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Abstract
In this paper many examples of Riemannian manifolds satisfying
the condition C.C = LQ(g, C) are given. It is proved that every semi-
symmetric Einstein manifold as well as the product of two manifolds
of constant curvature of dimensions > 2 are manifolds satisfying this
condition.
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1 Introduction a

Let (M, g) be a connected n-dimensional, n > 4, Riemannian manifold of class
C with not necessarily definite metric ¢ and the Levi-Civita connection V .
Let S and § ,S(X,Y) = g($X,Y), be the Ricci tensor and the Ricci operator
of (M, g) respectively,where X,Y € Z(M),=(M) being the Lie algebra of vector
fields on M. We define on M the endomorphisms R(X, Y), XAY and G(X, Y)
by .

R(X,Y)Z = [Vx,Vv]Z-VixyZ,
(XAY)Z = g(Y,2)X —g(X,2)Y,
- - 1 ~ - K
_ _ ; X AY
C(X,Y) = R(X,Y) n_Q(XASY+'5XAY)+(n—l)(N—Q)
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where X,Y,Z € Z(M) and K is the scalar curvature of (M,g). Furthermore,
for the Weyl curvature tensor C of (M, g),

C(X1, X2, X3, X4) = 9(C(X1, X2) X3, X4),
X; € Z(M),we define the (0,6)-tensors C - C and Q(g,C) by

(C.C)(XI:XZ:XB,Xll;XyX) = *C(C‘(XYY))(LXz’XS’X‘t)_
e C(XI:X23X3»é(X)Y)X4)’

Il

Q(gyc)(XI)XQ:XIi) X4) ny) C((X A Y)XI)X2)X3) X4) +

ot C(X1, X2, X3, (X ANY)Xy).
Similarly, for the Riemann-Christoffel curvature tensor R of (M, g),
R(X1, X2, X3, X4) = g(R(X1, X2) X3, Xa),

we define the tensors R - R and Q(g, R).

In this paper we will consider Riemannian manifolds (M, g) satisfying the follow-
ing condition :

(*) the tensors C - C and Q(g,C) are linearly dependent at every point of M.
This condition is fulfilled on M if and only if the equality

holds on the set Uc = {x € M|C(z) # 0}. The condition (*) arose during
the study of warped product 4-manifolds ([3]). It was proved ([3],Theorem 2)
that any warped product manifold My xp My , dimM; = dimM, = 2, fulfils
(*). It is trivial that every conformally flat manifold fulfils (*¥). In the paper
we will present various examples of non-conformally flat manifolds realizing
(*). Furthermore, we will state that any product of two manifolds of constant
curvature of dimensions > 2 as well as any pseudosymmetric Einstein manifold
satisfies (*).

2 Manifolds with the vanishing tensor C - C

Let (M, g), n > 4, be a Riemannian manifold satisfying the following condition
w(X)C(Y, Z) +w(Y)C(Z, X) +w(Z)C(X,Y) =0, (2)

where w is a 1-form on M and X,Y,Z € Z(M). Many examples of manifolds
fulfilling (2) are given in [10] and [11]. As an immediate consequence of Theorem
1 of [6] we obtain the following corollary.

Corollary 2.1 Let (M,g), n > 4 be a manifold satisfying (2) for a certain 1-
form w. If w is non-zero on a dense subset of Uc then the equality C -C =0
holds on M.
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3 Pseudosymmetric Einstein manifolds

A Riemannian manifold (M, g), n > 3, is said to be pseudosymmetric ([5]) if on
M the following condition is satisfied:

(**) the tensors R - R and Q(g, R) are linearly dependent at every point of M.
The manifold (M, g) is pseudosymmetric if and only if

R-R=LpQ(g,R) 3)

on the set Ugp = {& € M|Z(R)(z) # 0}, where Lp is some function on Ug ,
Z(R)=R- ﬁ(} and G is the (0,4)- tensor defined by
G(X1, X2, X3, Xa) = g((X1 A X2) X3, Xa).

It is clear that any semisymmetric manifold (R - R = 0,[13]) is pseudosymmet-
ric. There exists many examples of pseudosymmetric manifolds which are not
semisymmmetric (e.g. [5], [1]). There exists also pseudosymmetric Einstein ma-
nifolds. For instance, every Einstein hypersurface immersed isometrically in a
manifold of constant curvature is pseudosymmetric ([7]).

Theorem 3.1 Any pseudosymmetric Einstein manifold (M, g), n > 4, satisfies
the condition (*).

Proof Since (M, g) is Einsteinian, C has the form

K ,
C=R- m(r. (4)
Using this and the definitions of C' - C,R - R and Q(g, R) and (3) we obtain on
Ugr :

C~(’—Z(R)~R~RAR———[}—’-——

T B n(n—1)

where L = Lp— “(HL_I) Further, by (4), the equality C-(" = LQ(yg, R) turns into

C-C = LQ(g,C). But this, together with the remark that U¢c C Ug, completes
the proof.

As an immediate consequence of the above theorem we obtain the following
corollary.

Q(g, 1) = LQ(9, R),

Corollary 3.1 Any semisymmetric Einstein manifold (M, g),n > 4, salisfies
the condition (*).

4 Product of manifolds of constant curvature

Let (M,§) and (M,§), dimM = p, dimM = n—p, 2 < p < n, 2 < n-—p,
be manifolds of constant curvature covered by systems of charts {V;z} and
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{V;y*} respectively. Here and below, a,b,¢,d € {1,...,p}, and «, 8,7,6 € {p+
1,...,n}. It is casy to verify (e.g. by makmg use of formulas (12) - (16) of [3]) that
the local components of C' of the product manifold M x M with the standard
product metric ¢ x ¢ which may not vanish identically are those related to

2l — p I'
C'abcd = “_‘p(p _'—1)( abed, (5)
. P o
(/uu = ——-“—“—(Jaa ) 6
T =) ©
. _ P
Cuﬂ'yé = (n _ p)(n - I)Gaﬂvéx (7)
where
_plp—D(n=p)n—-p- 1)( K + K )
= (n—1)(n—-2) pp—1) (n—p)(n—-p-1)"

K and K are the scalar curvatures of (M,g) and (M,g) respectively. Further-
more, by making use of the definitions of C' - C and Q(g, C), we can verify that
the only components of C' - C' and Q(g,C), which may not vanish are those
related to

(C- C)aabedp = —";?‘(‘;l(_r‘_l_‘:p)iz)(p:—_l‘)‘(;dahc!]aﬂ, (8)
(€ Chaapvas = ot _(2);(;)’1 Zp —y9a4Grasy ©)
Q(9, Caabeap = p(p(fl__—*_(}r%——;ﬁ FdabcGap) (10)
Q9> Chacyas = = f;t)(—nl_)’; —ydadCsasn: (11)
From (8)-(11) it follows that the equality
C.C= —p(—rﬂ?)Q(g,C)

holds on M x M. Combining this with the main result of [13] we obtain the
following theorem.

Theorem 4.1 The product of two manifolds of constant curvature of dimensi-
ons > 2 is a semisymmelric manifold satisfying (*).
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5 Warped products realizing (*)

In this section we will consider warped products of manifolds of constant curva-
ture satisfying (¥).

Let (M,§) be an 1-dimensional manifold and (M,§) an (n — 1)-dimensional,
n > 4, manifold of constant curvature and let F' be a positive smooth function
on M. It is well known that the warped product M xp M is conformally flat.
Let (M,g),dimM > 2 and (M, §), dimM > 2, be two manifolds of constant
curvature and let F be a positive function on M . For the function F' we define
on M the (0, 2)-tensor T' by

_ 1
T=V(dF) = gdl © dF. (12)

Now it is easy to check (e.g. using formulas (5)-(9) of [3] ) that if T is proportional
to § on M then the local components of the Weyl tensor of M x p M fulfil (5)-
(7) with a certain function p. Moreover, if T is proportional to § on M then
M xp M is pseudosymmetric. In [4], by making use of this method, an example
of a compact pseudosymmetric manifold realizing (*) was found. Other examples
of warped products of manifolds of constant curvature with 7' proportional to
g are given in [4], [1] and [8]. We present now some additional examples of this
type.

Example 5.1 Let M = {(p,t)|p > 0} be an open subset of R*. We define on M
the metric § by g11 = 1, gaa = cosh® p, §i12 = go1 = 0. We put F(t,p) = sinh? p.
It is easy to check that the tensor T, defined by (12), fulfils T = 2Fg. Further-
more, let (M, §), dimM > 2, be_a manifold of constant curvature. Thus, in viev
of the above statements, M x p M is a pseudosymmetric manifold satisfying (*).
The manifold M x p M was considered in [9].

We give now an example of a non-pseudosymmetric warped product manifold
satisfying (*).

Example 5.2 Let M = {(p,t)|p > 0,t > 0} be an open subsct of R? and let
— 2,2
on M be given the metric tensor g defined by g, = mﬁ_’rp,, Gaa = _7n24—t(2+q’
g12 = g21 = 0, where m, q, A are constants such that m +A2 #0and ¢?+A2#£0
and m — Ag_ > 0 and mt* —t2 4 ¢ > 0. We put F(p,t) = p*t2. Then the tensor
T, defined by (12), has the following local components :
PAVD Al

T11———~‘—911,71z-—721 =0,T 222(%—“3—)!122- (13)
Further, let (M, §), dinM > 2, be a manifold of constant curvature. We will
consider the warped product M x p M. This manifold is a spherically symmetric
perfect fluid solution «f I.instein’s equations (see [14], [12] ).
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Using (13) and the formulas (5)-(9) and (12)-(16) of [3] we can verify that
the nonzero components of C of the manifold M x p M satisfies (5)-(7) with the
scalar p defined by

_n-3)1 R 2
T on-1 F((n~2)(n—-3)_l+ﬁ)'

Now we can eastly check that the mam'foIdM xp M satisfies (*).
Moreover, we can also state that M Xp M is a non-pseudosymmetric mani-
fold, provided thatl p is a non-zero constant.

At the end of this paper we note that there exist also pseudosymmetric Einstein
manifolds which are not warped products (see [2] ).
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