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ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS FACULTAS RERUM NATURALIUM

1992 Mathematica XXXI Vol. 105

ERROR ESTIMATE FOR QUADRATIC SPLINE INTERPOLATING
THE FIRST DERIVATIVES

Jiri KOBZA
(Received February 28, 1991)

Abstract. For the quadratic spline interpolating the given
values of the first derivative the estimates of interpolation
error are studied.
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1. Simple set of spline knots
Let us have the growing sequence of simple Kknots
(Ax)={x‘; i=0(1)n+1} , with h=x _ -x ,
and the given values {m ; i=0(1)n+1}. Denote ¢,(8x) the linear
space of quadratic splines with knots (Ax). It is wellknown that
any quadratic spline s(x)eYZ(Ax) can be piecewise written as
(see [1])

(1) s(x)=(1-‘t2)si+tzs‘”+h‘t(1—t)m‘
for xe[xl,xloll, i=o(1)ni t=(x—xi)/hr sj=s(x’)

Such a ‘spline can be uniquely determined by the conditions
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of interpolation of the first derivatives

(2) s'(x,)=m , i=0(1)n+1

and by one additional (initial) condition

(3) s(x, )=s with ke{0,...,n+l1}

The spline values s‘=s(x‘) and the values of its derivatives
m =s’(x) are connected together by continuity conditions
sECl[xo,xnil], which can be expressed as

(4) s l—s,=hi(mi

1+

L, tm)/2, i=0(1)n, (see [11,[21).

In case of m1=g’(x1) with some known function g , we can ask
for the interpolation error e(x)=g(x)-s(x). For equidistant knot
mesh (Ax) we can find the error estimate in [2]

Theorem 1
Let the spline knots (Ax) and values mi=g’(Xi)=g;,
i=0(1)n+l1 with geca[xo,xn‘ll are given.

Denote s(x)ESZ(Ax) the quadratic spline determined by the
conditions '

(5) s(xo)=so=g(xo), s’(xx)=mi , i=0(1)n+1
and let e(x)=g(x)-s(x), eJ=e(xJ)

Then the following error estimates are valid for xE[x‘,xi’ll

12 v ; Li<3) s
1. lej| s = HJ(xj-xO)Hg |h) with HJ=max{hi,1SJ) ;
12 i 2 13 y1ias

2 leGols B (e Lyt g 8l

, 1,2 S 12 fa
3. Jer] = nd gl S LR Gl L,

e 1 v iy ‘
4. e (x)|s hj[ llg |h +w(g",h)] =

= s HIE "y ..+ 9, (e HD,

where ||..|| denotes the maximum norm, ||..|| and w the maximum

norm and modulus of continuity with respect to the interval

x,x 1 }L.[kl and w, - with respect to the interval [xo,x’L
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Proof
1. Adding (4) with i=0(1)j-1 , we obtain

Using the trapezoidal rule of numerical integration with known

error term we have

Wlg i (z)

x j-1
_ed _ _ L
9,79,= Sx g’ (x)dx = |§o h,(ml+m“1) = 1% i

!
J o 2
with z‘e[xl,xﬁll. As s =g , we obtain by substraction
v s
e = = L e hRgrr
gj s) 12 'x‘thxg (zx)
and then
§ -1
< 1 g2 v - W o= L - 2 v
le) 1= T2 B 1lg" " 1l,, (BB, 1o(x, =X, )Elg" ]l
follows.
2. Using the Hermite interpolation and its error term for the

function g(x), we can write with t=(x-xi)/hle[0,1]

1119

N - - 2 2 PR _ 1
(6) g(x)=(1-t%)g +tg +h t(1-t)m+ £g''"(z)(x-x)*(x-x ),

1

€ .
X, zl [xs’ xle]

For the error e(x)=g(x)-s(x) we obtain then

L e (o N (e \2( e
+29g (“x)(‘ xx) (% x”)

e(x)=(1-t2)e;+t2e“ )

1

So, for xé[xj,xyl] we have

le(x)|=max{|e |, |e |} + : hj|t3—t21 lg" " (z)]=

2 3
smax{|e |, |e, [} + 2 b7 [lg" ],

With the help of the proved first assertion of our theorem
we get

1 ‘e 2 2 e
let)| =% 1x x| B oIl ., + & 5 lls" i

3. The derivatives s’(x),g’'(x) for x€[xJ,xh1] can be

expressed as

(7) s’(x)=(1—t)m}+tnM s

g'(x)=(1-t)m}+tmhi+ % g”’(zj)(x-xj)(x-xj”)
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Substracting the equalities in (7),

lg' (x)=s" (x) |=|e’ (x)]= (x-x)(x -x)|g" "' (z))]|=

1,2 rre 1 .2 I
s IR lg s SR gt
follows.

4. The Taylor’s expangion of g;.1 gives
' &

, 2 . ‘ .
h® g (yj), yf[xj,x 1

‘e 1
= =m + + -
o Myar mJ thJ 2 j+

341y

we have then

- v i v
(m,-m)/h=gi"+ - hg'"(y)

For the second derivatives s’'‘(x), g'’'(x), XE[XJ,XJX] ,
+

1 ra
éhjg (Yj> ’

s”(x)=(m)ﬂ-m})/hj=gg +
g (x)=gJ +h g (zj)
hold
The error e(x) obeys then the relation
e’ (x)=g’ " (x)=s"" (x)=h [g" " (z))- 30" " (y))]=

= % hj[g”’(zJ)+g”'(zj)‘g”’(y).)]

Using local modulus of continuity w‘(g”’,hi), we obtain

the estimate

' 1 e P
et (x)]= 3 nT Il (g" " b))

2. Separated mesh (AxAt)
2.1 Spline representation

Let us consider the mesh with separated spline knots X, and
points of interpolation t,

(AxAt)!xoSt()(xl(tl(...<tn5xMI with hi=x“4—xl, di=(ti—xi)/hr

Quadratic spline s(x) over the interval [x‘,xhll can be
expressed as
(8) . s(x)=A(t)si+B(t)s!ﬂ+th(t)m“

t=(x-xl)/hl, si=s(x‘), mi=s'(ti),
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where
A(t)=(t?-2td )/(2d -1)=-B(t)+1,
B(t)=-t(t—2di)/(2d‘-l),
c(t)=t(t-1)/(2d-1)
in case of dx$£, i=0(1)n . It can be uniquely determined
a) by the .conditions of interpolation of derivatives
.

m‘=s’.(t‘) , i=0(1)n ;

b) by two boundary conditions s(x )=s , s(x_ )=s

In case dl=§ , i=0(1)n , with s"=s’(xx) we can write
' o P Y

(9) s(x)=s +s | (x-x )+(s| -s!)(x-x)°/(2h)

Such a spline is uniquely determined
a) by the conditions of interpolation of derivatives
m1=s'(ti), i=0(1)n ,

b) by initial values s(x )=s;, s'(x)= s (see [1],[2]).

2.2 Error estimate in case d‘=§ , i=0(1)n
Let the value's_ mi=s’(ti), i=0(1)n , S, sé be given
Denote sl=s(x1), s"=s’(x‘), g1=g(xi), g’i=g’(xi); Hj=max{hj;i<j }.
R ' _ _ , et
Suppose that geC[x,x 1, g'(t)=m, g(x)=s, g'(x)=s]

There are simple relations between quantities m ,s_,s’
J

] J

I P -5 = =

(10) mx—z(sl+s“1) © 5,75, himX , i=0(1)n
i
1° Summing the last equalities we obtain
j-1 -1

(11) s-s=3% hm=3% hs'(t)
: j 0 1%0 it i=0 i i

On the other hand - by midpoint rule of numerical integration
with known remainder term - we have

x j-1 j-1
3 - —q = 1 3,00
(12) I"o g'(x)ax = g-g =% hm+ = T h!gl (z,)

with some z‘e[xi,x“ ]. Substracting (11) from (12) we obtain

1
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for the error e(x)=g(x)-s(x) the relation

1 12 s
€)= = 1§o hlg ) (zx) !

and finally the estimate

|

(13) te,| = Hf(xj—xo)llg"'llOJ

N

4

2° From Taylor’s expansion of g’ at x=t we have

'

gi+1

vgj=2g (2 L0 07 )

Following (10), there is also s;ﬂ+s'l=2m!

Substracting these relations, the recurrence relation

1.2
e’ +e'= - hig''’'(z
it T N9 (i)

and the inequality
le] :
4

1~1|<le’! l+

2y _sa
hilg" " (z)]
follow .

By induction, using e;=0 , we obtain the estimates

. j-1
’ 2y s 1
(14) lef 1= 3 % bila" " (z)]= 0}

B, e, e

3° We have further (with T, €elx X 1)

+1
Ip— __1 I} 1 2 4 ] —a
g,=g’'(t)- ; hg (t)+ - hig (r,)) » s'7(t)=s",

. crrg 1 e - 1 ‘
g (tl)—gl * 3 htg (nx) ¢ SFRT S his (tx)

Then 1 1 2 1 2
gi-s\=; h(s|"-g;")- 3 hig"’(ni)+ ; hlg"" " (t))=

_ 1 vy 1 1200 eyt v

=3 h(s;"=g;")- ; hil[2g"" " (n)-g"" " (T )],
and

gt 2 et 1 P Ve P
si'-gl’'= hl(g1 s; )+ ; hlg ' (n)+g (n)=-g"""(x)].

With the local modulus of continuity ,(g’’’,h ) we can

write the recurrent estimate
e 2 ’ 1 e LA
LR EE AL RN RACRRLRE
Substitute the estimate (14), we obtain

e 1 AR AN 1 rro e
lel 1= s(E /D) (x-x)lg" " ||+ § b llg"""[l,+0, (""", B )]
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o

4

we have the expansions (ale[x‘,x‘”])

For the function values s(x), g{x) with xe[xi,xh‘]

s(x)=s +s (x-x)+(s! -s;)(x-x)°/(2h)) ,

1

_ o 1 1
g(x)—g‘+gl(x xx)+ 2

RPN T v )3
g (x x‘)+ég (61)(x xl) .

For the error e(x)= g(x)-s(x) then the relations
_ _ te Yo 2T i _(al _at 1 i w3
e(x)—ei+(x x‘)ei+ SX-X) [g‘ (an Si)/hi]+6 g (6‘)(x > SRR

1

le(x)|= |e |+h |e:|+ } nile; | + I Bllg’ ||,

follow .
Substituting for |e |, |e||,|e|’| from (13)-(15), we finally
obtain the estimate

12 cis 1 voe
(16) Je(x)|= o H(x-x)|lg"" ||+ ; nH (x-x)lg"" "]+

2 1

1 1 s v 3 ey =
+sh g hi{”g Hi+wl(g ’h;)} + ¢ b llg “1"

1 1 1.3, 7 s
2 Hl(x‘-xo)llg ”01{ 12 Hs+hx}+ 8 hx[ 3 llg ”1+ wi(g 'hi)]

We summarize our discussion from 2.2 in the following theorem.

Theorem 2

Let the function g(x)eca[xo,xml] and s(x) be the quadratic
spline interpolating the derivatives m‘=g’(ti) on the mesh (AxAt)
vith d=;, i=0(1)n described by (9).
Then the following estimates for e(x)=g(x)-s(x) hold:

1 rre .
1o e l= 5 Hi(xmx) llg” lly, s

, 1 _ Iy .
2. |eJ|s : B (x-x) Ha' "I, >

J]

' 1 _ 1 .
3. ey i= 3 @ /) (x=x) llg I+ 3 hdllg fl s (g7 B Y

1 - 1 7 43 e
G le s L H (xmx)lg Il (2 H +h)+ o b jg ||+
143 rr
+c thJ(g ,hj)

(with notation used in Theorem 1 ).
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