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Abstract

Phase functions and phases of ordered pairs of independent so-
lutions of second-order linear differential equations y” = ¢(t)y have
fundamental importance in the theory of second-order linear diffe-
rencial transformations [1], [2] and in two-dimensional spaces of con-
tinuous functions [5], [6].

In this paper we shall study the phase function a with the final
oscillation [4] and respective fundamental central dispersion ¢. We
shall deal with the relation between them which is expressed by the
Abel functional equation [3].
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In this paper we denote N the set of all natural numbers, Z the set of all
integers, R the set of all real numbers, j = (a, b) an open interval, Co(j) the set
of all continuous functions defined in the interval j. We suppose that the interval
j = (—00,00) that is a = —00, b = co throughout the paper.

1 Phase functions

Now we give the definition of phase function from [1] and its fundamental cha-
racteristics.
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Definition 1.1 The phase function in the interval j is a real function a = «a(t)
with the following properties:

1. a € Co(y),

2. «(t) is increasing or decreasing in the interval j.

We denote by M;(M3) the set of all increasing (decreasing) phase functions
and by M the set of all phase functions. Thus M = M; U M>.
Let @« € M. The continuity of the phase function a yields an existence of
proper or improper limits
¢ =lima(t) for t— —oo0,

d=lima(t) for t— oo.

Definition 1.2 The proper or improper limit ¢ (d) is called the left (right)
boundary value of the phase function «.

To denote that ¢ (d) is the left (right) boundary value of phase function o
we write also cq (da).
If the phase function « increases (decreases) in the interval j we have

Ca < do (ca > da).

Let J denotes the set of all functional values of the phase function a. It is clear
that J is an open interval with boundary values ¢,, do. When the phase function
a increases (decreases), it holds J = (¢q,da) (J = (da, ca))-

Definition 1.3 The number |c — d|, where ¢ (d) is the left (right) boundary
value of the phase function «, we call the oscillation of the phase function « in

the interval j and denote by O(«/j) or briefly O(«). Thus O(e) = |c — d|.

2 Conjugate numbres according to the phase
function

Definition 2.1 Let o € M. Let t € j be any number. The number z € j we
call conjugate with the number ¢ according to the phase function a, if

a(z) — a(t) = pm, (2.1)
where p € Z.

The definition follows that every number is self-conjugate. This trivial case
is excluded from other considerations.

Definition 2.2 Let (2.1) holds and n = |p|, p# # 0. For p > 0 (p < 0) the
number z we call n-th right (left) conjugate number with the number .
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The definition yields that for O(a) < 7 there are no conjugate numbers
according to the phase function «. For O(a) > 7 there are different conjugate
numbers according to the phase function a. We also say that the phase function
« induces conjugate numbers in the interval j.

Our further considerations are devoted to phase functions with a final os-
cillation. It means a case of the phase functions & € M such that O(a) € R. The
definition of the oscillation follows that this case sets in if and only if the left
and right boundary values of the phase function « are proper numbers. Thus
Co,do € R,

3 Fundamental numbers and fundamental
sequences

Theorem 3.1 Let « € M and m € N, m > 2. Let (m — 1)7 < O(a/j) < mm.
Let cq(dy) be left (right) boundary value of the phase function «. Then there

are numbers ay, b_,,p=1,2,...,m—1, in the interval j such that
alay,) = cq+eaqpm, (3.1)
alb_,) = do—€qum, (3.2)
where £, = 1 for a wncreasing and €4 = —1 for a decreasing in the interval j.
The numbers a,,b_,, p=1,2,..., m—1 are just the numbers from the interval

J such that a(a,),a(b_,) € J, p € Z.
Proof The assumption
O(a/j) € ((m — 1), mm)

yields that the boundary points ¢,, d, of the open interval J, which means the
set of all values of the phase function «, hold the following relations

Ca+(m—1)1 <dy < o + mm, if @ increases in j,
o —mmT < do < ¢o — (m—1)m, if o decreases in j.

So the interval J possesses exactly (m — 1) points a, and exactly (m — 1) points
b_, holding the formulae (3.1) and (3.2).

Definition 3.1 The final sequence of points

-1
{au}T:1

we call the left fundamental sequence of points induced in the interval j by the
phase function a.
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The final sequence of points

{bou}r)!

we call the right fundamental sequence of points induced in the interval j by
the phase function a.

It is obvious that:

1. The points of left (right) fundamental sequence are conjugate numbers
according to the phase function a.

2. For fundamental sequences of points in j induced by the phase function «
there hold the relations

a1 <ay<...<am-1, (3.3)
bo1>ba>... > b;(m_-,). (3.4)

3. If we set agp = a, bp = b then
a0 <b_(m-1) < a1 <b_(mog) < ... < by < amoy < bo. (3.5)

If O(a) € ((m — 1)m, mm) then in (3.5) signs of inequality are valid there.
If O(a)) = mm then in (3.5) signs of equality are valid there and thus the
left and right fundamental sequences coinside.
4. Let O(a) € ((m — 1)m, mm). Then we have
0 < Ja(bo(m-p)) — aay)] < .
Let O(a) = mm. Then we have
la(b_(m—p)) — a(au) = 0.

Definition 3.2 Let m € M, m > 2. Let O(a) € ((m — )7, m7), o € M. The
phase function a we call of finite type (m) general.

Let m € M, m > 2. Let O(a) = mm, a € M. The phase function « we call
of finite type (m) special.

We notice now some properties of fundamental sequences of points in the
interval j.
In the case that 0(a) € ((m — 1)m, mr) points of fundamental sequences

{a,‘}m ! {b"‘}u divide the interval j into intervals j,,7, where

u=1"’
]”:(a‘“b_(m_l_“)), /.120,1,2,...,771—*1, (36)
iy = (b—(m-v), av), vr=12,....,m—1. (3.7)
In the case that O(a) = mm the intervals i,, v = 1,2,...,m — 1, are empty sets
and
Ju = (au,auy), p=0,1,...,m—1 (3.8)
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Definition 3.3 The number a1(b-1) defined by (3-1) ((3.2)) we call left (right)
fundamental number in the interval j and denote by  (s). Thus

In the case that the phase function « is of finite type (m) general the numbers
r, s are not conjugate. In the case that the phase function « is of finite type (m)
special the numbers 7, s are conjugate.

Let O(a) € ((m — 1)m, mx). Let ¢y € j, for one of the numbers

u=0,1,...,m—1. Then in any interval j, for the other u there is exactly one
conjugate number with the number ¢o. We have m conjugate numbers here.
Let ¢y € 7, for one of the numbers v = 1,2,...,m — 1. Then in any interval

iy for the other v there is exactly one conjugate number with the number ¢q.
We have m — 1 conjugate numbers here.

Let O(a) = mm. Let tg € j, for one of the numbers p = 0,1,...,m — 1.
Then in any interval j, for the other u there is exactly one conjugate number
with the number to. We have m conjugate numbers in this case.

We note that left and right fundamental sequence of points of the phase
function «, O(a) € ((m — 1), mn) possesses always m — 1 conjugate numbers
so even in a case that both fundamental sequences of points coinside.

4 Equivalent phase functions

In the set M of all phase functions we define an equivalence relation which we
denote by ~.

Definition 4.1 We say that phase functions «, 8 € M are equivalent in M and
write a ~ (3 if in the interval j with the exception of singularities of functions
tgo, tgf there holds the relation

a“tga(t) + ajg

tght) = az tga(t) + ag

(4.1)
where
ajiage — aj2a21 # 0, t € (—o0,00).

It is evident that
1. The equivalence relation ~ in M is reflexive, symmetric and transitive.
2. Let a;; € R, i,k =1,2. Let aj1azs — ajzasn # 0.

Let 6 = sgn(ajjass — aizag;). The linear rational function

apl +ayz
asit + as;

increases (decreases) by parts in j if and only if 6 =1 (6 = ~1).
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Theorem 4.1 Leta,f € M. Let B ~ a. Then fundamental sequences of points
of function a are fundamental sequences of points of the phase function 3.

Proof Let O(a) € ((m — 1)m,mnr), m > 2. Let us consider left and right
fundamental sequence of conjugate points according to the phase function «,
that means points a,,b_, defined by (3.1) and (3.2). Then (4.1) yields

t t
tgA(a,) = antgo(a,)+ app _ ntgca + a2

azitga(ay) + aza  azitges + ags

forp=1,...,m—1.
From here we have

Blay) = cp+beapmr, p=1,...,m—1, (4.2)
since from (4.1) for t — —co we get

_antgea + a2

aztgeq + azs

Further from (4.1) we have .

anitga(b-y) + a1z _ anitgda + a2

b_,) = =
tef(-4) antga(b_,)+az  antgds + ase

forpy=1,...,m-1.
From here we have

B(b-y) =dg — bequm, p=1,...,m—1, (4.3)
since from (4.1) for t — oo we get

_antgde +aj2
az tgdy + aze

The formulas (4.2) and (4.3) certify the validity of the theorem.
Corollary 4.1 Let O(a) € (m — 1)m,m7). Let B ~ a. Then

0 < 1B(b—(m-p) — Blay)| < 7.

Proof The assertion follows from the above theorem and the assertion 4. of
paragraph 3.

Theorem 4.2 Let o, € M. Let f ~ a. Let O(a) € ((m — 1)w,mw). Then

also

0(B) € ((m — 1)m, mm).
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Proof From (4.2) and (4.3) we get
Blay) = cp+ beqpm, (4.4)
Blb-m-w) = dg—dea(m—p)m.

From here
Blay) = B(b-(m-u)) = cg — dp + beamr.
As a consequence of (4.1) and (3.5) it holds

=T < B(bo(m—-p)) = Blay) <0, if bdeq =1,
0 < B(bo(m-p)) — Blay) < m, if seq =-—1,
or
0<B(ay) = Bbo(mepy) <m, if bea=1, ° (4.5)
=71 < Blay) = B(b_(m-p)) <0, if beq =—1. (4.6)
From (4.4) and (4.5) we get
0<cp—dg+mm=pP(ay) = B(bo(mop)) <7, if beo=1
and then the phase function f increases so
—mm < ¢cg—dg < —(m—1)7

or
(m—1)7r <dg—cg =0(B) < mm.

If 64 = —1then the phase function 8 decreases and (4.4) and (4.6) follows that
—m < cp—dg—mm = fay) = B(b_(m-u) <0

or
(m— 1)1 < cg—dg = O(B) < mm.

Thus in both cases we have

0(p) € ((m — 1)m, mm).

Theorem 4.3 let o, € M. Let f ~ «. Let O(a) = mw. Then

O(B) = mm.

117



Proof In this case both fundamental sequences of points coinside and we have
b_(m-p) = ap.
Thus
Bla,)
Play)

After subtracting

cg + beqmm,

ﬂ(b—(m—u)) = dp — bea(m — p).

cg — d[; = 560,7717!'
and then
()([f) = IC[j - dg| =mm.

5 Fundamental central dispersions

Let o € M. Let O(a) € ((m — 1)m,mm), m € N, m > 2. Let 4 = 1(g4 = —1),
when « increases (decreases) in the interval j.
The fundamental points

ag,bopy,p=1,...,m—1
defined by (3.1) and (3.2) and the intervals j,, i, defined by (3.6) and (3.7):
Ju = (au,b_(m-1-p)), u=0,1,...,m—1,
i, :(b_(m_,,),a,,), v=12,...,m—1,

form a partition of the interval j.

Let r = a;, s = b_;. The fundamental points will be completed by points
ag=a=—00, bg = b= o0.

Now we define a function ¢ = ¢(t), t € j, which maps each point ¢ € j on
a point ¢(t) € j, where ¢(t) is the first rigth conjugate point with the point
t according to the phase function «. If the point ¢ does not possess any right
conjugate point then ¢ maps the point ¢ on the smallest conjugate point with ¢
in the interval j according to the phase function «. That means: The function
¢ maps points

ag on ay, ay on as,...,Am_2 ON Am—-1, Um—1 ON ag, ectc.,
bo on b_(;n_1), b_(m-1) 0N b_(m_2),- ., b_aonb_y, b_; on by, etc.,
and intervals

joon ji, jionjy, ..., Jm-1o0njy etc,

iy oniy, iyonty, ..., &tm—1oONni, etc.
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So we get following relations:

afp()] = a(t)+ean
fort € joUb_m-1nUtiUa UjiU...Ub_qUim_2Uam-2Ujm_a,
alp(t)] = at) —ea(m—2)n fort € i1,
alp(t)] = a(t)—ea(m—17  fort € jm_1,
where
p(s—) = bo = b = oo, o(s4+) =b_(m-1), (5.1)

and the symbol ¢(s—) resp. ¢(s+) means the limit of the function (t) at the
point s on the left resp. on the right

plam-1-) = a1 =, ¢(am-1+) = ap = a = —oo, (5.2)
where the symbol ¢(am_1—) resp. ¢(a,,_1+) has the above given meaning,
p(ao) = a1 =, ©(bo) = b_(m-1) (5.3)

and the symbol ¢(ao) resp. ¢(bo) means the limit ¢(¢) for t — —oo resp. for
t — oo.

Definition 5.1 Let « € M, O(a) € ((m — 1), m7), m € N, m > 2. Let o}
denotes the inverse function of the phase function a. We define the function ¢
in the interval j as follows

aHa(t) + eqm) for t € (—o0,s),
So(t) = a‘l(a(t) — Ea(m - 2)7() fort e im—l = (b_l,dm_l), b—l = s,
a1 (aft) — a(m — 1)7) for t € jm—1 = (am—1, bo), '
(5.4)
and in the points of discontinuity s = b_;, a,,_; and in the points ag, by there
are the limits of the function ¢ given by (5.1), (5.2) and (5.3).
We call the function ¢ the fundamental central dispersion of the phase fun-

ction a.
This function ¢ is continuous in the interval j with the exception of points

S, Gm-1-
So the fundamental properties of the function ¢ are:

1. ¢ is defined and continuous in the interval j with the exeption of the points
$,Qm—1-

2. lim ¢(t) = oo, tlim+ (1) = b_(m-1),

t—s—

3. lim o)=r, . lim +go(t) = —00,

t—am—1—
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4.

t—lou—noo ‘p(t) =T t—l}};-noo ‘p(t) = b—(m—l) (< T'),

.  increases by parts in the interval j, namely

from r to oo in the interval (—oo, s),
from b_(m_1) to 7 in the interval (s, am-1),
from —co to b_(m_1) in the interval (a,,—1,0).

Cp(t) >t fort €(—co,s), p(t) <t fort € (s,am-1) t € (am-1,00).

Indeed, in the interval (—oo, s) we have
o(t) = a H(a(t) + €am) > a"(a(t) =1

since for €, = 1 the function a~! increases and for €a = —} it decreases.
Similarly we show that in the interval (s,an,-;) = tm-1 We have
forme N,m > 2

o(t) = a~Y(a(t) — ea(m — 2)1) < o~ (a(t)) = 1;

if m = 2 then
p(t)=t

and in the interval (am—1,00) = jm—1 we have for m € N, m > 2

o(t) = a~ (at) — eo(m — 1)7) < o~ (a(t)) = t.

. Fort € (—o0,s) it holds a(p(t)) = a(t) + eqm,

for t € (s,am—1) it holds  a(p(t)) = a(t) — eq(m — 2)m,
for t € (am~1,00) it holds  a(p(t)) = a(t) — go(m — 1)7.

Definition 5.2 Let o € M, O(a) = mm, m € N, m > 2. Let a™! denotes the
inverse of the function a. We define the function ¢ by the following relation

() = { a—l(a(t) + EqT) fort € (—oo,s), s =b_y, (55)

a"Ya(t) —eq(m—1)7) fort € (s,00),

and we call it the fundamental central dispersion of the phase function «af(t),

tej.

The following relations hold

ps-) =00,  plsH)=—co, wla)=r, plb)=r

The function ¢ is not continuous in the point s.

Thus we can summarize properties of the function ¢:

1.

¢ is defined and continuous in j with the exception of the point s.
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. tlim_ ©(t) = oo, lim o(t) = —oo,

t—s+
dm e =r Jim o) =

. ¢ increases by parts in the interval j, namely
from r to oo in the interval (—o0, s) and
from —oo to r in the interval (s, 00).

. p(t) >t fort € (—oo,s), p(t) <t fort € (s,00).

ca(e()) = at) +eqm fort € (—oo,s)
a(p(t)) = a(t) —ea(m—1)r  fort € (s,00).
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