3.9)-
(3.10) is trivial one. To this purpose we shall consider the following operations

(3.52) Li(z) = z(a), La(z)=z'(a),
(3.53) Li(z) = z(a), La(z)=z(b),

(3.54) Li(z) = z(b) — z(a), La(z)=2'(8) — z'(a).
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Corollary 3.1 We assume conditions (3.0)-(3.1) and (3.52). Then z = 0 is
the unique solution of the problem (3.9)-(8.10) (see [11]).

Corollary 3.2 If conditions (3.0)-(3.1) and (3.2) are satisfied. Then the prob-
lem

(3.55) () + p(t)z(t) =0, z(a)==z(b)=0
has only the zero solution in G(R) (see [13]).

Corollary 3.3 If conditions (3.0)-(3.1), (3.3) and (3.53) are satisfied. Then
the problem (3.9)-(8.10) has only the trivial solution in G(R) (see [13]).

Corollary 3.4 If conditions (3.0)-(3.1) and (8.4) a) are satisfied. Then the
problem

(356) o) +p0z(1) =0, o(0)=z(w), '(0)=2'(w)

has ezactly one solution in G(R) (see [14]). Moreover, the equation (3.56) has
only the trivial w-periodic solution in G(R) (see [14]).

Corollary 3.5 If conditions (8.0)-(3.1) and (8.4) b)-(3.4) c) are satisfied.
Then the problem (3.56) has only the irivial solution in G(IR). Moreover, the
equation (8.56) has only the trivial w-periodic solution in G(IR) (see [14]).

4 Final Remarks

Remark 4.1 It is known that every distribution is moderate (see [2]). On the
other hand L. Schwartz proves in [19] that there does not exist an algebra A
such that the algebra C(R) of continuous functions on R is subalgebra of A,
the function 1 is the unit element in A, elements of A are “C” with respect
to a derivation which coincides with usual one in C*(R) and such that the
usual formula for the derivation of a product holds (see [19]). As consequence
multiplication in G(IR) does not coincide with usual multiplication of continuous
functions. If necassary we denote the product in G(R) bv ®.

Example 4.1 Let g1(t) nad g»(¢) be continuous functions defined by

0, ift<0
*1) gl(t)_{t, ift>0
t, ift<0
(42) 92(t) = { 0, ift>0
Then their classical product in C'(R) is 0. Their product in G(R) is the class of
@) B = [ ae+wdu [ ne+ i,

o0 —00
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where ¢ € A;. By [2] we have

(4.4) R(¢,t) ¢ N[R].
Let
¢

(4.5) Galt) = / g2(s)ds.

0
Then ¢ = G, is a classical solution (in the Caratheodory sense) of the equation
(4.6) z"(t) = g1(t)a’ (1) + g5(t).
On the other hand ¢ = G is not a solution of the equation
(4.7) 2"(t) = g1(t) © () + g5(2).

Remark 4.2 Ifp,q,z € C°(R) and if R,(4,t) = p, Rp(¢,t) = g and R (¢,t) =
z, then the classical products pz’ and ¢z and the products p® z’ and ¢ ® z in
G(IR) give rise to the same element of G(IR) (see [2]).

Hence we get
Theorem 4.1 We assume that
(4.8) p, ¢, 7€ C®(R), dy,dzER,

(4.9) the zero function is the unique solution of the equation (3.9)-(8.10) in
the classical sense,

(4.10) =y is the solution of the problemn (1.0)-(1.1) in the classical sense,
(4.11) zo € G(R) is the solution of the problem,
2"(t) +p(t) © &' (1) + q(t) © z(t) = (1)
Li(zz):di; i:1)2)
(4.12) the operations L; (i = 1,2) have property (3.8).
Then 1 and z, give Tise to the same element of G(R).

Proof Let z3 = [Rs,(9,t)] be solution of the problem (4.11) and let z; be
solution of the problem (1.0)—(1.1). Then

{ 2 (t) + p(t)z) () + q(t)z1 (t) = r(t)

(4.13) Li(z1) =d;, i=1,2

and

Ry (¢e,t) + P(t) Roy (e, 1) + q(t) Ras(¢e, 1) = r(t) + (g, 1)
(4.14) { Li(er(¢e;‘):di+m(¢‘)’ i=1,2;
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where 7(¢,t) € N[R] and 71,72 € T (0 < & < €0, ¢ € Ay and N is sufficiently
large).

Hence

Rgn (d’e,t) + P(t)Rz'((be,t) + q('t)RT(qSE’ t) = n(¢€,t)
(415) { Li(Rz (¢, )= -ni(¢e), 1=1,2,

where
(4.16) Rz (¢e,t) = 21(t) — Rey (e, 1).

On the other hand R:(¢.,t) has the representation (3.39), where Ry(¢e,t),
Ry(¢e, 1) are solutions of the problems (3.37)-(3.38),

t

(417)  Q(¢e,t) = —R¢(¢e,t)/n(¢s,s),R¢(¢e,8)(W(¢z,S))‘1ds

0

+ Ry (de.?) / 1(Be, 5) B (e, 8)(W (6, 5))~"ds € N[ R]
4]

and

W(é-,t) = exp (
\

(=L -

—Ry(o-, s)(ls) .

The relations (3.8), (3.45)—(3.48) and (4.17) yield

(4.18) c1(9), c2(d) €T

and consequently

(4.19) z1(t) — Re,(6,1) € N[R].

This proves of Theorem 4.1.

To repair to consistency problem for multiplication we give the definition
introduced by J. F. Colombeau in {2].

An elements of G(IR) is said to admit a member w € D’(R).as the associated
distribution, if it has a representative R,(¢,t) with the following property: for
every ¢ € D(R) there is N € N such that for every ¢ € Ay we have

(4.20) lim / Ru(de, t)b(t)dt = w(¥).
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Theorem 4.2 We assume that

(4.21) P,4,7 € Li,(R),

the zero function is the unique solution of the problem

"(t) + p(t)z' ()b + ¢(t)z(t) = 0
(4.22) { z(a) =z(b) =0

in the Caratheodory sense,
z is the solution of the problem

2" (t) + p()e' (1) + q()e(t) = r(2)
(4.23) { z(a) =dy, z(b)=dy, d1,dsER,

(in the Caratheodory sense),
T € G(R) is the solution of the problem

z"(t) + p(t) © «'(t) + q(t) © z(t) = r(t)
(424) { r(a) =dy, z(b) =ds,

Then T admits an associated distribution which equals x.

Theorem 4.3 We assume that

(4.25) P,4,7 € L (R),

the zero function is the unique solution of the problem

(w20 2(t) + p(t)a' (1) + q(t)a(t) = 0
| z(a) = 2(b), o'(a) =2'(b)

in the Caratheodory sense,
z is the solution of the problem

(t) + p()2' (1) + q(t)=(t) = r(t)
(4.27) { z(a) —z(b) = di, @'(a) —2'(b) =dp, d1,d2 ER,
(in the Caratheodory sense), ; I
T € G(IR) is the solution of the problem st
z5(t) + p(t) @ 2'(t) + q(t) © z(t) = r(t)
(4.28) { z(a) —z(b) =dy, z'(a) —2'(b) = ds.

Then T admits an associated distribution which equals x.
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Theorem 4.4 We assume that

(4.29) P47 € Lis(R)

z is the solution of the problem

() + p(t)2' (t)b + q(t)z(t) = r(t)
(4.30) { z(a) =dy, z'(a)=dz; di,d2€R

in the Caratheodory sense,
T € G(R) is the solution of the problem

z"(t) + p(t) ©2'(t) + ¢(t) © 2 (t) = r(t)
(4:31) { (a) =di, 2'(a)=dy. .

Then T admits an associated distribution which equals z.

Remark 4.3 If p,¢ € L}, (R) and if p and q have property (3.6), then the
problem (4.22) has only the trivial solution in the Caratheodory sense (see [4]).

Remark 4.4 If p € L}, (R) and if p has property (3.5), then the problem (3.55)
has only the zero solution in the Caratheodory sense (see [3]).

Remark 4.5 If p is w-periodic function such that: p € L} (R) and p has
property (3.7), then the problem (3.56) has only the trivial w-periodic solution
in the Caratheodory sense (see [10]).

Proofs of Theorems 4.2-4.4 follow from the facts that px¢. — p, g%¢. — ¢, r*

¢ — 7 in L}, (R) (see [1]) and the continuous dependence of z on coefficients

p,q and 7. Indeed, let Ry(¢e,t), Ry(de,t) be the solution of the problems:
(3.37) and (3.38) respectively. Then we infer that

(4.32) 511_13(1) Ry (de,t) = o(2), 31_% Ry (¢e,t) = ¢/ (1),

(4.33) lim Ry (¢e,1) = ¢(t), lim Ry(¢c,1) = P(t),

(almost uniformly for every fixed ¢ € An).
This yields

(4.34) 1irr(1)|detAE| =g+#0, g€eR
e—

for every ¢ € Ay (det A, is defined by (3.46)). Let Rz(4e,t) be solution of the
equation (3.35) satisfying one of three conditions (for smalle > 0, ¢ € Ay and
sufficiently large V): . .

(4'35) Rz(d’e; ‘1) =di, Rr(¢sa b) =dy;
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(4.36) Ri(¢e,a) — Ry(¢e,b) = d1, Roi(fe,a) — Rur(de,b) = d,
(4.37) R (¢e,a) =di, Rzi(¢e,a)=ds.

In view of the relations (3.39)-(3.41), (3.47) and (4.32)—(4.34) we have
(4.38) lim Ry (ge,t) = z(t), ‘Elig% Rei(¢e,t) = '(2)

(almost uniformly for every fixed ¢ € Ay) and z is a solution of the problems
(4.23) or (4.25) or (4.30) respectively in the Caratheodory sense. On the other
hand [R;(¢.,t)] = T is the solution of the problems: (4.24) or (4.28) or (4.31).
This proves of Theorems 4.2-4.4.

Remark 4.6 Generalized solutions of ordinary differential equations can be
considered on the other way (for example: [5]-[9], [12], [15]-[18] and [20]).
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