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Abstract: This paper is concerned with the existence and
uniquenass of solutions of the problem
u” = f(t,u,u,u’)
u(0) =u’ (1) =u (=0, 0 < " <1,
The existence is studied by means of topological degree methods.
Key words: Boundary value problems, Mawhin’s continuation

theorem, a priori bounds, uniqueness.

MS Classification : 34Bl10

1. Introduction. In this paper there are found some conditions
for the existence and uniqueness of solutions of the problem

u” o= f(t,u,u,u”) (1.1)

u'(0)=u'(1)=u(‘7) =0, oé’lgél. (1.2)

This problem models the static deflection of a three-layered
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elastic beam. The proof of the main result is based on Mawhin's
continuation theorem. The existence of solutions is related to
the sign of f on certain subsets of [0,l]x R? We shall prove

an existence theorem without requiring a growth condition on the
whole interval.

Multipoint boundary value problems /BVPs/ for differential
equations of the n-th order have been studied by many authors
(see References). For n = 2 and 2 £ k £ n, the questions of
existence and uniqueness of solutions of k-point BVPs Cauchy-Ni-
coletti, de la Valleé-Poussin or similar ones, in which the va-
lues of a solution or the values of its derivatives are given,

have been solved f.e. in [10, 11, 12-15].
We consider equation (1.1) with three-point boundary condi-
tions. In this case the Valleé-Poussin conditions have the form

u(a) = A, u(e) =C, u(b) =8B, (1.3)

where -ooc¢acc<b«<+o , A,B,C€ER.
BVP (1.1), (1.3) has been investigated f.e. in [1, 2, 5,
18].

Replacing function values by their derivatives, we obtain
u'(a) = A, ue) =C, u'(b) =B. (1.4)

In [4], the subfunction method (see [3]) is used for the exis-

tence of solutions of BVP (1.1), (1.4), and in [16], the neces-
sary and sufficient conditions for solvability of this problem

are proved by means of lower and upper functions.

BVP (1.1), u(e) =0, u'(a) = u'(b),
u”(a) = u"(b) (1.5)

where -o0o<¢a £ c € b<+oo , has been investigated in [17].
C.P.Gupta ([7]) studied the questions of the existence and
uniqueness of solutions of the equation

SR~ R g(x,u,u,u”) = e(x) (1.6)
or

e 20w glx,u,uT,u”) = e(x) (1.7)
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satisfying (1.2). The existence of a solution for the resonance
problem (1.6), (1.2) was obtained when e was a Lebesguw-integra-
ble function with

1
J e(x) singrx dx =0
()

and g was a Caratheodory function, bounded on [O, l]xrB2x R
(for every bounded B of R) and

g(x,u,v,w)v =0, x €[0,1] , u,v,weR

For the existence of a solution for (1.7), (1.2) g, in addition,
had to satisfy

lim SUDMVL\Q'M_): B« 322

IV|—>+oo

These results were proved by means of the method using second-
order integro-differential boundary value problems and the Le-
ray-Schauder continuation theorem.

2. Notations and definitions. In what follows we suppose that
Cl(a,b) is the set of all real functions having continuous i-th
derivatives on [a,b] , i =20,1,2,3;

IIxI| = max {|x(t)| :a<t= bl , where x € C%(a,b) ;

IxH, = Ixl12 + Ix 711212 , where xeCl(a,b) ;

lxlly = CxllZ « N2« I Y2, where xe €%(a,b).

G is the Banach speace of all functions from Cz(U,l) satisfying
(1.2) and having the norm II.HZ.

If DcG, then D and 8D is the closure and the boundary of D in

G, respectively.

Definition. A function u eCB(U,l) which fulfils (1.1) for
every t e [0,1] and satisfies (1.2) will be called a solution of
the problem (1.1), (1.2).

3. Existence.

Lemma 1. Let geC®([0,1] x RB), r), r,€R and r;<0<r,.
Then for each solution ueG of the equation
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u” = glt,u,u’,u”) (3.1)
satisfying

r; 2u’(t) =1 for any te [0,1] , (3.2)
the inequality

Ju(t) < M for any te[0,1] , (3.3)
where M = max ﬂrll s EZI’ is valid.

Proof. Let us suppose that there exists t0€ [0,1] such that
|u(t0)| =M. If t, =0, % =1o0r =0, t, = 1 and (3.2) is
valid, then |u'(t)] = M for every te[D,l], which contradicts
(1.2). If tgs 4{ € (0,1), then there exists tlE(U,l) such that

Iu'(t1)|>M, which contradicts (3.2). Lemma is proved.
Lemma 2. Let there exist ry, rzeR, r1<0<r2 and
gec®([0,1] x R?) such that
g(t,x,rl,0)<0 and g(t,x,r2,0)>0 (3.4)
for any t e [0,1], x& (-M,M) .
Then each solution ue G of the equation (3.1) satisfying (3.2)
- fulfils
max{u'(t):Oétél% # r, and min{u'(t):Oétélg £
(3.5)
Proof. Let us suppose that ueg G satisfies (3.1), (3.2) and
max {u'(t) : 0=t = 1} = r,. Then there exists t e (0,1) such

that u'(to) = r,. Then u"(to) = 0 and um(to) £ 0. According to
(3.1), gt ,u(t),r,,0) < 0, which contradicts (3.4).

We can obtain a similar contradiction for min{u'(t) : Dﬁtél} =r.
Lemma is proved.

Lemma 3. Let there exist F, €, Ty, Ty, Gy, czeR , r1<0<r2,
c,<0<c,, 0 <E=1 and geC°([0,1] x R?) such that

2|rl| 2r, _ min {lcll,cz}
cp> ——, leyl>—4=, F&————
€ 2 2¢€
and
lg(t,x,y,z2)| =F (3.6)
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for t€l) . = [1-€,1], xe(-u,M), ye [r),r)l, zeloy,05]
Further let

g(t,x,y,c)<0 and g(t,x,y,c,)>0 (3.7

tor te[0,1), x €(-M,M), ye[rl,rzj .

Then for each solution u G of the problem (3.1), (1.2) satisfy-
ing (3.2) and

=47 (t) = c, for any te [0,1] (3.8)

the inequalities

max {u”(t):0 =t £1] ¢ c, and (3.9)
min {u”(t) 10 £t = 1} # oy

are valid.

Proof. Let us suppose that u G satisfies (3.1), (1.2) and
let max {u”(t) 0 £t = 1% = c,. Then there exists t e [0,1]
such that u"(to) = c,. If t €(0,1), then u”(t)) = 0 and
according to (3.1) g(,to,u(to),u’(to),cz) = 0, which contradicts
(3.7). 1If t, = 0, then u(0) = c, and u (D) = 0 and according
to (3.1) g(D,u(O),O,CZ) £ 0, which contradicts (3.7). If t =1,
then u”(1) = c,. From (3.1) and (3.6) we obtain lu" ()| é'F
for teIl,E . From the relation between F and c, follows u(t) =
=c, - Fg= 921 for te Il,E . From (1.2) and from the relation
between c, and r; it follows that u'(l-E)CI‘l, which contradicts
(3.2). We can obtain a similar contradiction for min {u"(t) :

0=t= ll = c,. Lemma is proved.

Lemma 4. Let there exist k, F, r}, Ty, Cy, Cys E,AeR,
ry<0<r,, c;<0<c,, F éc2+|cll, 0<E=1,0=XA=1 and

£ec®[0,1] xR?). Let the function T : [0,1]x R>x [0,1] — R be
defined by

Tt,x,y,z,A) = Aaf(t,x,y,z) + (1 -A)(ky+2),
min{Icll, ¢y}
max{lrll, FZ(

Let f fulfil (3.6) and

where 0< k<«
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f(t,x,rl,U)éO and f(t,x,rz,O) =0 (3.10)
for any te [0,1], x e (-M,M)
and
f(t,x,y,cl) <0 and f(t,x,y,cz) =Q (3.11)

for any t€ [0,1), xe (-M,M), y e [rl,rZ].

Then T satisfies (3.4), (3.6) and (3.7) for any A e (0,1).

Proof. Let te[0,1], xe(-M,M), Ae(0,1) and f fulfil
(3.10). Then

T(t,x,r;,0,2) - A £(t,x,0,0) + (1-3)(kr)< 0 and
FCt,x,r,,0,2) = 22(t,x,1,,0) + (1 -2 (kr,) >0.

Further let t e [0,1), x € (-M,M), ye[rl,rz], Ne(0,1) and f
fulfil (3.11). Then

'f"(t,x,y,cl) =}\f(t,x,y,cl)+(l—i)(ky+cl)40 and
Flt,x,y,0,) = AE(t,x,y,0)) + (1 -A)(ky +c,) >0 .

Further let tEIl,E , x €E(-M,M), ye [rl,rz], z e[cl,cz] and
f fulfil (3.6). Then

1FCt,x,y,2, 01 = [at(t,x,y,2) + (1 -V (ky + 2)|<
min {Icll,cz}
max {Irl[ ,rzi

=?\F+(1—)\)(]cl] + cz) < F,

ZAF + (1 -2)(C max{‘lrll,rzi+maxi|cl|,02€) =

Lemma is proved.

Lemma 5. Let fe CO([U,I] x R3x [0,1]) and let there exists
an open bounded set Dc G such that for any A& (0,1) each solu-
tion uy € G of the equation

u’ o= 2¥(t,u,u',u",}\) (3.12)
satisfies
uy & 90 : ‘ (3.13)

and let 0€D .
Then for any A e [0,1] the equation (3.13) has at least one

solution in D .

«
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Proof. Lemma follows from the Mawhin continuation theorem
[6. Theorem IV.1, p.27].

Theorem 6. Let there exist F, £y, Ty, Gy, 02,5 e R, rl<0<r2,
c,<0<cy, 0< £ <1 and teC°([0,1] x R”) such that

2|rl| _

r min |c, |, ¢
2 1'2~2
>—F > fCl|>T, |C1|+CZ£F_————_

2€
If f fulfils (3.6), (3.10) and (3.11), then the problem (1.1),
(1.2) has a solution u satisfying

€2

-M<u(t)eM, r, ﬁu'(t)érz, cléu"(t) = (3.14)

Proof. Put

D={xeG:—M<x(t)<M, r
Then xe 0D it

< x (t)< Ly, cl<x”(t)<c for ta[O,I]%.

1 2’

{—M =x(t) =M, r; = x () =r,, for t 6[0,1]% and
{max x (t) = c, or min x (1) = c, on [D,l]i

or
{-M =x(t) =M, c; =x7(t) £c,, for te[O,l]} and
{max x (t) = r, or min x (t) = r; on [U,l]i

or
{rl < x(t) 21y, c) = x () £ c,, for te [D,l]% and
{max x(t) =M or min x(t) = -M on [U,l]z .

Let T be defined in the same way as in Lemma 4. Let A €(0,1)
and ”16 G be a solution of (3.12). According to Lemma 4 ¥ sa-
tisfies (3.4), (3.6) and (3.7). If uy fulfils (3.2) and (3.8),
then by Lemma 1 uy satisfies (3.3), by Lemma 2 u, satisfies
(3.5) and by Lemma 3 u, satisfies (3.9). Thus we get uy & 0D.
Using Lemma 5, we obtain that for any A e[U,l] the equation
(3.12) has atleast one solution in D. From Lemma 1 it follows
that the problem (1.1), (1.2) has a solution satisfying (3.14).
Theorem is proved.

Note. Similarly it is possible to prove a theorem which is
in a certain way symetric to the Theorem 6. It follows.

Theorem 6 . Let there exist F, ry, ), cy,c5,6 € R, 1y <041,,
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<0<c,, 0<E=1 and fec®([0,1] x R?) such that

¢
2t 2] min {lc |, c f
2 1 110 %2
Cz) £ s Cll>—'E' s icl|+CzéFé————-—————2£
If £ fulfils (3.10),
lg(t,x,y,z)| =F (3.6)°

for tEIU,E = [0,6], x € (-M,M), yé[rl,rz]’ Zé[cl’cz]
and f(t,x,y,c;) =0 and f(t,x,y,c,) %.0 (3.11)°
for te (0,1], x € (-M,M), ye[rl,rz] ,
then the problem (1.1), (1.2) has a solution u satisfying (3.14).
0 3 .
Theorem 7. Let feC°([0,1]xR’). If f fulfils
f(t,x,y,z)y =0 (3.15)
for any t e[D,l] , X,y,zeR,

then the problem (1.1), (1.2) has only a trivial solution.

Proof. Let u be a solution of (1.1), (1.2). Multiplying now
the equation (1.1) by u and integrating on the interval [0,1] we

get
! !
¢ uTudt = ; f(t,u,u ,uDu’dt =0.
é o

Hence,

which implies that u '(t) = 0 and further, that u(t) = 0 for
t€[0,1]. The assumption (3.15) implies that

f(t,x,0,z) =0 (3.16)

for any te[0,1], x,zeR.

From (3.16) it follows that u(t) = 0 for te[0,1] is a solution
of (1.1), (1.2). Theorem is proved.

Note. Let us set
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fl(t,x,y,z) = a(t)xzk(y R GL L

a(t)ka(y + d)zn+l + z

’

fz(‘t,x,y,z)

1 forts[O,%—]
Lr (t) =¢ 3-4%t for t s(%, %)
3
0 forte[z, 1],

where ae £°(0,1), 0 = a(t) =1 for te[0,1], deR and k, m, n are
nonnegative integers. Then for example the function fl’ where

1P4 —1% , satisfies the assumptions of Theorem 6 for € = %,
1 - - ;

Ty2 "% 15> C1,2 = +1, F =2. Functions f, and ’1’ (’c)fl +

+ (1 -‘f’(t))fz, where [d|< %, satisfy the assumptions of Theorem

6f0r5=%,r12=1—%,cl’2=$5,F=10.

’

4, Unigueness.

Theorem 8. Let fe C°C[0,1]x R3) and for any te [0,1], X,
yi,zie R, i=1,2, the inequality

f(t,xl,yl,zl) - f(‘c,xz,yz,zz)(yl ~y2) =0 (4.1)

is valid. Then BVP (1.1), (1.2) has at most one solution.

Proof. Let u;, u, be solutions of BVP (1.1), (1.2).
We see by setting v = up = Uy, that

-v 7 f(t,ul,ul',ul") - f(t,uz,uz',uz") =0, (4.2)
vi(o) =vi(1) =v(%) =0. (4.3)

Multiplying now the equation (4.2) by v = ui - ué and integrat-
ing on the interval [0,1] we get

1 1
0 = —Jv "v'dt+/(f(t,ul,ul’,u1 )-f(t,uz,uz’,uz"))ml'~u2’)dt?—
0 (s}

1 1
'—’—[v'"v'dt =fv"2 dt =0 .
0 0
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Hence

which implies that v '(t) = 0 for every te€ [0,1] and by (4.3) we
get v(t) = 0 for every te [U,l]. The uniqueness is proved.

Lemma 9. [8, Theorem 256, p.219]. If f is absolutely con-
tinuous on [tl’tz]’ f is Lebesgue integrable on (tl,tz) and
f(to) = 0, where - oo <t, = t, = ty,< + oo, then

1
to t)
2 2 17
£4(t)dt = [2(t2—tl)/3‘] Cf () dt .
ty Y

Theorem 10. Let fe CD([O,l]x'RB) and let there exist possi-
tive constans ¢ ,/f, X— satisfying

2 L2 g
« 7t =<l (4.4)

i

such, that for any te [0,1], Xis ¥is zie'R, i=1,2 the inequality
!f(t,xl,yl,zl) - f<taX21Y2922)| = \7<|X1 - X2| +

Ay - ypl v plzy - 2l (4.5)

is valid. Then BVP (1.1), (1.2) has at most one solution.

Proof. Let uy, u, be solutions of BVP (1.1), (1.2). We
see by setting v = up = Uy, that

vi(0) = v'(1) = v(%) = 0. (4.6)
According to the last equatlon there exists t e [0, l] such that

vt) = 0. Put @ - (f “20t)dt) Y2, Then by Lemma 9

1
(Z v 2 (tat) V2 = ~,3— ?
9
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By the Wirtinger inequality [9, p.409] we get

1

A
CvZnan /2 = 2.0
4 il

Further by Lemma 9 we obtain

1
4
CVinan) V2 4y

2'3

o

From (4.5) we get

i

= 4 + 2 + Pk 2
© G(J(EJ sz 53

According to (4.4) we obtain 0 = 0 and by (4.6) v = 0. Uniqueness

is proved.
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