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POLYNOMIAL MAPPINGS OF POLYNOMIAL
STRUCTURES WITH SIMPLE ROOTS

Jiiki VANZURA, ALENA VANZUROVA
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Abstract
Any polynomial structure with simple roots of the characteristic poly-
nomial induces a decomposition of the tangent bundle, an almost product
structure on its complexification, and consequently, the decomposition of
the bundle of complex differential p-forms. We will characterize integrable
polynomial structures, and will show that polynomial mappings preserve
the above decompositions.
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Let (M, f), (ll;f, f) be smooth manifolds with polynomial structures f, and
f respectively such that both f and f have the same characteristic polynomial,
p(€), with only simple roots, [8], [10].

Definition 1 A differentiable mapping ¢ : M — M will be called polynomial
if its tangent mapping (differential) T» commutes with polynomial structures
on manifolds, :

Tpo fo = foz) o To.

Denote by T¢(M) the complexification of the tangent bundle TM, by fC the
complexification of the (1,1)-tensor field f. The tangent mapping T¢ = . can
be extended into a complex linear mapping of complex tangent bundles which
will be denoted by the same symbol,

Te:T°M — TC(M).
The cotangent mapping T*p = ©*
(w*)(Zla"')Zp):W(SO*Z:[,...,QO*ZP) wEAP(M)

can be extended into a mapping of complex differential forms in a similar way.
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1 The bundle of complex differentiable p-forms
on a manifold with a polynomial structure

Let (M, f) be a smooth manifold endowed with a polynomial structure f having
only simple roots of the characteristic polynomial p(§). Over R, the decompo-
sition of p is

p(&) = JJ€—b) [ +2¢c;6+d;), biycjdj €R, bi£b for i#k,
i=1 i=1
(j—a)?+(dj —d)? #£0 for j#1, ¢j*—d; <0, 1)
and the decomposition of quadratic factors over C is
€ +2¢+dj = (E—¢)(§ )
with e; = —¢; + Z\/ﬁ’ € = —cj — z\/d]——_c]g @)
The kernels
ker(f —b; I) = Dj,  ker(f*+2¢;f+d}I)=Df

are distributions on M of constant dimensions, [8]. At any point z € M, the
subspaces are invariant under f:

fo(Di)e C(Di)z,  fo(Df)s C(Df)z.
J J
Our distributions form an almost product structure on M associated with f,
( i!"'?D;’ Ill)"')D;I)'

The bundle T'M is a Whitney sum of the above 7 + s (real) distributions:

r 8
v - @ 0te o)
i=1 j=1
The corresponding projectors P/, P;’ can be written in the form

P! = qi(f), Pj”:q;/(f), i=1,...,r, j=1,...,s

where g;, ¢; are uniquely determined polynomials of degrees less then deg p, [8],
and satisfy

3 I / : "o /1
im P} = Dy, im P}’ = Dj

ZP,!'FEPJ{/:I, Plrﬂ:f’i’, Pj”2 :Pj”v
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while the composition of any other couple of them is equal to zero. Let us
consider complexifications D;C and
D;’C =E; GB—E_’; where E; = ker(f<C —e; I), E: ker(f(C —g I).
Then the decomposition of the complex tangent bundle is
°M)=D\"0.. 0oD"0F®. 0FEoEe. oF,
For simplicity, if 1 <7< r, 1 <j <s let us denote
D;=D = Diyp=E,  Diyrys =T

Then ¢ c . .

(D)~,...,D. " Ey,...,Es FE1,...,Es) = (D1,..., Dryas) (3)

is a complex almost-product structure associated with f, [10].

Let us consider a complexification 7*C(M) of the cotangent bundle (with
the fibre (T2)C M = (TC)* M over ¢ € M), and denote by AP(M) the bundle
of complex differentiable p-forms on M, with the fibre A2 M = (CE M)C where
CEM =TM ®...Q T M (k-times) is the space of p-forms on T M. For any
& € M, let us introduce vector spaces of complex 1-forms on TCM by

(C), = {w e TXYUM) |w(X) =0forall X € (Dj)s,1<j<r+2s,j#i}.

For different indexis, 7 # 7, the above vector subspaces have only zero vector in
common. We will show that their direct sum is the space of all complex 1-forms
atze M,Al=C,®...® C(r4s)z, and therefore the bundle of 1-forms on M
can be written as a Whitney sum

A (M)=Ci(M)® ... ® Cryas(M).
In fact, let us choose any frame adapted to the almost-product structure (3),

(20,20, 2T 2,

r42s

where Zgj), .. .,Z,Ei) form a basis of Djz, kj = dim D;. Let (wgl), o ,wir:jj))
denote the dual adapted co-frame. Then (ng)|D]-x, . ,w,(c];,)lex) is dual to
the basis (Zgl), . .‘,Z,(Ci)), and ng) € Cj,. ..,w,(c];_) €Cjforj=1,...,r+2s.
Now any 1-form w can be expressed with respect to our adapted co-frame (in a
unique way) in the form

kj
w=w 4. 4wt with w/ = Zaingj). (4)

=1
We obtain Al = @ Cj. which enables us to define projectors
Pj i AL — Cjz by Piw=uwl. .
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Proposition 1 Any projector P; is of the form Pjw(X) = w(P;X) for any
complez vector field X on M where P; is the projector onto Dj.

Proof Forany X € T¢(M), X = P1X + ...+ Pr42,X. Now
wX)=w(PrX)+ ...+ w(Prya2s X) for we AY(M),

that is, any 1-form can be uniquely written as w =wo P +...4wo Pry9,. But
wo Pj € Cj since wo Pj = 0 on Di, for k # j. Now wo P; = w; follows by
uniqueness of the decomposition (4).

The bundle AP(M) can be decomposed in a similar way:

APM:@CG) a:(aly---,ar{-Zs) (5)

where any multiindex a is of the weight p, |a| =37, a; = p, and

Cl@n8r42) = CUA L ACIA .. ACrpas Ao ACryas . (6)
———
ai-times ar42s-times

Complex vectors belonging to the distributions D;j, j = 1,...,7 + 2s will be
called homogeneous vectors. Under an ordered p-tuple of homogeneous vectors
of the type B = (k1,..., kr425) will be understand a p-tuple Y7, ..., Y, of vectors
such that }; k; = p, and

Yi,...,Yi, € Dig, ... ka1+«--+kr+2s_1+1, S ka1+-~+kr+25 S D(r+25)x‘ (7)

The p-forms belonging to C* can be characterized as follows:

w € C«if and only if w(Yi,...,Y,) = 0 for all p-tuples of homogeneous
vectors of the type § for all 8 # «.

Now let us construct projectors

P AP — O,

where o is a multiindex of the weight p as in (5). Denote by Py,..., Fp) an
ordered p-tuple of projectors

Pll"'iply"')PT+281"'1PT+28-
S—— S———
a;-times arp2s—times

For any w € AP(M), we define

1
Pow(Xi,...,Xp) = T e Z W(Pvr(l)(Xl); S P,r(p)(Xp))
1:° Qr42s- ez,

where Y, denotes the symmetric permutation group. The verification is not
difficult.
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2 Characterization of integrable polynomial
structures with simple roots

An almost contact structure @ associated with f is a (1,1)-tensor field defined

by f
+cj
d = 2 )P{’.
()
It satisfies the equatlon @ +® =0 on M, and deﬁnes an almost—complex

structure on EB D} since the restriction J = & | @ D} satisfies J? = —I.
j=1

Obviously, f =35, 0; P/ + Zj dj —c;2@P/, [8].

Definition 2 We say that a polynomial structure f (with simple roots only) is

torsion-free if the following Nijenhuis brackets vanish for 1 < i,k <r, 1 < j,
h<s:

[P/, Pi) = [P}, P{] =[P}, P{]=0, [®@]=[P/,®]=0.

By [8], f is torsion-free if nad only if there exists a torsion-free (=symmet-
ric) linear connection V such that f is covariantly constant with respect to it,
Vf=0.

If there are local coordinates in the neighborhood of any point z in which
the coordinate expression of the endomorphism f, : T, M — T, M is

bil 0
B 0 .
f= ( 0 C) with B = )
0 by
where I, denotes the unit (A, h)-matrix and
K 0 I 4 — ;20
0 K, i~ G jdn

then the structure f is torsion-free, and vice versa.

Theorem 1 For any polynomial structure (M, f) the following conditions are
equivalent:

(a) The associated complel::Z almost-product structure (3) is integrable.

(b) If w € Cy then dw € @ Ci A C.

(c) IfweC o= (al,.. ,Qr42s) then dw € Z CP where the multiindex
= (al + 6‘{; <oy Qryas + 6,-+2,) j=1

(d) The structure f is torsion-free.
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Proof The equivalence of (a) and (d) was proved in [10]. Let us prove (a) < (b).
If we consider the basis Z?), R Z,E]j) of D; and Wi ,w};' of C; that are dual

. . . r42s
to each other, wi (25)) = §7 - 67, we can choose a basis of A2= @ CiA Cj
1,j=1,i<j
of the form

{Winwl |[1<i<j<r+2s,1<u<k;,1<v<kju<vfori=j}. (8)
In this basis, dw has a unique expression
dw = Z ald) W L)
(i,j,u,v)

where the summation runs over all quadruples listed in (8). Now let w € C} for
some index t. Let p,qg € {1,...,r+ 2s}, p #t, ¢ # t, and choose any couple of

homogeneous vectors zP e Dy, Z$9 € D,. Then
do(Z0), 750) = £,
If we apply the formula
2dw(X,Y) = Xw(Y) - Yw(X) —w([X,Y]) (9)
to vectors X = Zﬁp), Y = qu) and use the integrability of D, & D, we obtain
dw(ZP, Z5D) = 0. Tt follows
i #£t, j#tﬁafj’;{):o for all u,v

which proves the above implication. On the other hand let X, Y € D; @ D;.
We will show that [X,Y] € D; ® D;. Let ¢ be any index different from both
t and j. For any 1-form w € Cy, w(X) = w(Y) = 0. By the assumption (b),
dw(X,Y) = 0. By (9) we obtain w([X,Y]) = 0. This implies [X,Y] € D; & Dj;
it suffices to use the fact that

Dy ={ZeT(M)|Vt (t# IV weC, w(Z) =0}

The implication (¢) = (b) is trivial. To prove (b) = (c) it suffices to use
the properties of the differential operator and the facts that the space C'® has
a basis of the form

1 ¢ +2 +2
(w(.(l)) JANERE /\w.(l)) ARERWAY w(.i(‘r+2ss)) AREE /\W(.?r-uss)))
J1 Jay J1 art2s

with 1 < jgi) << ]((,1) <k 1<i<r+2s andw € C* has a decomposition

1 r42s
w = E b.) .(r+zs)w(,(1)) /\‘../\w(.(,”sg.
J1 T rgas Ji Jrios
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3 Polynomial mappings

Let (M, f), (M, f) be polynomial structures with the same characteristic poly-
nomial p with simple roots, and with decompositions over complex numbers

p&) =[[€-al), m=r+2s
i=1

The induced decomposition of the complex tangent and cotangent bundles is

TC(M):@DZ’ Dz:ker(f—'azl)l T*C(M):@Cz
1

i

Ci.

,@3
P 1

TYM)=EPD;,  D; =ker(f —a;I), T*¢M)=

i=1 i

1

Recall that C; is constituted by all 1-forms that vanish on the distributions D,
for all ¢ # 4; similarly for C;.

We will show that a polynomial mapping preserves the structures of mani-
folds endowed with polynomial structures in the following sense.

Theorem 2 Let p : (M, f) — (M, f~) be a differentiable mapping. The follow-
g conditions are equivalent:

(a) If Z is a vector belonging to Diy, z € M then its image o7 € f),-‘p(x).

(b) If w € Cip(s) then p*w € Ciy.

(c) Ifw € C* then p*w € C*.

(d) The mapping ¢ is polynomial.
Proof We will show (a) = (¢), (a) <= (d). The implication (c¢) == (b) is
trivial, and (b) = (a) follows directly.

Let (a) be satisfied, and w € C%, |a| = p. Let Z1,..., Z, be a p-tuple of ho-
mogeneous vectors on M of the type (k1,..., km). The p-tuple 9. Z1,..., 0.2,
on M is of the same type by (a). Now w(p.Z1, ...y 0xZp) = 0 if and only if
B = (k1,...,km) # (a1,...,am) = a. Equivalently, p*w(Z:,...,2,) = 0 iff
B # a, that is, p*w € C* which proves (c). Therefore p.Z € D;.

Let (a) be satisfied and Z € D;. Then (f —a;1)Z = 0, that is fZ = a; 2.
By linearity of the tangent map,

P (f2) = aipu 2. (10)

By our assumption, p.Z € D,-q,(,). Consequently, (f— aif)(cp* Z) =0, that is
f(e2) = aip 2. (11)
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Comparing (10) and (11) we obtain the desired assertion (d).
Let (d) be satisfied. The equality fy« = @.f is satisfied even for complex
vectors. If Z € D; then (f — a;1)Z = 0, and by linearity

0=0.(fZ - aiZ) = fosZ — aip. 2 = (f — ail)p. 2.
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