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Abstract

In a linear model with variance components the locally best linear
unbiased estimator of the mean value parameters depends on the values
of the variance components. The problem is to find a region around the
given values of the variance components in which the best linear unbiased
estimator does not change essentially.
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1 Introduction

Let Y be an n-dimensional random vector with the mean value E(Y|8) = X3
depending on a k-dimensional vector parameter 3 € RF (k-dimensional Eu-
clidean space) and with the covariance matrix Var(Y|[9) = 5°F_, 9;V; depend-
ing on the p-dimensional vector ¥ = (¢y,...,9,) €J C R?. Here X isann x k
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92 Lubomir KUBACEK

known matrix and Vi,...,V, are n x n symmetric known matrices; parameters
B and ¥ are unknown. Instead of the actual value ¥* of the parameter ¥ its
approximation ¥y is known only. The set ¥ is open in RP.

The problem is to find a criterion enabling us to recognize, whether an
uncertainty in the parameter ¥, given by the value ||J* — Jo||; (the Euclidean
norm), affects the estimator of (3 essentially, or not.

Some partial solutions of this problem are given in [2], [3], [4]. Some general
information is given in [1].

2 Notations and auxiliary statements

In the following either the notation
Y ~(XB,5(9), or [Y,X8E()), BeR", JedCR,

will be used. Sometimes the symbol £(9J) will be used instead of Y-%_, 9;V; and
Lo instead of X(Jo).

Definition 2.1 In the model

P
(Y,XB,Y 0:Vi), BERF, 9=(dy,...,9) €VCR,
i=1
the statistic T*(Jg)Y is the Jo-LBLUE (locally best linear unbiased estimator)
of the vector g if

(@) V{8 € R*} E(T*(90)Y|8) = B,
(id) V{T:T # T"(Y0), T satisfying (i)} Var(T*(90)Y [90) <z Var(TY |do),

where <, means the ordering of the positively semidefinite (p.s.d.) matrices,
le, A>L. B < A—-Bispsd.

If the rank of the matrix X is r(X) = k < n and the matrix X(¢Jo) is regular,
then the model (Y, X3, %_, 9;V;), B € R*, ¥ € 9 C RP, is regular at Jy.

Lemma 2.2 The 99-LBLUE of B in the regular model from Definition 2.1 and
1ls covariance matriz are

B(Y, o)
V(IT[B(Y, 1?0)"(90)

where C(J99) = X'E71(d90)X.
Proof Cf. [6], p. 188. S o

Lemma 2.3 Let in the model from Lemma 2.2 ¥* # Yy and L(9*) be also
regular. Then

C™'(90)X'S7} (90)Y = T*(0)Y,
C™1(9,), (2.1)

Var[T*(9)Y[|9*] = T*(90)Z(9*)[T* (%)) >1
>i Var[B(Y,9*)]9*] = [X'S™1(@*)X]"! =C(¢*) (2.2)
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Proof For any m x n matrix A and n X k matrix K with r(K) = k the relation
AA' >p AK(K'K)"'K'A'

is valid (the generalized Schwarz inequality). As X(9*) is p.d., there exists a

regular matrix J such that £(9*) = JJ'. Now let A = T*(Jp)J and K = J~1X.

Thus

J—lX[X/(J/)—IJ—IX]—lX/(J/)—l
J—IX[X/E—1(0*)X]—1X/(J/)—1

K(K'K) 'K’

and the proof can be easily finished. (m]

Remark 2.4 In the framework of the linear estimation the inequality (2.2) is an
important reason for applying the 99-LBLUE of 3, where 9 is as near as possible
‘to the actual value J* of the parameter J. Nonrespecting the requirement “dg
as near as possible to the actual value 9*” can result in a disaster in some
situations; cf. the following example.

Example 2.5 (cf. [2]) Consider the model

(s ). sem s

Then the p-LBLUE of f is

B(Y1,Y2,p) = 6 2\/— ————[(1 - V5p)Y1 + (5 — VBp)Y3]

and

Varlf(h, Ya, ol = 202 }) (2.3)

If the weighted average (nonrespecting the value p)
B(Y1,Y2) = (Y1 + 5Y2)/6
is considered, then

VarlB(vi, ¥alel = 53+ V). (2.9)

Now let us compare the values of the variances (2.3) and (2.4) for different
values of p; cf. Fig. 1.
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The dependence of the variances (2.3) and (2.4)

on the correlation coefficient p

Obviously
})eri{VarLB(Yl ,Y2)lpl/Var[B(Y1,Ya, p)|p} = oo.

Example 2.6 (continuation) The task is to evaluate the effect of the change of
the value p onto the value p + §p, where ép is a sufficiently small number.
_The estimator B(Y1,Ya,p + &p) is approximately equal to B(Y1,Ys,p) +
[08(Y1, Y2, p)/Oplép. )
The correction term [08(Y1, Y2, p)/dp]ép is a random variable of the form

[0, Y2, )/9616p = —@%ﬁm —vy)ép.
Obviously:
(i V{6 € R'} B ({082, Y2,p)/0pplp}) =0
and S o -
(i) cov { B(Y1, Y2, ), [08(¥1, Y2, p)/0pl6]0} = 0.
Thus

. OB . 3
Var [ﬂ+ %@lp] = Var[B|p] + Var [%pr} =

= 50-p) | _80(p)°
6-2v5p  (6-2V5p)°
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From this we can determine the ratio of the standard deviations of the correction
term and the p-LBLUE:

F(p,6p) = 100%\/ Var{[05(Y1, Y2, p)/9p)éplp}

Var[B(Y1, Yz, p)|p]
4 x 100%

T (6-2VBp/1- 72 o 29

cf. also Fig. 2 for 6p = 0.1.
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Fig. 2
The dependence of the ratio of the standard deviations of the correction term
(for 6p = 0.1) and the p-LBLUE on the correlation coefficient p

If the value F(p,6p) is not too large, e.g., F(p,8p) < € x 100%, where ¢ is
a sufficiently small real number, then the uncertainty in p, given by the value
|8p], can be tolerated. A criterion for an approximaticn of variance components
based on this idea is derived in the following.

3 Regular linear model with variance compo-
nents

In this section the regular linear model from Definition 2.1 is considered and
B(Y,9) is given by (2.1).

Lemma 3.1 Let L};(9) = f'T*(9), f € R*. Then

0Bi(Y,9)/09; = =L, (9)V;Z 1 (9)[Y — XA(Y, )],
where eib € R¥, and

otherwise,

{e,.}jz{(l) if i=j,



96 : Lubomir KUBACEK

Further

() WBeRW{i=1,. kWV{j=1,.,p} E{08(Y,9)/89,]1} =0

and - |

(i) Wi=1,..,k){i=1,...,p} cov {IB(Y, ), 9B:(Y,9)/09;]19} = .

Proof The first part of the statement is based on the relationships
os~1(9)/89; = -1V, =71(9)

and

oC1(9)/09; = T (N)V;(T* ()Y

(they are a consequence of the obvious relationship (0/0t)[A(t)A~1(2)] =
(8A(t)/0t)A~ + ABA~1(t)/0t = 0). The statement (i) is now obvious and
(ii) is implied by the relationship

cov[B(Y,9),Y — X B(Y,9)|9] = 0. o

Corollary 3.2 Let f € R*. Then

0f'B(Y,9)/89 ~ (0, Wy (D)), (3.1)
“‘where
Ly(9)Vy
Wi (9) = : [MxZ()Mx]H(ViLs(9),...,V,Ls(9)), (3.2)
1OV,

Mx =I-X(X'X)"1X' and [MxE(I)Mx]*t is the Moore-Penrose generalized
inverse of the matric MxX(9)Mx (in detail cf. [5]).

Proof The validity of the relationship E {[3 f'B(Y, 19)/619][0} = 0 is a direct

consequence of Lemma 3.1. (i). As far as the matrix Wy () is concerned, the
relationships v
Varly — XA(Y,9)9] = £(9) - X[X'S"1(9)X]"1 X,
T @)Varly — XB(Y,)IETI(W) = [MxI(9)Mx]Y,
n~(u,K) = Tn~(Tp,TKT')

must be taken into account with respect to the expressions
Of'B(Y,9)/89; = =Ly (O)V;E'(I[Y — XB(Y,9)], i=1,...,p. u]

Lemma 3.3 The correction term [0f'3(Y,9)/89')69 is equal to zero if 9 = k9,
k>0.
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Proof The statement is a consequence of the relationships
[Mx Z()Mx]*(ViLy(9),..., Vo Ly (9))9 = [Mx D) Mx]YD(I9) Ly (9) =
= {I - X[X'ZINX]I XWX [X'E ()X f=0. O

Lemma 3.4 Let M(A) denote the column space of the matriz A. Let n ~
(1, ). Then

(i) Pln—pe M)} = 1
" (1) If N is any subspace with the property P{n—p € N'} =1, then M(Z) C
N.

Proof (i) As X is p.s.d., there exists a matrix J with full rank in columns
such that ¥ = JJ'. Let K be a matrix such that K'J = I and & = K'(n — p).
Then E(np — p — J€) = 0 and Var(n — p — J€) = 0, which is equivalent to
P{n—p=J¢} =1. Now it is sufficient to realize that M(Z) = M(J).

(ii) Let M(X) = N ® N1, where N7 L N and MV, # {0}. Let p€ N1,p # 0.
Then P{n—p L M} =1 = P{p'(n—p) = 0} = 1. However Var[p'(n —
p)] = p'Sp > 0, since p € M(X). Thus P{p'(n— p) # 0} > 0 and this is in
contradiction with P{n — u € N'} = 1. Now it is clear how to finish the proof.

m]

Corollary 3.5 With respect to Lemma 3.3
P{10f'(v,9)/09) L o9} =1
and with respect to Lemma 3.4 (i)

P {[a F'B(Y,9)/89] € M {Var {{af’/S’(Y, m/aw]w}}} =1

Thus with respect to Lemma 3.4 (i)

5 9
! — —
M (var{[os'8(v,9)/0919}) c M (1 w) .
(1t is to be remarked that I — 99’ /9’9 is the Euclidean projection matriz in RP
on the Euclidean orthogonal complement of the subspace generated by the vector

9.)

Let (cf. (3.2)) r
Wi(9) =D Nifif}
i=1

be the spectral decomposition of the matrix Wy () and let A\; > Az > ... 2

A > 0, where 7 is the rank of the covariance matrix W;(J) and fif; = 6i;
(Kronecker delta). Obviously fi L 9.
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Theorem 3.6 Let 5 > 0 be a given real number and let

Cfcrit. — €f fIC—l(ﬂ)f/Al (33)
Then )
. Var{[df'B(Y,¥)/89"69|9}
”619“1 < Cf crit. = \/ Var[f’B(Y, 19)|19] < €f. (34)

Proof The random variable [8f' (Y, 9)/89']69 attains its greatest variance in
the direction given by the vector fi. Thus (cf. Corollary 3.2)

62/\1
e2Var(f' B(Y, 9)|9]
= e fCTI)f

Var{[8f' B(Y,9)/09)cf1|9}

if and only if ¢ = ¢f crit.

Now let the inequality on the r.h.s of (3.4) be satisfied; i.e., 69 = cg, 0 < ¢ <
¢f,crit., 9’9 = 1. From the properties of the spectral decomposition of the matrix
Wy (9) obviously ¢?g'Ws(9)g < ¢} iy SIWs(9) 1 = ¢} cris M1 = €5F'C71(9) f.

[m]

Remark 3.7 The criterion given by (3.3) and (3.4) is not only. Another ap-
proach is mentioned in [3]. Nevertheless (3.3) and (3.4) seem to be very simple
and suitable for applications. .

The statistical behaviour of the correction vector [83(Y, 9)/89’ 169 is charac-
terized by the following corollary.

Corollary 3.8

(i) V{8 € RF}YE{[0B(Y, 9)/09')69|8} = O,

(7) Var{[03(Y,9)/09')68|9} = -

= C'l(ﬂ)X'E_l(ﬂ)S(M)[MX L) Mx]TE(69) S () XCL(),

O B(Y,9) 3g'BY,9) |

k k
) V{f € R*,9 € R*}cov o9, ) a9;

= Ly (9)Vi[MxE@)Mx]TV;iLy(9), i,5=1,...,p.
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Theorem 3.9 Let

6 (k) = J fiVar [@%@kmw] £/ Var[B(Y,k9)|kS)f, k€ (0,00).

Then ¢(.) is a constant function.

Proof It is sufficient to take into account the following relationships X£(kd) =
kX(), [MxZ(k9)Mx]* = k" {MxZ(W)Mx]*, Var(L'Y|kd) = kVar(L'Y|9)
and Corollary 3.8 (ii). o

4 Replicated model

If the observation vector Y from the model given in Definition 2.1 is r-times
replicated, we get a model described in the following definition.

Definition 4.1 The model

P
V,1@X)8,I0) 0V, BER, vedC RP, (4.1)
i=1
where 1 = (1,...,1)’ € R",I is the r x r identity matrix, ¥ = (¥{,...,Y))
and Yi,...,Y, are identically and independently distributed, is called r-times
replicated model with variance components.

Lemma 4.2 In the model from Definition 4.1 the 9-LBLUE of § and its co-
variance matriz are

) BY,8) = T* ()Y, where ¥=(1/r)3 Y
i=1
and
(i2) - Var[BY, 98] = (1/r)C7H(9).
Proof is straightforward and therefore is omitted. D

Lemma 4.3 In the model from Definition 4.1
- 1
Of'B(Y,0)/99 ~ (0, ~ Wy (9)) : (42)
where Wi (V) is given by (3.2).

Proof is obvious. : SR o
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Corollary 4.4 If cjcrir. 15 given by (3.3), then in the model from Definition
4.1 the implication

169l < ey \/ Var{0£ B, 0)/00s019} _

Var(f'B(¥, )]
holds true; here €5 is the same as in Theorem 3.6.

Remark 4.5 The value ¢ crit. from Theorem 3.6 is the same as for the model
from Definition 4.1. Nevertheless in many cases some upper bound for the
quantity A A

Var[f'B(Y,9)9] + Var{df (Y, ¥)/09')69]|9}

is required.

Since the value of this quantity is r-times smaller after r replications in
comparison with the analogous value for r = 1, the value ||§9]||1 can be greater
for # > 1 than ||69]|; for r = 1. In another words &; can be greater and
consequently also cj,criz. can be greater. In practice this fact has to be kept in
mind.

5 Multivariate model

In the following the notation vec(A) means the vector that arises by arranging
columns of the matrix A one below the other.

Definition 5.1 The multivariate growth curve model with variance compo-
nents is

P
(Y,XBZ,Y 9;V;®@W), vec(B) € R, 9 = (91,...,9,) €I C RP,

i=1
where Y is n x s random matrix with the mean value E(Y|B) = XBZ and
the covariance matrix Var[vec(Y)|9] = YF_ 9:;Vi® W, X is a given n x k
matrix, B is a k X » matrix of unknown parameters, Z is a given r X s matrix,
the s x s matrices V;,...,V, are known and also n x n matrix W, which is
p.d. is given. The model is regula.r if 7(X,, k) =k <n,r(Z,) =r<sand
ded=>XW) =37 _,9:Viis p.d. :

Remark 5.2 If Z = I, then the model from Definition 5.1 is called the multi-
variate model; in practice usually W = I.

Lemma 5.3 In the model from Definition 5.1
(i) the 9-LBLUE of B is
B(Y,9) = (X'W' X)) X'W-lys~1(9)2' (251 (9) 2],
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(ii) the covariance matriz of vec[B(Y,9)] is
Var{vec[B(Y,9)]|9} = [Z=7'(¥)Z']' @ (X'W~1X)™L.
.Proof If the relationship | k
vec(AmnXnpBpr) = (B' @ A)vec(X)
is taken into account, then
vec(Y) ~ [(Z2' ® X)vee(B),E(d) ® W).

With respect to the last relationship and Lemma 2.2, the statements (i) and (ii)
are obvious. o

Lemma 5.4 LetY be the random matriz from Definition 5.1. Let A, B, C, D
be matrices of the types m x n, s x m, t x n, s X t, respectively. Then

cov[Tr(AY.B), Tr(CY.D)|J] = Tr[AWC'D'E(9)B].
Proof Obviously '

Tr(AY B)
Tr(CY.D)

[vec(A")) (B’ ® Ivec(Y),
[vec(C) (D' ® Ivec(Y)

and

cov[Tr(AY B),Tr(CYD)|Y9] = [vec(A))(B' ® I)[E(?¥) ® W]|(D ® I)vec(C")
= [vec(A")]{[B'Z(J)D] ® W }vec(C")
= [vec(A")] vec[WC'D'E(9)B]
= Tr[AWC'D'S(9)B]. i

Lemma 5.5 Let P be an r x k matriz. Then, in thé model from Definition 5.1,
(2) dTr[PB(Y,9)]/09; = —Tr{P(X'W1X)" ' X'W~Y[Mz () Mzt V;

x LY Z'[ZzE7 (927}, i=1,...,p,
(i) E{0Tr[PB(Y,9)]/0%:|} =0, i=1,...,p,

(i) {Var{0Tr[PB(Y,9)]/399}};; = {Wr(¥}i;
= cov{dTr[PB(Y,¥)]/09;,0Tr[PB(Y,¥)]/09;|0}
=Tr{V;E2~}(9)2'[ZZ71(9) 2| ' P(X'W I X) 1 P[22} (9) 2"
x ZEY(9)V;[Mz:Z(9)Mz)*},  i,i=1,...,p,

(iv) Var{Tr[PB(Y,9)||9} = Tr{P(X'W~1X)"'P'[Z="1(¥)2]"'}.
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Proof Taking into account Lemma 5.4, the multivariate model written in the
form

[vec(Y), (2’ ® X)vec(B), Y 9:V; ® W],
=1
the relationships
A ~(9)/89; -2 W)V, (9),
[ZzE~1(9)2"/09; = [ZZ71(9)2']7 Zz8 (Vs (9)Z' 227 (9) 2]

I

and the rules

vec(ABC)
(vec(A")) (B ® C)vec(D)

(C' ® A)vec(A)
T+(ACDB'),

we can use the procedure given in Section 3. Then, with respect to the given
rules, the results can be written in the form given in (i), (ii), (iii) and (iv). O

Theorem 5.6 Let

b
Var{dTr[PB(Y,9)]/099} = > Nifif! (5.1)
i=1
be the spectral decomposition of the covariance matriz and Ay > Ay > ... >
A > 0. Letep > 0 be a given number.

If

Tr{P(X'W-1X)-1P[Z5-12]-1}
CPcrit. = EP W y

then for any 69 such that ||69||1 < cp,erit.,

<E€p.

J Var ({oTr{PB(Y. 9)]/00'}60]9)
Var{Tr[PB(Y,9)]|9}

Proof It is a direct consequence of Theorem 3.6, the statements (iii) and (iv)
from Lemma 5.5 and Lemma 3.3 valid also for the model from Definition 5.1 in

the form .
{8Tr[PB(Y,9)]/00'}kd =0, k>0. a

Remark 5.7 The expressions used in Theorem 5.6, e.g.,
Var ({9T+[PB(Y, 9)]/99'}69]9)

(cf. Lemma 5.5 (iil)) seem to be tremendeous. However it is necessary to re-
mind that all of them must be calculated in order to obtain the estimator and
its covariance matrix from Lemma 5.3. (i) and (ii); thus no new calculation,
exept the spectral decomposition (5.1) (usually a matrix with a small size), is
necessary.
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Remark 5.8 In many cases Z = [ and W = I. Under these conditions
B(Y) = (X'X)"1X'Y (cf. Lemma 5.3. (i)) and thus no a priori information
on 9 is necessary (the model is non-sensitive) for calculating it. This estimator
is uniformly (with respect to ) best. However the covariance matrix of B(Y)
is

Var{vec[B(Y)]|9} = £(¥) ® (X' X)™!

and now we have to know the actual value 9" of 9, or, at least, to know some
estimator J(Y) of J. Some investigation of this problem is given in [7].

6 Model with constraints

Definition 6.1 Let in the regular model from Definition 2.1
BeV={u:ue R b+ Bu=0},

instead of # € R¥. Here b € M(B) C R, r(Byx) = ¢ < k. Such a model is a
regular model with constraints.

Lemma 6.2 The 9-LBLUE of 8 in the model from Definition 6.1 is

BY,9) = PSU) L B(Y,9) — C~\(9)B'[BC™ (9)B b,

Ker(B
where s
Peilsy =1-C~'(9)B'[BC™'(9)B1™'B
is a projection mairiz on Ker(B) = {u : Bu = 0} in the k-dimensional lin-
ear space with the inner product < u,v >¢@w)= w'C(J)v, u,v € R¥, C(¥) =
X'EY9)X and B(Y,9) = C~YI)X'S1(9)Y is the 9-LBLUE of B nonre-
specting the constraints b+ BB = 0. The covariance mairiz of the estimator

B(Y, ) is

Var[3(Y,9)]9] = C~1(9) — C~1(9)B'[BC~1(9) B'| "' BC'(9).
Proof Cf. [6], p. 189. o
Lemma 6.3 In the model from Definition 6.1

() OB(Y,9)/09; = —PE(lg CTI @X'S @)V )Y - XA(Y,9)),
(ii)  E[8B(Y,9)/0%:|8] =0, i=1,...,p,

(iid) {varilo FB(Y,9)/89) Iﬂ}}i’j ={W;(9)}i;
= [P C™ X' ()V: {[Mx Z(9)Mx]* + 571 (9)XC™H(9)B'
x [BC™Y(9)B']"'BCTI(0) X' (9)} ;Z 1 (9) X C~1(9) (Pf?ﬁf()s))lf,

i,J:17"'lp’
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(iv) ’ coo0f' B(Y, 9)/99, B(Y, 9)|9] = 0.
Proof It can be obtained in the way given in the proof of Lemma 3.1. m]

Corollary 6.4 Ifes > 0 is a given number and

¢t erit. = £g\ FVar[B(Y, 0)9]f /M,

where Ay is the mazimum eigenvalue of the matriz Wy(99) from Lemma 6.3 (iii),
then for any 69 such that ||69||; < cj crit.

\/ Var{[0f'B(Y,9)/09169|9}/Varlf'B(Y, 9)|9] < €.

7 Universal mixed linear model

Definition 7.1 The model
P
(Y, X8, 0:Vi), BER*, 9e€dICR,
i=1
is a universal mixed linear model if at least one of the conditions
r(Xnx)=k<n, V{Ied}EX(¥) ispd.
is not satisfied; however here V; is p.s.d. and 9; > 0,7=1,...,p.

Remark 7.2 In the universal model from Definition 7.1 a linear function f/g,
B € RF, is unbiasedly estimable iff f € M(X’). Thus the class of all unbiasedly
estimable functions can be characterized by the vector X3, 8 € R*.

In the following (X’);,(s(s)) denotes the minimum X(J)-seminorm general-
ized inverse of the matrix X’ with the properties

V{y € M(X')}V{:I:y : X':L‘y = y}X'(X/)'—n[E(")]y =y
‘and
YIX )iz 2O X ) s@yy < 2y 2(0)zy
(cf. [B]).
Lemma 7.3 The 9—LBLUE of X3 in the model from Definition 7.1 is

XB(Y,9) = X[(X")ison) Y
and its covariance matric is
Var [XB(Y,0)19] = X (X500 SO X rseonX-

Proof Cf. [5]. o



Criterion for an Approximation 105

Lemma 7.4 A necessary and sufficient condition for the equation AXB = C
to have a solution is that
AA~CB™ B =C,
in which case the general solution is
X=ACB +Z-A"AZBB~,
where Z is an arbitrary matriz.

Proof Cf. [5], Theorem 2.3.2. o
Lemma 7.5 Let A be any mairic depending on 9 € 9. Let

M [(‘92—&”))/] C M(A'(9)) and M (agt(g )) C M(A®W)), i=1,...,p.

(7.1)
Then
0A~(9) 0A(Y) - - _
39, =—A"(0)—/—— 39, ———AT(N)+Z - A (9)AW)ZAMNA~ (W), i=1,...,p,

(7.2)
where A~ (9) is an arbitrary but fized version of the generalized inverse of the
matriz A(9) (i.e., A(W)A™(9)A(W) = A(Y)) and Z is any matriz of the same
size as A~ (V).

Proof Obviously A(z?)A‘ (9)A(9) = A(V)) for any version of A~ (d). Thus

6A(19)

[A(z?)A (9)A®W)] = i=1,...,p. (7.3)

The Lh.s. of (7.3) can be rewritten as

(%A(ﬂ)) A~ (9)A() + A(9) ( 9
i=1,.
If M(0A(9)/99Y;) C M(A(9I)), then it can be seen easily that

AM)A™(9) 55 A(19) ‘9 39, A0).

a7 A” (19)) A(ﬂ)+A(z9)A (19) A(ﬂ)

Analogously

M [(‘9’;—1(9:9)) } C M(A'(¥)) = (agga)) A~ (9)A(9) = aA(’”.

If (7.1) is satisfied, (7.3) can be rewritten as

BA (19) _0A(W) .

(19)__8—19," z—l,...,p.

With respect to Lemma 7.3 the general solution of the last equation is given by
(7.2). O

AW) ==
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Lemma 7.6 In the model from Definition 7.1
OXB(Y,9)/00; = =X [(X Vsl ViS™ DY = XB(Y, 9),
where S(¥) = (J) + X X'.

Proof As the expression X[(X' );[E( ',)]]’Y is invariant with respect to the
choice of the generalized inverse (X' );1[2( o We choose

(X )mgoyl’ = [X'S™(9)X]™X'S™(9)

(in more detail cf. [5]).
As 05(9)/09; = V; and M(V;) C M[S(9)], we have

05~ (9)/09; = =S~ (9)V;S™(9) + Zs — S~ (9)S(9)ZsS(9)S~ (9)

and

0X'S™(9)X/89; = —X'S~()ViS~(9)X,

because of X'S~ (19)5(19) X' and S(9)S~(¥)X = X.
Further

M[BX'S~(9)X/89;] = M[X'S~ (9)ViS~ (9)X]
C M[X'S~(9)S(9)S- (9)X] = M[X'S~ () X]

and thus

6{[X’S‘(0)Xj‘}/617,~ = [X’S“(z?)X]"X’S‘(03%5‘(19)X[X’S'(0)X]‘
+Z - [X'S~(9)X)"X'S™(9)X ZX'S~(9)X[X'S~ (9)X].

It implies

O{X[X'S~(9)X]~X'}/89; =
= X[X'S™(9)X]” X'S~(9)ViS™ (9 X[X'S™(9)X]~ X’

since
XZX' - X[X'S~(N)X]"X'S™(NXZX'S~(NX[X'S(9)X]" X' =0.
Finally

OX S~ (9)Y/89; =
=-X'S" (19)V,S‘(z9)Y + X[Zs — S~ (9)S(9)Zs S(9)S- (D)]Y.

With respect to Lemma 3.4

P{Y e M[S(¥)]|B,9} =1
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and thus
XZsY — XS~ (90)S()ZsS(W)S™(9)Y = XZsY — XZsY =0

with probability one.
Now we can write

OX[(X") im(oy) Y/89: = OX[X'S™(9)X]™ X'S™(9)Y/d9;
= X[X'S™(9)X]"X'S™(I)V;S™ () X[X'S™(9)X]"X'S~(9)Y
— X[X'S™ (X" X'S~(I)V;S~ ()Y
= = X[(X ) oyl ViS™ ()Y — XB(Y, 9)]. D

Lemma 7.7 Let the model from Definition 7.1 be under consideration and let

feM(X'"). Then

@) V{8 € R }E{OF (X )risoy) Y/ 0919} = 0,
(i7) V{9 € D}eov{0f [(X) seoy] Y700, X[(X') syl Y 19} = 0,

(i) Wy ()} = (Var{0f [(X")psoyl Y/0910} )i

= Fl(X) oy VilMx S Mx T Vi (X)L oy f-
Proof The statements (i), (ii) and (iii) are consequences of Lemma 7.6. o

Theorem 7.8 Let in the model from Definition 7.1 f € M(X'). Let Wy(9) =
zle A fif] be the spectral decomposition of Wi(9) (cf. Lemma 7.7 (iii)) and
A >A>...2 X0 >0. Letep > 0 be a given real number.

If

Cferit. = Ef\ﬂ'[(X');[z(a)]]'E(ﬂ)(X' mizyf /A0

then
”619“1 < Cf crit. =

= \/Var({(? PUX Y mpsoy Y 109 369) [V ar{ £ [(X ) sy Y 19} < &1

Proof The idea of the proof is the same as that of Theorem 3.6, however it is
necessary to use the lemmas from this section. m}
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