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Abstract

The optimum linear estimators of the useful mean value parameters
and the optimum quadratic estimators of the variance parameters within
a mixed linear regression model with stable and variable parameters and
with nuisance parameters are derived including their characteristics of
accuracy.
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1 Motivation of the problem

The estimation procedures in linear mixed multiepoch models with stable and
variable parameters were described in [3]. There the general model with stable
and variable parameters was taken into account. This model occurs frequent-
ly in connection with deformation measurements performed for studying time
changes of various subjects.

The aim of this paper is to derive optimum estimators of the useful mean
value and variance parameters within a mixed linear multiepoch model with
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110 Ludmila KUBACKOVA

stable and variable parameters, where the results of measurement are affected
by a deterministic noise, i.e., by a noise which can be described by a linear
or linearizable model and whose parameters called nuisance (disturbing) are
estimable from results of measurement. The subject of an interpretation are
changes of the useful parameters in single epochs and their characteristics of
accuracy.

Very often the dimension of the useful mean value parameter is essentially
smaller than that of the nuisance parameter and in connection with this fact the
problem occurs how to determine the optimum estimators of the useful parame-
ters and their accuracy without evaluating in each epoch the large vector of the
nuisance (unuseful) parameters and how to determine the optimum estimators
of the variance components without any loss of information on them.

Mixed multiepoch linear regression models with nuisance parameters in both
their versions, i.e., with stable and variable useful parameters and with variable
parameters only (the latter is a special case of the former) occur in the geodetic
practice, e.g., within replicated levelling and gravimetric measurements per-
formed for a research of recent crustal movements of some territory. The data
obtained from measurements by gravitymeters are influenced by the drift of sin-
gle devices, which represents a typical example of a deterministic noise. It has
to be realized that not only drifts of various devices but the drifts of the same
gravitymeters within various days differ. Nevertheless, the drift can be modelled
(there exist catalogues of drifts) and the best linear estimators of the unknown
parameters of the mean value and the best quadratic estimators of the variance
parameters can be determined without determining an essentially larger vector
of unknown disturbing parameters. For example a concrete case: it is really a
difference to solve 1 000 linear equation for determining the useful parameter
vector of the mean value instead of solving 23 500 equation for determining the
whole parameter vector of the mean value. :

The results given in [3] are a special case of results obtained here.

2 Fundamental notions and definitions

Definition 2.1 A linear model

ﬂ El) 0) ) 0
) 4(m) o(m) }m) ( 0, X, 0
Yo, (4f™, 4™, 5t g7 |ovar(vimy=| b E (1)
A e B
i ' 01 0, ) ZJm
where %; = 3707 _, 95, Vjs;, is said to be an m-epoch mixed linear model with
stable and variable parameters and with nuisance parameters.
Here Y(™) = (Y}, 1) Yo(na) ,Y,;(nm))’ is a Y i, n;-dimensional observa-

tion vector after the mth epoch of measurement consisting of m n;-dimensional
observation vectors of single epochs, the [J7 n; x (k1 + 3507 kai + 302, 1))
dimensional design matrix (A(lm), Ag’"), S('")) is split into three block matrices
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expressing the relation (linear or linearized) between the directly observable pa-
rameters and the k;-dimensional useful stable (the }::7;1 n; X k;-dimensional
matrix Agm)), the 3., k;-dimensional useful variable (the matrix y i~ n; x
> | koi-dimensional matrix Agm)) and the )"~ | I;-dimensional disturbing (the
Yo nix Yot li-dimensional matrix S(™)) parameter vector. Each of the men-
tioned matrices analogously as the observation vector consists from the blocks

corresponding to separate stochasticaly independent epochs of measurement;
thus

Ally A21) 0) T 01 Sl) Oy ] 0
(A(lm)’Agm)’ S(m)) — A121 01 A2Zy T 0) 0) 52) T 0 :
Alm) 01 0; ) A2m$ 07 07 ’ Sm

the (ki + ) i~ k2;)-dimensional vector of the useful mean value parameters
(81, Bgm)’)' consists of the k;-dimensional unknown vector §; of the stable pa-
rameters of the model and m ky;-dimensional variable parameters f3; changing
within various epochs that are subject of the interpretation; thus

< ‘gém) ) = (ﬂi,ﬂglr" 'ngém)l

and k(™) a 3" I;-dimensional vector of the unknown nuisance parameters
&™) = (K, kb, ..., kL) modelling the systematic deterministic effect s(x(™)) =
S™) k(M); var(Y(™) is a (31, ni x Y iv, n;)-dimensional covariance matrix
of the whole observation vector whose diagonal blocks are of the form ¥ =
var(Ye) = Y 0%} ks Vis,, k = 1,...,m; they are assumed to be positive defi-
nite and the design matrix is assumed to possess the full rank in columns.

The described model arises by sequential realizations of the linear partial
regression model

B
Yj(nj)a (Alj(n,-,k‘)aA2j(n_.,-,kgj)asj(nj,1,-)) ﬁzj ) Vaf(yj): 2:j (2)
Kj

representing the model of the measurement in the jth epoch.

The problem is to determine the locally best linear unbiased estimators
(LBLUES) of the useful mean value parameters and the locally minimum vari-
ance quadratic unbiased and invariant estimators (LMVQUIESs) of the variance
parameters both of them in the jth epoch of measurement and after the jth
epoch of measurement, j = 1,...,m.
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3 LBLUEs of the useful mean value parameters

Theorem 3.1 The Xjg-locally best linear unbiased estimators of the useful pa-
rameters By and Ba; in the jth epoch of measurement modelled by (2) are

Br,5;0(Y;) = (A4 Ma,,(Ms, EjOA/[Sj)MAzj]+A1j).—1x (1)
x Ay [Man;(Ms; ZjoMs;)Ma,,]*Y; =
= [Allj(MSjEjOMSj)+A1j]_1AIIj(MSjEjOMSj)+[Yj - AZJB?J'IEjo(YJ')]’

P 550(Y7) = (A% [Ma,; (M5, 550 Ms; ) Ma,, 1 Azj) ™" x 2
X AIZj[Mij(MszjOMSj)MAlj]+Yj =
[A’zj(MSJ-EjOMSJ-)+A2j]_1Algj(AlsjzjoMS,-)+[Yj — Aljﬁl,Eju(Yj)]a

j= 1,2...,m,.respectively (evidently Lo = Z’:j=1 Vjs,0Vis;, where 191":'0_’
si=1,...,pj, J =1,...,m are the approzimate values of the unknown vari-
ance parameters). The variance matrices of the estimators (1) and (2) and the

.covariance matriz belween them (at the point Tjo) are

Il

vars,[B1,5,0(Y)] = (A% [May; (Ms; S0 Ms,)May,]* Ar;) ™"
= [A% (M, Zj0Ms, ) Ay] ™" + [A7; (M, ZjoMs, ) Ay~ x
% Al (Ms, Sj0Ms,)* Aoy (A [May, (Ms, ZjoMs,)May, ] Az) ™ X
x Ab;(Ms;SioMs;)*t Arj[A1;(Ms; ZjoMs,;) Ayl

. -1 _
vars,,[Baj 5,0 (Vi) = (A5 [Ma,;(Ms;ZjoMs,)Ma, 1t Ayy) " =

= [AY;(Ms,; SjoMs, )t Agj] ™! + [Ah; (M, Sjo M, ) * Agy] ™" X
X A’Zj(MSjEjOMSj)+A1j (A'1j [Ma,,(Ms; ZjoMSj)MAnFAU)-l X
x A} (Ms;Ej0Ms,; )t A;[A3;(Ms; Tjo0) " Az]71,
COVEjO[ﬁAl'EjO(Y:j),ﬁzj,zjo(yi)] = —(Allj[MAQJ-(MsjzjoMSj)MA’f]+A1j)—1 %
X A% (Mg, Ej0Ms;)* Ag;[ A% (Ms; BjoMs,)* Ay ] ™" =
= —[A’lj(MSJ-EjOMSj)-l-Alj]_lA/lj(MSjEjoj‘lsi)+x
X Agj (Alzj[MAx;‘(MSjZjOAJSj)+MA1j]+A2")_1;
here
(Ms,Zj0Ms;)t =I5 — 2]'_0151(5]"2]"0151')‘15;21'—01
and analogously
[MAij(MSjE]'UAlSJ')MAiJ']+ = (MSJ'EJ'OMSJ‘)Jr‘
— (Ms, B0 Ms, ¥ Aij Al (Ms, S0 Ms,)* A7 41 (Ms; ZioMs, )
i=1,2.
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Proof Since in our case the £;0-LBLUE of the unknown parameter in the jth
epoch reads

B5,0(¥3) 4 A
B2 z0 (Y) A | T5g (A1, A2, S5) Ay | D575,
K:J EJU(Y ) S; S]l
when simultaneously the £;o-LBLUE of the useful parameters 3; and o5 is
( ﬂl EJO(Y ) )
ﬁz],EJO(Y )
Al Al
[( A, > (MS,-EjoMsj)+(A1,A2j)] ( ) (Ms;Zj0Ms;)tY;,

the crucial point of the proof consists in the fact that for any n; x n; positive
definite matrix W;

AW Ay, AW Ay, AW\ T
A;J 1A1,, AQJW YAz, ApWilS; =

®)
SIWlAy, SIW Ay, SIWS 1,

QMqWMq QMqWMq ) QMqWMq
= QMS sWiMs» QMs WiMs > QM: W;iMs; ’
QMS WM: ) QMS w; Ms ) QMS Ww; Ms

where

'Qll\}sinMs,' = (Allj[MAQj(MSfWjMSj)MA3j]+A1j)—1 =
= [Allj(MSjoMSj)+A1j]—l + [Allj(MSjoMSj)+A1j]_1A/1j x
x (Ms, W; Ms,)* Agj (A; [Ma, ,(Ms,;W; Ms,)Ma,;1* Az;) ™ Al x
x (Ms,W; Ms;)* Ay;[AY;(Ms,W; Ms, ) Aij] ™,

Qife,wyms, = = (A4 [Maas, (M, Wy Ms, ) Mo T A4y) ™ Al
X (Mg;W;Ms; )t Agj[AQ;(Ms, Wi Ms,)t Ay) ™! =
= —[A'lj(MSjWjMSj)“fAlj]-lA;j(Mst,-MSJ.)’rAz,- X
x (Ab;[Ma,,(Ms;W; Ms)Ma,* Az;) ™",

-1
Q};?stqu = ’“(A/ '[MAzj(MSjVVjMSj)MAzj]+AlJ') A,lj X

D s, 1) =

—[A4);(Ms; WjMSj)J’Alj]‘lA'u [I — (Ms;W; Ms,)* Ag; x
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M. WJ;M Nt
x (Ab;[Ma,, (Ms, W; Ms, ) May T Ag) Ay MG o371

x WS (Siwyt85)7t,

Q21 —_ QIZ '
MSjoMSj - MSjWJ'M_c;J. ’

Qis, wynts, = A5 (Ms; Wy Ms, ) Az ] ™" + [Ad;(Ms, W Ms, ) ¥ Agj) ™
X A (Ms; W Mg, ¥ Ay (A% [Ma,, (Ms, Wi M, )M, ¥ Ar) ™
x AL (Ms,W; Mg, )t Agj[AY;(Ms, W; Mg, )t Agj] ™" =

Il

-1
(A'zj[MAU(MstjMS,-)MAl,v]J'Azj) ;

Q%,?Sjw,-Msj = "[Agj(MsijSj)+A2j]-1A'2j [I - (MSjV[/iMSf)+X

x Avj (A4;[Ma,,(Ms,W; Ms,)Ma,,J* Ai;) ™" x

A’ (Mg W_«,MS ) /] 1S (S/ IS )—1 —
= —(A'z,-[MAu(MS W; Ms;)Ma, ;] Azj)
A M s s )

Q31 — QIB ’
Mstst]. MSjoMSj ’
Q32 - Q23 ’
MS_.,‘ Wstj - MSJ- WJ'MsJ- ) -~

Q%?SjWJ'MS (S;W; TS + (S;W; TlS)TISW, 1A2J
X{A‘A’i(MSJW'MS-VAzj] 1A'zj WitSi(SiWhS;) ™+ (SWS;) ™ x

(Mq WMc) 1

XS, A1j( ’~[MA2].(M5].VV]'M5].)MA2J Alj)_ X

XA’ (MSJWJM‘; * IW IS (Sl 15 )—1 —

(S/ IS)~ +(Sl IS) IS/ IAU
x [A 1],(MS W;Ms, )+A1,] LALWTLS; (SiW; AR +(S;W;ts) 7 x

(Ms W]Mq ) 1

XSIW As ( 2j[MAu'(M51VVJ'M5j)MAu] Agj) " x

(M.-W-M..)+ _ _ _
My, WS (SiW )T

where

(Ms;W;Ms,)*

My, =1 — Aij[ Al (Ms,W; Ms, ) Aij] ™ A3 (Ms, Wi Ms, ),

1=1,2.
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This assertion can be verified directly or by applying known formulas for
inverse of a block matrix !

- - -1
(A;.Wj IA]-, ALW; lls,- ) _ ( QE,J., E%" )
SWita;, SIWS; u. QR )

using the second possible expression of the inverse of a block matrix given in
the footnote we get namely

W, = [ASW; A — A;Wj—lsj(s;wg-lsj)mj]-l = [Aj(Ms,W;Ms;)* A;]7!

(the first expression of the inverse of the block matrix from the footnote is not
suitable for our case of eliminating the influence of the nuisance parameters).
After replacing A; by (Ay;, As;) we get

—1
no_ (Allj(MsijSj)+Aljv ﬁj(MS,-WjMS,-)JrAZj) _
’ A (Ms, W; M, )* Ayj, A (Ms,W; Ms;)* Ay
11 12
O L
QMst,-Msj’ QMSJ.W,-MS],
Analogously
Qll W . QlZ W ‘ I
W= = g M Q%S’WJMS’ (A,lf )VVj—lSj(S;'Wj—ISj)_lz
Ms]-WstjV MSjoMSj 24

Qe w,m
s;W;iMs;
231 J
Ms,W;Ms,

W, = (SiWS) ™+ (S;Wi LS TS W (A, Agg) X

Qs wons,r Qds,wnm A
s;WiMs? s; W ilMs. 1 -
X | gy S SIS UOAWS;(SIW;SH)Th =3
Q AL J PR At Ms. W™ "Ms.
MstJ'MsJ-7 MSjoMSj 2] 77 3

and

(two equivalent forms of the inverse of the block matrix

Al
K P )(M55W1M51)+(A1j"42j)]
2j

1Let ( A,’ g ) be a positive definite matrix. Then
B
C

B
-1 A-1 4 A-1B(C - B'A"1B)"1B'A™!, —A-1B(C - B'A-1B)~1\ _
—(C - B'A7'B)"1B'A Y, (C - B'A—1B)1 =
( (A - BCc—1B")1, —(A-BCc—1B")-'BC-!
-C71B'(A-BC—'B’)~!, ¢!+ C-1B(A- BC~'B')"'BC!
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were used for obtaining the equivalent forms of the matrix (3)).
Moreover

Q}ll}s WiMs, W+ Qll‘;ststj Ay Wit Qﬁsj w;Ms, Si wit=
QMs W;Ms; ij{(MSjoMS,-)+ -
— (Ms;W; Ms,)* Agj[Ad; (Ms; Wj M, )* Ag) ™ A (Ms; Wi M)} =
= Qi w;ms, A1 [Man,(Ms, Wi Ms, ) My, " =
[MA,,(Msjw,Msj WMay;1*

[Allj(MsjVVstj)"'Alj]_lA ](Ms WM5])+M s

21 / -1 22 ’ -1 23 / -1 _
- Qs wims, AW + Qi wims, A2 Wi + Qg wyms, SiW5 =

Ma,,(Ms.W;Ms.)Ma,.1*
[y (M, W; M, )* Agy] ™" Ay (Mis, W; Mg, )+ M 25 Mo oM )Mass]

= le‘;sJWJMSJAg][MAIJ(MSJIVJMSJ)+MA11]+
and

QMS W, Ms; A Wit +QM<.~ W;Ms; AZJW— +QM5 W;Ms, Siwit=

= (SW;Sy) s M WM sy ey Wi M)
= 7 A, =
_ (S’ IS - 15, (Mq W;Ms. )+M[MAU(M5]-W,-MSJ-)MAU-]+
= Ag] .

(m]

Theorem 3.2 Consider the global model (1). The Zgj)-locally best linear un-
biased estimators of the useful parameters By and P21, Pa2,...,[P2; after the jih
epoch are

ln . j -1
ﬂig‘(’j)(Y(’)) = (ZAlli[MAzi(MSiEioMSt)MA26]+AU) x

x iAlli[MAzi(MS.-EiOMS;)MAQ;]+Yi : 4
and
Bz (V) = (A5 (Ms, SioMs, Y Al A
x (Mg, ZroMs, ) [Y; — Alkﬁi{;gj) (Y@, (5)
k=1,2...,5, i=12,...,m, 59 = Diag(S10, 20, ..., Sjo).

Their_variance matrices and the covariance matrzces between them at the
point 25,” are

-1
varzm[ E(,)(Y(J)) = (ZA [MAz.-(Ms,-EioMS.-)MAz.-]“LAu) ;
i=1
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vargG) [ﬂA;Qz‘(]J) (Y(j))] =
= [Ah%(Ms, SroMs, )t Ane] ™" + [Ah(Ms, SpoMs, )t Agi] ™! x

J
-1
x Aty (Ms, ZroMs, )t A (Z Alli[MAzi(MS.'Ez'OMS,-)MAQ,-]+A1,‘) x

i=1

x Al (Ms, SroMs, ) Agi[A% (Ms, SeoMs, ) Age] ™1,
136 (Y©) gY) 1D
covg By 5o (V) By so)(

j —
= _(ZAlli[MAzi(MS.'EiOMSl-)MA“].’-AIi) ! X
i=1

x Ajp(Ms, ZroMs, )t Ask[A%y (Ms, SkoMs, )T Agi] ™,
k=1,2,...,7, and

cov o [y 0 (V) B ) (V) = — (A5 (Ms, B0 Ms, )+ Asa] ™ Agy x

J
-1
X (Ms,ZroMs, )t Are (Z Alli[MAzi(MS.'EiOMS;)MAg,v]+A15) x

i=1

x A4 (Ms,ZioMs, )t An[A% (Ms, o Ms, )t Ay,
k,1=1,2,...,5, k #1, respectively.

Proof. The crucial point of proving the assertion consists in inverting a matrix
of the block form (the proof is given for any positive definite matrix W ))

AEJ:)/(W(]:))—lAgJ:), ASJ:)/(W({'))—IAgJ:)’ Agf:)f(w(j))—ls(j)
Ag:)/(W(J))—1A§{), Agl)/(W(J))—lAg{), Agl)/(w(j))—lg(j)
SO(WW)=140) 5@ (W))=14D), SO(WEY=1506)

here AY), AY) and SG) are given by (1) and W0) = $Y__ o 1 :
1 2 i=1 €i(j)€i(j) © W),

which reads

-1

APW@)1AD | AP AD AD(wri))=15G)

Agj)/(W(j))—lAgj), AP (w@)-149) Agi)f(w(j))—lg(f) =

S(WE)=14D), SO (w@)=140), SON(WE)=156)
Qz\%s(j,w(iwsu)’ Qgsu)w‘”Msw’ Q{Es(nW“’Ms(j)

= g{s(nW(”Msm’ Qggs(j,w(i)Ms(,-y Msh WO M)

M G)yWEO M) Mgy WOM gy QMs(j>W‘j’Ms<j>
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Here
J -
Q}ly}s(j)w(i)Ms(j) = (Z Alli[MAm'(MS.' WiMSi)MA2;]+A1i)
=1

(it consists of one block only), the 1, kth block of the matrix QM(J)W(J)M(]) is

j -1
{Qyowauo e = _(ZAll'i[MAzi("uSzVl/iMS;)MAzi]+A1i) x
X A (Ms, Wi Ms, )T Agk[Ao(Ms, Wi Ms, )* Agi] ™,
k=1,...,7,
21 _ 12
QMSU)W‘“Ms(]‘) - QM5(1>W(j)Ms(j)I

and as far as the j x j block matrix Qﬁ is concerned, its k, kth

HW O M)
(diagonal) block is : :
{Qﬁsmwuwsm bew =
[A%(Ms, Wi Ms, ) A ] ™! + [A (M5, Wi Ms, )T As] ™ x
i -1
xAle(AISkaMSk)-"Al’C(ZAlli[MAzi(MSiVI/iMS()MAzi]+A1i) x
i=1

X Al (Mg, Wi Mg, )* Agi[AYy (Ms, Wi Mg, )t Agi] 7Y,
k=1,...,7, while its k, [th non-diagonal block is

{lel;q(j)W(j)Als(j) Yo = [A%(Ms, Wi Ms, ) Aze] ™

J -1
X Aby,(Ms, Wi Ms, )t Ay ( ) ALMa, (M, WiMS.-)MAz,]“LAu) X
i=1

x Ay (Ms,WiMs, )" Aul[AYy(Ms,WiMs, )t Au] ™",

kil=1,...,5, k#L
Furthermore, the 1, kth block of the matrix QES(J‘)W("’MS(J-) is
i _1
{QM SH WM, (J) (ZA MA2i(MSiWiMSi)MA2-‘]+A1i) X

x A MMM g (1wt g 1,

. 93 .
the k, kth block of the matrix QMS(]‘)WU)MS(]’) is
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{Q?‘ZU)W“’MSU)}IC”“ = [Ahy(Ms, Wi Ms, )t Agi] ! Agy
J -1
X [I-— (MSkaMSk)+A1k(ZAI“-[MAE‘.(MS'VVV,'MS‘)MAQ,]"-AU) x
i=1

+
X AML T Wt s (Sw 5T
its k,Ith non-diagonal block reads

- +
{Q?\?S(j)w(j)Mg(j)}k,l = —[Ab (Ms, Wi Ms, )t A ]t Ay (Ms, Wi Ms, )T A1k %
§ -1
x (ZAlli[MAzi(MsiW‘iMSi)MA26]+A1i) X
=1
+
x AyM ™M W s (S s
v 033 ;
the k, kth block of the matrix QMs(j)W(j)Ms(j) is

{Q?"?S(i)w(j)Ms(i)}k’k =
= (SiWts T [” SEWit A Ay (Ms, Wi Mss, )* Ani] ™" x
x A Wit Sk(SEWtSk) ™ +

+ J -1
+S;ch:1M.EtIZ¢SkaMSk) Alk(ZAllz'[MAzi(MS.'WiMSi)MAzi]+A15) X
=1

+
x Ap Moo 'WEISk(Si"V{lSk)_I]’
and its k, lth nondiagonal block is of the form
- - - (Ms, W M )+
{Q?\Zj)wum&)}k,l = (SPWE )T S W M, A

j —_—
(00 A4 M (M5, WM )M A1)
i=1

+
X AQIM%S'MMS') WSi(SiW ST

The assertion can be proved either directly or analogously as in the preceed—
ing case of Theorem 3.1 for A;; — A(f), Agj — A(ZJ) and S; — S@. (The

equivalent formulas are not suitable now, as the matrix
A(J"[MA?;(Ms<,->2§,“MSU))MA@FA%”

which has to be inverted does not possess a diagonal block form.) Applying this
way we obtain
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Qi - A(])/(MsmW(])MS(J))+A(J) A(J)/(MS( )W(])MS(J))+A(J)
W@ A(]);(MS(J)W(])MS(J))+A(J) A(J)/(MS( )W(J)MS(J))+A(J)

Qll ) Q12 .
_ M) WOM Gy M WOM ) )
= 21 22 )

M) WOIM )’ QMS(»W”)MS(J')

11 _ 12 o G
Q2, = — QMS(»W“)MS(:')’ QMs(j)W")Msm A7
wG = 21 . Q22 . A(]),
M) WMy My WO M)

13
x (WU)=1sWsG) (wl))-15W-1 = ( Q%s(j)W(i)Ms(i) )

M)W O M)

and
2 = [S(i)'(W(j))—lg(j)]—l([+S(J')/(Wu))—l(Agi),A(zf))x

11 . 12 . G
% ( Qgsu)w“)Msu)’ Q%su)w"’Msu) ) (A

) . @)
QMs(j)W(J)Ms(j) VM WO M () A

x (Wm)—l5(:')[5<j)/(W(j))—1S<j)]-1) =Q¥  wom,

4 LMVQUIESs of the variance parameters

Theorem 4.1 Consider the partial model (2), where the observation vector Y;
1is assumed to be normally distributed and its variance matriz to be of the form
Z',”f_l Vjs;Vjs;» where ;5 are unknown parameters of the second order and
Vis; known symmetric matrices such that ¥; is positive definite. Then the jo-
LMVQUIE of a linear function g;V; of the sj-dimensional second order parame-
terd; €0, CRI, g; € M(C&{:), Cx(a{,) being a (pj x pj)-dimensional I-criterion
matriz of the regular linear model describing the jth epoch of measurement is 2

(679,)5,0 (¥3) =

Pj +
= Z A;{z'l/j,(MAlj[MAzj(MsjzjoMSj)MAzj]MAlj) Vis; X

s;j=1

2In [2], p. 42 it was shown, that generally the criterion matrix can be determined for any
positive definite matrix W. Of course the simplest case is to determine it for W = I; from the
computational point of view the most suitable case is to use W = Eg, where Xg is the point
at which the locally best estimators of the useful mean value parameters and the variance
parameters are being determined.
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+
X (MAu' [MAzj(MSjEjoMSj)MAzj]MAu) Y=

1l

Pj
+
Z ’\E'Q'YJ'I(MAM[MA:J'(MsjzjoMSj)MAlj]MAzj) Viss %

s$;=1

+
X (MAzj[MAlj(MSjZjoMSj)MAlj]MAzj) Y] =

P;
> XD — Az B2, 5,0 (V3)) [Ma,; (M, SjoMs,) Ma, 1+ x

s;=1

X Vjs; [May;(Ms; S50 Ms ) Ma, ) [Y; — Az Baj 5,0 (Y;)] =

Z MO A1 Br 5,0 (V)] [May; (Ms; 0 Ms, ) Ma, ¥ x

s;=1
Vjo; [Mag;(Ms; S0 Ms; )M ay, ) ¥ [V — AyjPrso(Y5)] =

Il

Z’\EQ[YJ — A1 B1,5;0(Y) — A Baj 2,0 (Y7)] (M5, Zjo M, )+ x

s;=1
X Vio;(Ms; Zj0Ms,) ¥ [Y; — A1 B1,50 (V) — Asj Baj 2,0 (V)]
Here
(1) *
{ij}Sj,tj =tr [(MAU[MAaj(MSjVViMSj)MAzj]MAu) Vis; X
+
X (MAx,'[MAzj(MSijS,‘)MAaj]MAu) ijj] =
+
= tr [(MAzj[MAlj(MSjVVjMSj)MAU]MAzj) Vj,j X
+
X (MAzj[MAu(MSJ'WJ'MSJ')MAU]MMJ‘) VJ'tj]7

W; is an arbitrary nj xn; positive definite matriz and the p;-dimensional vector
A(I) (/\511), .. ,Ag{,) ) of the indefinite Lagrange multipliers is any solution of

the system of equations
)y —
¢ Jo/\J
C(I)u is the I-criterion matriz for W; = X;o, ﬂl 5;0(Y;) and ﬂz_, £;0(Y;) are the
E]o — LBLUESs of the parameters ﬂ1 and B2, respectively, in the jth epoch of
measurement.

Proof As far as the I-criterion matrix is concerned the relation for it is a
generalization of the basic relationship for it that reads that in the linear re-
gression model Y ~ N,(X3, f.’:l ¥;V;) the i, jth element of the I-criterion
matrix Cg), where W is any positive definite matrix of the proper dimension,
is

{0 )5 = al(Mx W Mx ) Vi(Mx W Mx) V],
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Analogously the relation for the £;0-LMVQUIE is a generalation of the assertion
that in the model Y ~ N,(X©, Ef:l ¥;V;) the Lo-LMVQUIE of an unbiasedly
and invariantly estimable function ¢’dJ of the variance parameters is

P
(9'9)2a(Y) = Y NY (MxZoMx)tVi(MxToMx)tY,

i=1
where XA = (A1,...,),)" is a solution of the system of equations Cgo)/\ =g (see
[5]) for X = (Alj,Azj,Sj).
It suffices to realize, that

[M(ij ,Azj,‘sj) VVJ M(A 15 yA2j vSJ' )]+ =

= [M(Alj:A'b’j)(MSjmMsj)M(Alf»A3j)]+ =
= (Mststj)+ - (MSjW/fMSj)+(Alij2j) X
(Allj(MSjV[/jMSj)+Aljr A'lj(MSjWJ'MSj)JrAﬂJ' >_1 X
4y (Mo, W, Ms, Y+ Ay, Ay (Ms,W; Ms, )+ As,
Al
* ( A ) (Ms; W; Ms;)* =
2

+
= (MAU' [MAzj(MSjVI/jMSj)MAZj]MAIJ) =

+
(MA2j [Mij(MSjVVJ'MSj)MAu]MAzj>

and that

+
(MAzj[MAU(MSJ'ZJ'OMSJ')MAu]MAzj) Y; =
= [Ma,;(Ms;ZjoMs,)Ma 17 [Y; — A1jB15,,(Y5)] =
(Ms;Zi0Ms;)[V; — AriBr1s0(Y5) — Azj Baj n;0(Y)],

when simultaneously

+
(MAzj[Mij(MSjEjUMSj)Mij]MAzj) YJ =
= [Ma,;(Ms,;Zj0Ms,)Ma,1*[Y; — AzjBaj 5,6 (Y5)] =
(Ms,Z50Ms)F[V; = A1jB1,5,0(Y) — A2jBaj ny0(Y))-

(8]

Theorem 4.2 Consider multiepoch model (1) under the condition that the ob-
servation vector is normally distributed and its variance matriz ts of the form
var(Y("‘)) = E:;l Zf:::l 0is;ei(m)e£(m) ® 1/1'3.'1 where 19(m) = (191), ceey 0:n)’ €

m

01 x...x0; C Rzi=1p‘, 9 = (Uin,...,Yp,;) and Viz, ..., Vip, are symmetric
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matrices such thai E}::ﬂ Yis; Vis, is positive definite, i = 1,...,m. Then a 23")-

LMVQUIE of a linear function g9)'9U) of the second order parameter 90) =
i

(91,9 € O1x ... x ©; C RowmP, g0 = (gf,..., ) € M(C{h),

where Ci(zv)(:) is a (I, pi) % (I, pi)]-dimensional I-criterion matriz of the
regular model (1) describing for m = j the measurement after the jth epoch, is

(9U5) iy (Y)) = ' 1)

i P J -
S0 A [ = Ak (3 A4 May (M, Sio Ms, ) Ma, I Axi) " x

k=1sxp=1 i=1
j 1
x (ZAlli[MAzx(MS,'EiOA[Si)MA2i]+K)] X
X [Ma, (Ms, TeoMs, )M, ) Vi, [May, (Ms, SroMs, )Ma,, ] x

J -
X [Yk —Alk(zlAii[MAz.-(MS.-EioMs,-)MAz.-]JrAH) "
=

x (ZJ: AI“{MA%(MS; EiOMsi)MAZ‘.]+Y,')] =

=1

> Z M Wi = A1kB2) ) (VO (M, (Ms, B0 Ms, ) Mgy} Vi, %
k=1 sz °

X [Ma,, (Ms, ZxoMs, )M, ¥ [Vi — Alkéﬁggﬂ(YU))] =

Il

Z Z /\Sc{s:) Yk_Alk/ég;;(j)(Y(j))_A2kB§i)E(j)(Y(j))]I(MS;‘ TroMs,)t x
k=1sx=1 ° e

x Vksk(MskzkoMsk)qu~A1k6§{;gﬂ(yu))_ Azkﬁgﬁzp(y(’))];
here

{c! (J)}ksk,u, tr [[MAzx(MSIM/IMSI)MAZI]+A1'X , (&)
x (zj:A'H[MM‘(MgiW,-MS,)MA?‘.]’LAH)_1 x

i=1

x A'lg{MAzk(Msk Wi Ms, )M, Jt Vi, [Ma,, (Ms, Wi Mg, )Ma,, I* Ag %
x (}ijA'l,A[MA,,,(Ms‘,W,~Ms,.)1w,,2,.]+,41,-)*1 x
X A'u[MAga(Ms,WIMS,)MAg,]‘LVm],

k,l=1,...04, sk =1,...,;, t=1,...,p, it # k {a non-diagonal block of
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the I-criterion matriz) and
{Cg)(j)}k-'kyktk =tr {[MAM: (MSk WkMSk)MA:k]+X ’ (3)
J -1

x (1= Aue (30 ALIMa, (Mo, Wi M5 )M, ] )
i=1

X Allk [MAzk (Msk WkMSk)MAZk]+] V’Nk [MAzk(MSk W’CMSk )MAzk]+ X
i . -1

x (1= A1k (D2 AL M, (M, WiMs )M, ] i)
i=1

X Allk[MAzk (MSk WkMSk )MAzk]+] thk }:

k=1,...,4, sk, tx = 1,...,pr (the diagonal block of the I-criterion matriz;
this consists of j x j blocks, the (i,k)th being (p; x p;) dimensional), w0 =
Z{zl ei(j)e:-(j) Q@ W;, where W;, i = 1,...,j, are arbitrary (n; X n;) positive
definite matrices; the Z{=1p.~ dimensional vector (A7) = (/\(lg’,jl)), e /\5'{;,];)));

(AEI’j))’ = (/\(li’j),...,)\g;j)) of the unknown Lagrange coefficients is any solu-

tion of the system of equations
Cg&),\(l,j) = g\ (4)
o

where CE.()j) is the I-criterion matriz for WU) = Egj) = Ef___l ei(j)e:'(j) ® Xoi,
‘and ﬁ'i’;m(YU)) is given by (4).

)
Proof The way of prooving the assertion is the same as in the preceeding

theorem. Here the substitution X = (A(lj ), Agj ), S() has to be applied.
In a consequence of this substitution

(MXQkaMXQk)+ = (M(Agk,Sk)WkM(A;k,Sk)+ = [MAzk (Msk WkMSk)MAzk]+'
Furthemore

[Ma,, (Ms, SkoMs,)May, ]* [V — A1 9%, (Y )] =

= (MS,, EkOMSk )+[Yk - Alkéi{g:(j) (Y(J)) - Azzc,éz(,],.c)yz(,’) (Y(J))]

Remark 4.3 The notation introduced in [6] was used here.
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5 Conclusions

(i) Another approch to obtaining the best linear estimators of the useful mean
value parameters and the best quadratic estimators of the variance parameters
without loosing information on them consist in an a priori elimination of the
systematic deterministic influences expressed by the terms Sik;, i = 1,...,m.
Then we process an observation vector Y(¢) = T,Y instead of processing direct-
ly the vector Y. Here the problem arises if there exists an elimination matrix
T, preserving full information on both the useful mean value and the variance
parameters. Moreover the time efficience of algorithms implied by this two
different approaches has to be compared (for more detail see [1] and [2].

(ii) The epoch model discussed here is general in the sense that the epoch

models
(Y<'">, (A™, A5™) ( ﬂgin’) ) : 2<'">)

an epoch linear regression model with stable and variable parameters (without
nuisance parameters) [3],

(y(M)’ A g™, gon))

an epoch linear regression model with variable parameters,

(v, cagm,somy (A7), 5t
K

an epoch linear regression model with variable parameters and with nuisance
parameters are its special cases. Of course, some simplification of the models
mentioned concerns the special versions of the covariance matrix of the obser-
vation vector.

(iii) It has to be notice that all expressions for the best linear estimators of the
usefull mean value parameters and the best quadratic estimators of the variance
parameters (without determining the estimators of the unuseful parameters)
are composed from the expressions occurring in the preceeding epochs. This is
important also from the viewpoint of the dimensions of the operating matrices.
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