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Abstract

In connection with the analysis of achievement tests with triple choice
response it is possible to construct various mathematical models describ-
ing the probability structure of such tests. The present variant proceeds
from the assumption of the existence of four possible levels of the real fa-
miliarity with the one question tested topic. The proportion of the whole
topic to be examined which the tested person really does not know then
can be expressed in the form of a weighted sum 7 = v+6/3 4 2w/3, where
w is the proportion of “one — third — familiarity”,§ is the proportion of
“two-thirds-familiarity”, and v is the proportion of “total unfamiliarity”
with the tested topic.

Key words: school-achievement test, triple-choice response, prob-
abilistic model.

MS Classification: 62P10, 62P15

1 Introduction

The construction of mathematical models describing the probability structure of
school-achievement tests should take into account a certain difference between
the real knowledge of the examined person and the result of the test evaluated
by the examiner.

In papers [1], [2], [3], [4] published by the author in years 19901993 were con-
structed two different variants of probabilistic models of the school-achievement
tests with double choice response. :
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In connection with the analysis of achievement tests with triple choice re-
sponse it is possible to construct various mathematical models describing the
probability structure of such tests. The present variant proceeds from the as-
sumption of the existence of four possible levels of the real faﬁmiliarity with the
one question tested topic: in case of “one-third-knowledge” the person under
examination is really familiar only with one of the three correct answers,in case
of “two-thirds-knowledge” the person under examination is really familiar with
two of the three correct answers, in case of “total knowledge” the person under
examination is really familiar with everyone of the three correct answers, in case
of “total unknowledge” the tested person is really unfamiliar with everyone of
the three correct answers among the offered alternatives. The proportion of the
whole topic to be examined which the tested person really does not know then
can be expressed in the form of a weighted sum 7 = v + §/3 + 2w/3, where w
is the proportion of “one-third-familiarity”, ¢ is the proportion of “two-thirds-
familiarity” |, and v is the proportion of “total unfamiliarity” with the tested
topic.

2 Assumption of the model

Let us consider the school-achievement test with compulsory choice of three
correct responses from ¢ response alternatives, ¢ > 5. A missing answer is
evaluated as an incorrect one. The examined persons are informed about the
nature of the test before testing. It is also presumed that the test consists of n
independent questions of the same difficulty, the number of offered alternatives
is the same in all questions and that the function of the alternatives is equiva-
lent .Alternative responses to each question should be chosen in order to avoid
similarity and discrepancy.

3 Model of probabilistic structure of the test

The description of the probabilistic structure of the test comprises the following
notation for random events relative to the i-th question of the test:

Z; tested person is “total familiar” with the topic of the i-th question

D; tested person is “two-thirds-familiar” with the topic of the i-th question
O; tested person is “one-third-familiar” with the topic of the i-th question
N; tested person is “unfamiliar” with the topic of the i-th question

According the above mentioned assumptions the random events Z;, Dj,
O;, N;i have probabilities

P(N))=v, PO)=w, PD)=6 P(Z)=1-v-—w-06.

134



In relation to the registered results of the test the following four random
events are considered

Sio no correct answer was given to i-th question

Si1 only one correct answer was given to i-th question
Sio two correct answers were given to i-th question
Sis three correct answers were given to i-th question

In the case of “total familiarity” with the given topic the person under
examination will give all the three correct responses, so that

P(SiolZ;) =0, P(Si1]lZ:) =0, P(Si2|Z:)=0, P(Sis|Zi)=1

In the case of “two-thirds-familiarity” with the topic of the i-th question, the
examinee actually knows only two correct responses, while his third response is
effectively chosen at random by him from among the ¢—2 remaining alternatives.
The following conditional probabilities describe this situation

_3 1
P(SolD) =0, P(SalD) =0, P(SalD) =125, P(SulD) = —,

In the case of “one-third-familiarity” with the topic of the i-th question,
the examinee actually knows only one correct response, while his second and
third response are chosen at random by him from among the ¢ — 1 remaining
alternatives. The following conditional probabilities describe this situation

P(S;0]0;) =0,

P(Szl|0)_( 3> (g-3)(g—4)

CH
pson 1)
("3

P(Sisl05) = () 2

( ) T @-D-2)
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In case of “total unfamiliarity” with the topic tested by the i-th question the
examined person can only use the random choice. With regard to the presence of

three correct responses among ¢ > 5 offered alternatives the following relations
hold:

q—3

P(Si0|Ni):( 3 ) (a—3)(qa—4)(q—5)

(g) qla—1)(g—2)

—3\ /3
ey & 2<z,>>(1> o

18(q —3)
q(¢—=1)(g—-2)’

)
P(Sis|Ns) = <§> 6

(g) S alg—-D(g-2)

These conditinal probabilities are defined by the hypergeometric distribution
which is applicable in this situation.

Unconditional probabilities of events S;o, Si1, Sio, Si3 can be calculated ac-
cording to the theorem of total probability:

Pio =
= P(Sio) = P(Sio n Zi) + P(Sio n Dz) + P(Sm N 01) + P(Sio N Ni)
= P(Zi)P(Sio|Zi) + P(D:)P(Sio| Di) + P(0:) P(Sio|0s) + P(Ni) P(Sio| Ni)
— (v —w—8).0480+w0+, 43— 5)

a(qg —1)(q - 2)
(g—3)(g—4)(¢—5)
a(g—1)(q—-2) )

=V

pi1 = .
= P(Sil) = P(Sil N Z,’) + P(Sil n Di) —+ P(Sil n 01) + P(S,‘l N Nl)
= P(Z;)P(Si1|Z:) + P(D;)P(Si1|D;) + P(0;)P(Si1|0i) + P(N;)P(Si1|N;)
ey —w— Ja=3@—-1  9a-3)(g-1)
=0 DO+t =) T - D —2)
_ le=3—-1 9g-3)(a—14) ‘
B e CED R (e (e @)
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Pi2 =
= P(Siz) = P(Si2 N Zi) + P(Sia N D;) + P(Sia N 0:) + P(Si2 N Ny)
= P(Z:)P(Si2|Z:) + P(Di) P(Si2| Di) + P(0:)P(Si2|0i) + P(Ni) P(Si2| Ni)
=1l-v-w- g3 w 4(g - 3) v 18(¢ —3)
= (1 6).0+6q_2+ B R R CESVCET)
_se=3, 4a—3) ,_ 18(a—3)
T =2 -1 -2) " Tqla-1)(¢-2)

©)

piz =
= P(Si;;) = P(S,‘,g N Zi) + P(S,';; N D,) + P(Sig N OZ) + P(Sis n Ni)
= P(Zi)P(Si3|Zi) + P(Di)P(Sig,lDi) + P(O,)P(S,sl()l) + P(Ni)P(SislNi)

1 2 :
RO e R ] PR i) TP =)

_q_ 973 @=D-2-2  a¢-1(¢-2)-6

BT R v T R PR = @

The assumption of equal difficulty of questions and the same schema of
offered answers allows us to omit the index of the question and to introduce the
following notation

Pi3 = p3, Pi2=PpP2, Pi1=P1, Pio=po,
Sio =S50, Si1 =51, Siz=252, Si3=383

for all the considered 1.

To the whole test, 1.e. the whole series of n independent question we can
associate four random variables My, M1, My, M3.

Variable My represents the number of questions in the whole test to which no
correct answer was given. This variable has a binomial probability distribution
defined by the relation

P(Mo = mo) =

- (Jf) (,,(q ;(2)523{3)&; 5))m0(1 G ;(2>£q1;(:)£q2; 5)>n_m0(5)

with the expectation

(4-3)(g—4)(¢-5)

B(Mo) =m0 G -9

(6)
and with the variance

=3 =9 =5 ([ (a=3)a—-4)(¢4-9)
D(Mo) = q(g—1)(¢—2) (1 9(g—1)(g—2) ) @
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Variable M, represents the number of questions to which only one correct

answer was given. This variable has a binomial probability distribution defined
by the relation

P(M; =my) =

-2 ] - (o
with the expectation

and with the variance

Variable M3 represents the number of questions to which only two correct

answers were given. This variable has a binomial probability distribution defined
by relation

P =) = (TZZ) [(6 * q4:u1 * q(;8—1/1)> <Z : ?2))]% '

4w 18v g—3\]"" ™
1—1(6+ + ) ( )] 11
[ ( ¢—1 q(¢g—1)/\g-2 -4
with the expectation

E(MZ):R(6+q4:ul+Q(;8—Vl)><3:3> (2

and with the variance

4w 181/ .
D(My) = n 6+-———-—+______).
(M2) ( g—1 q(¢g-1)

<§_:_:2E) [1 - (6+ q451 * 4(58—1/1)> (Z:g)] - 8

The random variable M3 representing the number of questions to which all

the three correct responses were given has a binomial probability distribution
again in the form

P(M3 =m3) = :
(n)[l_éq—‘o‘_w(q—l)(q—?)—?_Vq(q—l)(q—2)-6]',"3
ms3 q-2 (a—1)(g—-2) a(¢—1)(q-2)

Jse=3, a-D@-2)-2 q¢—1)(¢—2)-6]""
= @-Da-2 q<q_1)(q_2)] -
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The expectation is defined by

(16123 _ L le=Dl=2) -2 q(g—1)(¢—2)—6
B(Ms) = (1 6(1—2 (¢—1)(g-2) q(¢ —1)(g - 2) ) (15)

and the variance by
1o sim3 _la=D=2 -2  e(g-1)(g—-2)—6)
D(Ms) = <1 e (¢-1(g-2) q(g —1)(¢ - 2) >
.(6‘1_3 (q—l)(q—?)—?+Uq(q—1)(q~2)—6>. (16)

—2 TG -2) G- 1)(g-2)

With regard to the fact mo + m; + ma2 + mz = n the random vector
M = (Mo, M1, M2, M3) has a multinomial probability distribution defined by
the following relation

P(My = mo, My = my, My = mg, M3 = m3) =
- n! [V(q—3)(q—4)(q—5)]m°[(w+yg> (q—3)(q—4)]'f‘1 _

molmll mQ! m3! q(q — 1)((] - 2) q (q - 1)((] - 2)
' 4w 18y \g¢-=3]"1[ q—3_w(q—1)(q—2)—2_
[<6+q—1+q(q—1)>q—2] [1 6q—2 (a-1)(a-2)
_dlg=D(g—-2)—6]™
q(q—l)(q—2)] -1

This probabilistic model makes possible to estimate the parameters v,w and
6 as parameters of the above mentioned probability distributions. In this way
is also possible to estimate the parameter 7 = v 4+ ¢/3 + 2w /3 representing the
whole proportion of the tested topic with which the examinee is unfamiliar.
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