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Abstract

The algorithms for computation of the coefficients of the B-
spline representation of quadratic splines interpolating derivatives,
local mean-values and quadratic smoothing splines are given. The
algorithms for piecewise polynomial representation were studied in
[2]-[6]; the relation between these representations is mentioned.
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1 Introduction

The problem of interpolation or smoothing of given values of the derivatives
or mean-values by some quadratic spline was formulated and solved in [2]-
[6]. It was proved there, that the solution of the smoothing problem is given
through some “natural quadratic spline”. The algorithm for computing of needed
parameters for piecewise polynomial representation using the function values
and the first derivatives at knots of spline was given in [5], [6].

The purpose of this contribution is to present the algorithm for computing
the coefficients of the B-spline representation of interpolating and smoothing
quadratic splines.
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1.1 Quadratic B-splines

Let us have the mesh of spline knots
(Az) a=20<21<...<Tp < Tpy1=0b

Denote 83;(Az) the linear space of quadratic splines on the mesh (Az). The
dimension of 8,1 (Axz) is

dim831(Az) =3(n+1)-2n=n+ 3.

As the basis in 82;(Az) we will use the system of quadratic B-splines, defined
on the extended mesh (see [1])

(Az) z o<z <zp<2<...<Zpy1 < ZTpya < Tpgs.

To each knot z;, i = —2(1)n there corresponds some quadratic B-spline
B;(z) € CYz_y, zn43] with support [z;, z; 3] defined by divided difference (see

(1.
Bi(z) = (ziga — zi)[xi, Tig1, Tipo, Tiga)(t — 2)F =

(hit1 + hi+2)—1{hi_+12[(xi+3 —2)? = (zi42 — 2)°]—
—hil(@iv2 — 2)° = (zig1 — 2)*]} -

—(hi + hig1) " [(mige — 2)% = (2ig1 — 2)?]—

(1)= —hi [(zi1 — 2)°]) for z € [zi, zit1];
(hig1 + hiy2) L [(igs — 2)? = (Tig2 — 2)%]—
~[(hi + hiy1)]hip1] (zip2 — 2)? for z € [zi41, Tita];
(hit1 + hiv2)lhiya] "N (ziys — z)? for z € [zit2, Tita]-

Let us mention that in practical computations the values of B;(x) are more
frequently computed by some simple recursive formulas.
For every spline s(z) € 831(Axz) we have then representation

(2) s(z) = Z b; Bj(x) with some coefficients b;.
j=-2

The values of B; and B; at the knots z; are given in Table 1.
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mesh  equidistant general
knot B;(z) Bi(z) B;i(z) Bj(z)
T 0 0 0 0
- _1- 1 h; 2
+1 2 h (h, + hi+1) (h,’ + hi+1)
TR S S e 2
A h o (higy+hig2)  (higi + hige)
Ti3 0 0 0 0

The graph of B;(z) we can see on Fig. 1.

Fig. 1

2 Interpolation of function values
and mean-values

2.1 Function values interpolation

Let us have the points of interpolation ¢; € [a,b] with prescribed values y;.
The general problem of existence of interpolating spline s(z) € Sz1(Az) with
s(t;) = y; is solved for example in ([1], Theorem of Scioenberg-Whitney). The
coefficients of the B-spline representation (2) of such spline can be found through
solution of the system

Yi = Z b; B;(t:) with n + 3 points of interpolation
] ( or some boundary conditions ).

The algorithms for computing local parameters of quadratic interpolating splines
are studied in [2].
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2.2 Mean—values interpolation

The problem of the existence of the quadratic spline interpolating the given
local mean values

T4
(3) gi = El—/ s(z)dz, i=0(1)n on the mesh (Az)

is solved in [6], where also the algorithm for computing of parameters for the
piecewise polynomial representation of s(z) is given.

Now, let us search the solution of this problem in the B-spline representation
(2). Denoting

. Tit1
(4) C;- :/ B](l‘)d:r,
we have
¢ = 0 forjg{i-2,i-1,1},
o = [ B = 1o+ h)
() G- = L Bz =
1 hi_q h; 1 1 1
= —h; hi )
2 [hi—l + h; + hi + hitq + 3 [hz’—l + hi * hi + hiy A
ct = f;l'“ Bi(z)dz = $h?/(hi + hit1).

The conditions of interpolation (3) can be written now as

f::liﬂ S(:L')d:l: = f;ﬁ‘“ Z?:—Z bij(l‘) =

(6) n - : : :
= Zj:-z bj fz.l“ Bj(z)dz = bi_ac;_5 + bi—1cj_, + bic}.

To define the spline s(z) uniquely, we can prescribe e.g. the boundary conditions
(see [6])

(M so = 8(z0),  Sn41 = 8(Tnt1).
The relations (6),(7) form the system of equations
b_2B_2(z0) + b-1B_1(z0) = sp
b_9c®, +b_1¢%, + bocd ’ = hogo
(B) '
' bn_2c? o+ bp_1cl_| + buc? = hngn

bn—an—l(fL'n—H) + ann(-'En-fl) = Sn+41-
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Theorem 1 For the mesh (Az) with given mean values g; and
(9) h,‘+1 Z h,(?h, - hi_l)/(6hi_1 +3h1), h_] S }Lg, hn 2 hn+1,

the B-spline coefficients b; of the unique quadratic spline interpolating this mean-
values are determined by the system of equations (8) with the coefficients r:é given
in (5).

The proof follows from the fact that the matrix of the system (8) is irredu-
cibly diagonally dominant under conditions (9) and with respect to (5).

Remark 1 In the case of equidistant mesh (Az) with h; = h the system (8)
can be written as

11, 1T6, 1 260 ]
1, 4, 1, b_y 9o
(ro) =
1, 4, 1, bn_1 In
i 1, 1, 11 bn | i 25n41 |

3 Interpolation of the derivatives

The problem of interpolation of the first derivatives prescribed at the knots of
the quadratic spline was discussed in [4] and solved with respect to the piecewise
polynomial representation of the spline. For the extended knot set (Az) with
prescribed values m; = s’(z;) let us search now for the interpolating spline in
its B-spline representation (2). The conditions of interpolation and the initial
value so = s(zo) determine uniquely the spline (see [4]). For the coefficients b;
we obtain the relations

so= Y b;Bj(0)
(11) =22
mi= Y b;Bi(z), i=0(1)n+1.
j=-2

This system of n+3 linear equations with the special band matrix can be solved
(using the values given in the Table 1) by recursion.

Theorem 2 The B-spline coefficients of the quadratic spline s(z) interpolating
the given values m; = s'(z;), i = 0(1)n+ 1 and sy = s(zo) are given uniquely
by the recurrence formula

b_y =50 — %h_lmo

bi—1 = gmi(hi—1 + ki) + bis, i=0(n+1
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Remark 2 More generally, we can determine uniquely the quadratic spline in-
terpolating given values m; = s'(z;), ¢ = 0(1)n+ 1 and one function value
s;. By elimination of bx_,, br_y from the equations with sk, mj we can wri-
te forward and backward recurrence relations for the calculation of remaining
coefficients b;.

4 Quadratic smoothing spline

4.1 Statement of the problem

Let us have the local mean-values
1 Tig1
gi = ;;/ f(z)dz, hi =zip— =
i Jz,

prescribed for each interval [z;, zi41], i = 0(1)n of the mesh (Az). We can define
the functional

b n Tit1
1= [U@lds+ay wlhg - [ S
¢ =0 T

for f €V = W) (a,b), a>0

(13)

which represents some compromise between different quantitative measures of
the function f(z)

a) the measure of the speed of the changes in the process described by the
function f (the first part with f');

b) the least-square deviation between the data g; and the local mean-values of
the process described by the function f(z) (with the weight coefficients w; —
the second part). The balance between these two parts can be regulated by the
parameter «. It is proved in [5] that the function minimizing J(f) on the class
V is some quadratic spline s(z) with “natural” boundary conditions

(14) s'(z0) = §'(zn41) = 0.

There is also given the algorithm for computation of the local parameters of.
such spline in piecewise polynomial representation.

4.2 B-spline representation of the smoothing spline

The aim of this contribution is to present the algorithm for computing the global
coefficients of the smoothing spline in the B-spline representation (2) . Writting

(15) s(z) = E bjBj(z), we have s'(z)= Z b; B'(z).

j==2 j==2
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The boundary conditions (14) could be written now as
b_2B’ 4(z0) + b_1B.(x0) =0
ba—1Bh_1(Tnt1) + ba By (Tnt1) = 0.

When we use the values B'(%0), B'(zn+1),j = —2,—1,n — 1,n from the Table
1, we obtain

(16) b_y = —[B}(z0)/BL,(z0)]b-1 = b_1,
bn = —[B},-1(zn+1)/Bp(2n41)lbn-1 = bn_,.
We have

FEP= 3 BBl 3. bBE) = Y bbBl)B() = 6T Dyb

i=-2 j=—2 ij=—2
with pentadiagonal matrix
D, = [Bi(z).Bj(2)] = [d};(2)], dij(z) =0 for |i - j| > 3.

For the first part of the functional (13) we have then

b b
(17) / [s'(x))%de = bT [ / Bl(z)B}(z)dz]b = b" Db
with ,
(18) D= i) = Bi)Bj(e)de).

The value of the functional J(s) can be written now as the function of the
coefficients [b_2,b_1,...,bs]):

J(s) = /:[3'(3)]2‘1’3 +a Z:: wihig; --/r

n n
= Z b,'d,'jbj + QZ w;[h;gi - (b;_zc?_z + bi—IC::—l + b,-c::)]"’.
i,j=-2 1=0

o s(z)dz] =

(19)

The coefficients d;; can be determined by the relations

b Tig1
ds = [ BBy = [ Bi@)B@) =
i+2 o Trgr
= Y B@B @ - [ B+ 0B =
(20) k=i _ Tk Toga
= —B!(z; + 0)/ Bj(z)d:c — Bf'*,](:ci+1 +0) Bj(z)-
T; T4

i A : "
—B|{I+2(1'i+2 + 0)/ Bj(l‘)dl' = ﬂi(«'} + ﬂi+1c}+] + ﬁi+2(:;+2-

Tig2
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he coefficients ci are given by (8); for the coefficients 3; we obtain (using the

values from Table 1)

Bi = =2/[hi(h; + hit1)],
(21) Bivz = =2/[hiy2(his1 + hito)]
Bivr = —(2/hix)[(hi + hig1) ™" + (higr + hig2) "]

Let us denote

¢ =100,...,¢_,,c_,,¢,0,. , 1=0(1)n,
(22) [ GG G ] ( )
b= {b—2;b—ly"~) n] = [b—l)b—l)bO)"'1bﬂ—1ybn—1]T'

We can write then (19) as

n

J(s):=F(b)= Y bidijbj+

ij=—2
(23) +a Y wilhigi — (bioaci_y + bioici_y + bic))) =
i=0
=b" Db+ O‘{Z w;h?g? + Z:{(chi)2 — 2hig; (b7 )}
i=0 i=0

with the function F'(b) of n + 1 parameters b;, j = —1(1)n — 1. Following the

chain rule of differentiation,

(24)
oF .
B = ,;Z(d'” +doyj+dj_1 +dj_2)bj+
+2a Z b; Zw, ](c 1+t 2)—2aZw, igi(ct, +¢y),
j=-2 i=0
gTP = Z bj(dj + dji) + 2 Z b; Zw,ckc - ),aZw, ,g,ck,
k
j==2 j==2 i=0
k=0(1)n-2;
oF '
gb—,—ltl— Eb(dn 1]+d]n 1+dn]+d]n)+

+2a Z b; Zw, ]((n Lk —2(1210, gi(ct_ +¢).

j==2 i=0
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- F .
The necessary conditions for the extremum, — = 0, can be written now as the
i
system of equations

n—1

(25) Z aijb; = i, i=—-1(n-1,

j=-1

where
n
a_y—1=2(d_go+d_a_1+d_y_2+d_1 1)+ 2(12 wi(cy + ¢y)%
1=0
a-1j=@aj—1=d_pj+d_y1;+dj_1+dj_ot

+2aZwic§(ci_2+ci_1), j=01)n -2
1=0
A-1n-1=0n-1,-1 = d-—?,n—l +d—l,n—-1 + dn—l,—-2+ dn—l,—1+

+d—2,n + d—l,n + dn,—-Z + dn,-l + QQZ ’U),'(Cf_z + Cil)(ci_l + C:l),
i=0

n

ag; = ajr = dij + djr + 2aZwic§Cc§, J=01)n -2, k=0(1)n-2
i=0

Ak,n—-1 = An-1k = dk,n——l + dn-l,k + dk,n + dn,k+

+2a2wic§;(cf]_1+cz), k=0(1)n-2;
=0 .

' n
Ap-1,n-1 = 2(dn—l,n—l + dn—l,n + dn,n—l + dn,n) + 20’2 w(ci-,_1 + c;)2§

1=0

n 1 ’

r_1 = QQZwihigi(Ci_z +c )= 2azwihi9i(cz—2 +cly);
1=0 =0
n ) ij+2 )

r; = QQZwih,-g,-c;- = 2aZwihig,-c;, J=01)n -2
1=0 i=j
n N n . .
Tno1 = QQZwihig,-(c;_l +¢) = 2a Z wihigi(ch,_; +¢cp)-

1=0 i=n-—1

The matrix A= [a;;] of the system (25) is symmetric ,
a;; =0 for |j—1i>2 (pentadiagonal),

as can be seen from its construction.
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Theorem 3 The B-spline coefficients of the quadratic spline minimizing the
functional J(f) given in (13) can be computed from the symmetric pentadiagonal
system of linear equations (25).

4.3 Conversion from local to B-spline representation

We have seen in part 4.2 that the computation of the B-spline coefficients of the
smoothing spline from the system (25) requires considerable amount of opera-
tions( the calculation of the coefficients a;j, d;, solving pentadiagonal system)
in comparision to the case of local piecewise polynomial (PP) representation
(see [5]). In some cases it can be more advantegeous to calculate the parame-
ters of PP representation and then use the transformation of PP — to B-spline
representation described below (see also [1]).
Let us suppose that we have calculated the coefficients

sk = s(zk), sk = §'(zk), k= 0()n+1

of the PP-representation of some s € 821(AzZ). To determine the coefficients by
of the B-spline representation (2), we use the conditions

s(zk) = sk = bg—2Bk—2(zk) + br—1 Br—1(zx),

26 )
(26) §'(zk) = s} = bk—2Bj_»(zk) + be-1Bj_,(zk)

with the values B'(j )(z) given in the Table 1. We obtain

(27) br_o = s; — %hk_lsz, bp—1 = sk + %hks’k.
The condition
8(Zk+1) = sk41 = bk—1Br—1(zk+1) + bk Br(Tr+1)
enables us to calculate then
(28) bk = sk41 + bey1[(sk+1 — 56)/he — 51/2]
Theorem 4 Given the local parameters si,s),, k = 0(1)n + 1 of the spline

s € 821(AZ), we can determine its B-spline coefficients by, k = —2(1)n accor-
ding to the relations (27), (28).
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