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Abstract: An ordinal variety V of ordered sets is called
regular if every A€V is an ordinal sum of ordinally irreducible
ordered sets from V. Ordinally irreducible members from the re-
gular ordinal variety of distributive ordered sets of the width
at most two are described in detail here.
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Let A = (A, $) be an ordered set and B a subset of A. Then
we put L,(B) = {xeA; x £ b for all beB} , Up(B) = §y eA;
b €y for all beB}. If B = {al,...,an(, then Ly(ap,...,a.)
means LA(B), and UA(al,...,an) means UA(B). If there is no
danger of misunderstanding, we will also write L(B) and U(B)
instead of L,(B) and U,(B), respectively.

The notions of distributive and modular ordered sets, that
generalize the analogical notions from the lattice theory, have
been introduced in [3].
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Definition. Let A be an ordered set.

a) If for any elements a, b, ceA it holds L(U(a,b),c) =
= L(u(L(a,c),L(b,c))), then A is called a distributive
ordered set.

b) If for any a, b, c €A, where a E c, it holds
L(u(a,L(b,c))) = L(U(a,b),c), then A is called a modular
ordered set.

We also need the following notion:

Definition. Let A be an ordered set and let B € A. If
UA(LB(a,b)) = UA(LA(a,b)) and LA(UB(a,b)) = LA(UA(a,b)) for
each a, b€ B, then B is called a strong subset of A.

(Strong subsets rather simulate sublattices of lattices.

For example, in [1] there are used strong subsets for the cha-
racterization of distributive and modular ordered sets by means
of forbidden subsets.) The classes DOS and MOS of all distri-
butive and modular ordered sets, respectively, are not closed
under direct products or retracts (that means DOS and MOS are
not order varieties defined in [2]), but they are closed under
ordinal sums and strong subsets. (See [4].) Therefore we have
introduced (in [4]) the notion of an ordinal variety of ordered
sets as follows.

Definition. A class of ordered sets .is called an ordinal
variety if it is closed under
a) ordinal sums,
b) strong subsets,
c) isomorphisms.

For instance, every non-trivial lattice variety, the class
of distributive ordered sets D0S, and the class of modular
ordered sets MOS are ordinal varieties. Moreover, if X is an
ordinal variety and Xn is the class of all ordered sets of

width at most n from X (n 2 1), then Xn is an ordinal variety.

It is known that in the class of all ordered sets it holds:
Every ordered set is an ordinal sum of its ordinally irreducible
ordered subsets. (See e.g. Theorem 3.11 in [5].) Therefore, we
shall deal with ordinal varieties having an analogical property,
now.
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Definition. A class of ordered sets V will be called a
regular ordinal variety if it is an ordinal variety and every
ordered set A€V is an ordinal sum of ordinally irreducible

ordered sets from V.

Remark 1. Let V be a class of lattices which is a regular
ordinal variety. Let us suppose that there exists L€ V such that
L contains two non-comparable elements a and b. Then Ly = {a/\b,
a, b, avbf is a sublattice of L. If V is a lattice variety,
then L, € V. But we have that Ly = {a/\b} ® {a, bf ® {avbf
is an ordinal sum of ordinally irreducible ordered sets, and
{a, bf & V. Hence there is no lattice variety which is a re-
gular ordinal variety. But, on the contrary, the class C of all
chains is a regular ordinal variety. Therefore, to find less
trivial cases of regular ordinal varieties we must study ordinal
varieties containing also ordered sets which are not lattices.

Theorem 1. The class of distributive ordered sets DOS and
the class of modular ordered sets MOS are regular ordinal va-

rieties.
Proof

a) Let Ag, X €1, be ordered sets and let A = o(?l A’kbe a
distributive ordered set. Let us suppose ﬁe I, x, vy, ze AB
and denote AB = B. Then we have

Lg(Ug(Lg(x,2),Lg(y,2))) = Ly(Ug(Lg(x,2),Lg(y,2)))NB =
= LaQUa(L,(x, 2D\ J\/ﬂ A, LA(y,z)\M AINB =
= LA(UA(LA(x,z),LA(y,z)) NB = LA(UA(x,y),z) NB =
= LB(UA(x,y),z) = LB(UB(x,y),Z) s
hence A, € DOS.
b) Let A, & €I, be ordered sets such that A = & A is

a modular ordered set. Let us suppose again B e I, B = A[3

Let x, y, ze B, x £ z. Then

LB(UB(x,LB(y,z))) = LA(UB(x,LB(y,z)))f\B =

= LA(UA(X’LA(V’Z)\¢% ADINB =

= LA(UA(X,LA(y,z)))/\B = LA(UA(x,y),z)f\B =
= LglUa(x,y),2) = Lg(Up(x,y),2)

thus Aj € MOS. (|
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Let us recall that an element a of an erdered set A is cal-

led a node if a is comparable with each element x in A.

Corollary 1. If a non-trivial distributive (modular)
ordered set A has a node, then A is ordinally reducible in DOS
(in M0OS).

Corollary 2. If AeDOS (Ae MOS) has a smallest or a grea-
test element, then A is ordinally reducible in DOS (in MOS).

Remark 2. It is evident that DOSrI and MUSn are ordinal va-
rieties for any n ¥ 1.

From now on, we will study only ordered sets of width at
most 2.

Proposition 2. If an ordered set A has width w(A) % 2,
then A is a distributive ordered set if and only if A is a mo-
dular one. (That means DOS, = MOSZ.)

Proof . For w(A) = 1, the proposition is trivial. Let
w(A) = 2 and let A be modular. If a, b, ¢ A, then at least
two from them are comparable. Let e.g. a 2 b. Then

L(U(L(a,c),L(b,c))) = L(U(L(b,c))) = L(b,c) = L(U(a,b),c),
L(u(a,c),b),

1"
n

L(u(L(a,b),L(c,b))) = LU(a,L(c,b)))

L(U(L(b,a),L(c,a))) = L(U(a,L(c,a))) = L(a) = L(U(b,c),a),

hence A is a distributive ordered set.

The converse implication is always true (see e.g. D). [:]

We know that ordered sets from 0052 are ordinal sums of
ordinally irreducible sets from DOSZ. Hence, now we will show
possibilities of constructions of ordinally irreducible ordered
sets in the regular ordinal variety DDSZ.

Evidently, every two-elements antichain is ordinally irre-
ducible in DOSZ. Rather general classes of ordinal irreducible
sets will be described in the following theorems. The smallest
element of an ordered set will be denoted by 0 and the greatest
element by 1 (if they exist).

Theorem 3. Let B be a non-trivial distributive ordered set
with 0 and 1 of width at most two such that the ordered subset
U‘\{U, l§ is ordinally irreducible or B = {D, l}. Let u be an
atom and v a dual atom in B. Let w, z € B and let A = B L}{w, z}
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be an ordered set such that

Va,beB;aéAb<=>a éBb,

v<Aw,wl|Al,Z< U,ZHAU’ ‘

N >

VaeB;a<Aw<—~=>a Bv,z<Aa<=>u§Ba
Then A is an ordinally irreducible ordered set from DOSZ.
First, we will prove the following lemma.

Lemma 4. Let B be a non-trivial ordered set with 1, Be& DUSZ.
Let v be a dual atom in B, w & B and C = BU{w} be an ordered
set such that

Y a, beB;a§Cb<=7a§Bb,

vep W, w||C 1,
- <
Y ae€B ; a<c wW<=>a g v
Then CEDDSZ.

Proof . a) Leta, beB, a<w.

&) Let b<w. Then evidently we have L(U(a,L(b,w))) =
= L(UCa,b),w). The symbols %, < , <, || , L , U without inde-
xes will be used for the largest from considered ordered sets,

i.e., in this case, for C.)

B) Let b |l w. Then b |lv and veU(a,L(b,v)). Hence
L(UCa,L(b,w))) = L(U(a,L(b,v))) = Lg(Ug(a,Lg(b,v))) =

= LB(UB(a,b),v) = LB(U(a,b),v) = L(UCa,b),v) = L(UCa,b),w)

b) Let a, beB, a<hb
o¢) If a £ v, then a<w, and hence we have L(U(a,L(w,b))) =
= L(UCa,w),b)

B) Let a |l v. Then
L(UCa,L(w,b))) = L(U(a,L(v,b))) = L(UB(a,LB(V,b))) =

= LB(UB(a,LB(v,b))) = LB(UB(a,v),b) = LB(l,b) = L(b) =
= L(uCa,w),b)

c) Let a, b, ceB , a<c
&) Let us suppose that a, b, ¢ £ v. Then
L(U(a,L(b,e))) = L(Ug(a,L(b,c))U{w]) =

= Lg(Uga,Lg(b,e))NLMW) = Lg(Ug(a,b),e)NL(w) =
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= L(UB(a,C))f\L(w)f\L(c) = L(UB(a,b)L'{w})/\L(c) = L(U(a,b),c).

B) Let us supposce a, c S v , bl v. Then

L(U(a,L(b,c))) = L(UB(a,L(b,c))U{w}) =

- L(Ug(a,La(b,e)NLGW = LyWgla,Lg(b,e)NLM) =

= LB(UB(a,b),c)f\L(w) = L(u(a,b),e)MNL(w) = L(UCa,b),c)

y) Let us suppose a v, cllv.

ﬁ) Let b |l v. Since B have width 2, it must be b {f¢c,
and thus L(U(a,L(b,c))) = L(U(a,b),c)

)/’2) Let b>v. Then b = 1 and the assertion is true.

$5) Let b € v.
part 8).

Then the proof is analogical to that of the

§) Let a ¥ v. Then also c ¥ v. Hence a ||l v, and either

c=1orcllv. For ¢ = 1, the assertion is obvious. Let c || v
and let bllc , bl a. Then

L(UCa,L(b,))) = L(Ug(a,Lg(b,e))) = Ly(UgCa,Lylb,e))) =
= Lg(Ug(a,b),e) = Lg(U(a,b),e) = L(U(a,b),c). '

For blfc or bM}a the assertion follows from [4, Lemma Z]D

Proof of Theorem 3. Let an ordered set A satisfy the hypo-
thesis of Theorem 3. Then C = BU{wl, by Lemma 4, belongs to
DGSZ. However, the notion of a distributive (and also a modular)
ordered set is self-dual, hence, using the proposition dual to

Lemma 4, we obtain A& DOSZ. Finally, the ordinal irreducibility
of A is evident. D

Theorem 5. Let B be a non-trivial ordered set with 0 and 1
from 0052 such that B\{O, l} is ordinally irreducible or B =
= {0, 1}. Let u be an atom, v a dual atom in B, and u ||l v. Let
Wi, W, Zy, Zy € B (it can be w; = wy or z; = 22) and let
A = BU{wl, Wos Zp, 221 be an ordered set such that

< <
VRp Wy Fp Wy, 2y F <

Azt sl b w1,

Z]_“AO s Zp “AO s ZZ-(AWZ s

Ya, beB ; af) bi=>a g b,

1L

S— < —
Y a€B ; a<, w1<—>a g VvV 21<A a&=ru =g a.
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Then A is an ordinally irreducible ordered set in DUSZ.

Proof. a)letav, bllv, al]lb. Then b fu (in the

opposite case, u M 'v), hence b Z u. We have
L(U(a,b),uy) = L(Ug(a,b),wy) = Lg(Ugla,b),vIU{z,} =
= Lg(Ugla,Lg(b, VN U{z,} = L(@U{z,} ,
L(UCa,L(b,uy))) = L(UCa,L(b, VU {z,})) = L(U(a,2,)) =
L(UCa,)Ufuy}) = Lluga,w)Lluy) =
LUg(a,u))M L(v)LJ{wz,wl,zzi) =
= (LUg(a,u)NL(v)IU L UgCa,u)N{wy,uy,2,]) =
= LUg(a,u),VIU{z,} = Lg(Ug(a,u),vIU{z,} -
- Lg(Uga,Lg(u,NU{z,] = Lg@U{z,} = L@U {2z, -

b) Let b || v. Then
L(UCwy,L(b,wy))) = L(U(wl)f\U(L(b,wz))) = Lwy) = L(U(wl,b),wz).
c) Let a< Wy, b I a, bllwl. Then b || v, and so b }u.
Thus b 2 u. We have
L(UCa,L(b,w;))) = L(U(a,L(b,v))) = L(U(a,Lg(b,v))) =
= LUgCa,Lg(b,v))U{w ,up}) = L(UgCa,Lg(h,v)NL(w)) =
sLg(Ugla,Lg(b,v))NL(w;) = Lg(Ug(a,b),VINL(w) =
= L(UB(a,b),wl) .
d) Let a, b, ceB, a<c. We can supruse that a |l b, b ¢,

hence, among others, a # 0, b # 0, b # 1, c # 1.

.

L) Let ¢ ¥ v. Then ¢ ? u. However, we cannot have b % v,
otherwise we would have b ? u and this would imply b || u, ¢ || u,
b || c, a contradiction. Therefore b || v and b 2 u. We have

L(U(a,L(b,c))) = L(U(a,LB(b,c))) = L(UB(a,LB(b,c))LJ{wl,wzf) =
= LB(UB(a,LB(b,c)))f\L(wl) = LB(UB(a,b),c)f\L(wl) =
L(U(a,b),c,wl) = L(U(a,b),c) .

"

B) Let c || v. Then we cannot have c || u, thus ¢ % u. Further

it must be bWv, hence b % v, and therefore b || u. At the same
time, since a |l b we get a ¥ u, v ¥ a. Therefore we have
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L(u(a,L(b,c))) = L(UCa,Lg(b,c))) = L(Ug(a,Lg(b,c))) =
Lg (U (a,L (b c)))LJ{zl,zzf = LB(UB(a,b),C)L){zl,zzi =
Lg(U(a,b),e)Ufz;,2,4 = L(UCa,b),c) .

n

n

e) Let u % ¢, bllzl, b|lc. Then b || u, and since u || v,
we get b v, hence b £ v. In addition, c || v. Then

L(U(zl,L(b,c))) = L(UCu,L(b,c))) = L(U(u,LB(b,c))) =
= L(UB(U,LB(b,c))) = LB(UB(u,LB(b,c)))L){zl,22} =

= LB(UB(u,b),c)LJ{zl,zz} = LB(U(u,b),C)LJ{zl,ZZE =
=L(UCu,b),c) .

>

£) Let ¢ 2 u, b]lu. Then b v, hence b £ v. We have
L(U(zy,L(b,e))) = L(U(zx)NU(L(b,e))) =

= LWWU{z,2,,w,]DNUL(D,C))) =

= LCQUDNUL(b,e) N Uz, ,2,,w,}NUL(b,E)))) =

= LAWWNULb,e)NNL{z),2,,u,}]NVUL(b,c))) =

= LG (LN (Ug(Lg(h, C))LJ{W W3 NL(wy) =

= LOWg (N U(Lg(b,e)) U wﬂ\wpwlDﬂLW) =

= LUgQu,Lg(b,e)NNLlwy) = .

= (LB(UB<U,LB<D,C>>)LJ{zl,zzi)r\L<w2) =

= (LgWg(u,b),ed)U{z,z,PDNL(wy) =

= L(U(u,b),c)f\L(wz) = L(U(zz,b),c) .

g) Let b |l u. Then

L(U(z,y,L(b,20)) = L(zy) = {z,1 ,

L(U(zy,b),2)) = L(U(Zy,b)NL(z)) = LWL, bIUfw)NL(z)) =

= L(UCu,b),z )NLGwy) = Lz)DNLw,) = {2, .

h) L(U(lelzl,wz))) = L(U(wl,zz)) = L(w2) .
L(U(wl’zl)’WZ) = L(wz) .

i) LU(zy,L0wy,290)) = LUUCZy)) = L(zy)
L(U(ZZ’wl)’Zl) = L(WZ’ZI) = L(zz) .
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The ordinal irreducibility of A is now also obvious. [:]

Theorems 3 and 5 make possible to construct e.g. the
following ordinally irreducible ordered sets in DOSZ. (Figure 1

1

w 1 W, 1 w, 1
—1 A M
0 0 z 0 Z, 0 Zy
1 w 1 w 1 Wy 1
—yy V u v:uK} Wy
0 0 z z 0 v Y
0 z,
Wy 1 W, 1
MU W1Mu
Z4 v z,
0 Z, 0 z,
1 1 W.
w.
—_—
2

v
w 2 Wy 1
v 1 1 v
u v u
0 z u 0 z4
0 2z,
W, w 1 w 1
g H
v u u
u z 0 4 0
0 z,
Fig. 1 Z
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Anot her method of construction of ordinally irreducible
el ements of DOSy will be based on the follow ng theorem

Theorem 6. Let B be an ordered set with 0 and 1 from DGCS.
such that the ordered set B\ {0, I|j is ordinally irreducible.
Let v,, v«, v, [/ v«, be dudl atonms in B, w, , w4 B Let A=
= BU{w, ,w,$ be an ordered set such that

YA wa Aty PAVIAAN2Y V2AA

Vx, yii B, X =ay<==>x"gVy,

VX €B; X" aA%i *7>X" RV 1+

Then A is an ordinally irreducible ordered set in DOS,-
Proof . a) L(U(vy L(vz,wa))) = LU vy, L(vz, v-?)) = L(vy) ,
LCUCvy, ve) ,wi) = L(I, we, wi) = Kvj?)
b)  L(U(wew, L(I,we))) = L(U(w, vy, Vv2)) = L(w)
LOUCw, 1), we) = L(we)
c) L(U(va, L(wisl))) = L(U(vz, V1)) = L(w, 1) ,
L(U(vz, wi), 1) = L(w,, |)
d) Let a<w,, a|| V.. Then
L(U(a, L(vz, wi)>) = L(U(a, L(v2,y1))) =
= L(Us(a, Le(Vva, v1)) U{wi, wy| ) =
= Le(Us(a, Le(Vva"1))) OL(w1) = Le(Us(a,vz),Vvi)HL(wWy) =
= L(Us(a,va), vy, W) = L(vy) ,
L(UCa, v2),w) = L(U(a, vz))AL(w) =
=L, wy) AL(w) = L(wy)
e) Let a<v,, a || v-,. Then we have:
a) L(U(a,L(wi,wp))) = L(U(a,L(vi,v2))) =
= L(Us(a,Le(Vvajvz))U{wzl) =
= Lg(Ug(a,Ls(vy,v2)))OL(w,) = LrUMa”) ,vy)flL(wy)
= Lg(l,v2)riL(wyz) = L(vz) ,

L(U(a,wi),v2) = L(wz,v2) = L(v2)



B) L(U(a,L(vl,vz))) = L(vz) ,
L(U(a,vl),vz) = L(wz,l,vz) = L(vz)

$) Luta,Luy,100) = LUCa,vy)) = Luy, 1),
L(U(a,wl),l) = L(wz,l)

f) Let a, b, ceB, a $¢c, allb, b|lc. It is evident that
a, b, ¢ are different from 1.

&) Suppose c < Vi, C||V2- Then b % Vo and we have
L(U(a,L(b,c))) = L(U(a,Lg(b,e))) = L(Ugla,ly(b,e))Ufw;,wob) =

= Lg(UgCa,Lg(b,e)NNL(w)) = Lg(Uga,b),e)NL(w)) =

= L(Ug(a,b),c,m) = LUCa,b)N\fuw,t,0) = L(UCa,b),e)

B8) Suppose c % Vo, cllvl. Then b £ v, and
L(Ug(a,Lg(b,c))) = L(Ug(a,Lg(b,e))Ufw, ,uy})

and hence the proof is similar to that of the part «).

)) Let c ¥ Vis Voo Then also it holds the equality as in
8). The ordinal irreducibility of A is evident. 1

Clearly, the dual theorem is true, too. Combining these
theorems and Lemma 4 and its dual proposition, we can construct
e.g. the following ordinally irreducible ordered sets of DUSZ.
(Figure 2.)

1 Wy 1 1 w,
— Wy U, U,
4] V4 VL Zl
0 z, Z 0
Wy 1 Wy 1
Wy Vy= Uy Wy
Ug= V1 Zy u=v
0 zy z,
Zy 0
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u Uy
Vi 2

1 Wq 1
w,
. W,
. W,
vy V.
V4 Va 1
Uy
Uy Uy Yz
z, Z4
0
Fig. 2 0 Zy

The following theorem gives a method of construction of
ordinally irreducible ordered sets of EIOS2 which is a little
different from the preceding ones.

Theorem 7. Let A, B be ordered sets from DUSZ, ANB = ¢,
such that

a) A has two,maximal elements ay, a5, a; # a,, and there
exist p, g, r, s€A with

p-—(Aq—-(A ap, r—‘AS-_(A a9, QHA az, SHA ap,

P, 3y, T = a; ,
YxeA ; x éA p <=> x éA q, X éA r{=»x 4

b) B has two minimal elements by, b2, b, # b,, and there
exist c, d, e, f€B with

bl‘fBC—-(Bd, b2-—(B EHny C”B bz, e”B bl’

bl--xB f, bz—-cB d,

Yx e€B; d¥ x¢=>c<y x, f ff=>e<y x
Let C = (AUB)\{bl,bz} be an ordered set such that

1. V¥x, yeAa; x§C7<=>x éAy



2. VZéB\{bP boys L. z¢(=>b, <

a1 “c 158 %
32<C z<=>b248 Z;
3. VYu, VEB\{bl,bzi; u éC v<{=>u éB v

Then C belongs to DDSZ. In addition, if A and B are ordinally
irreducible, then C is an ordinally irreducible ordered set,
too.

Proof. Letu, v, wegl, udw.

1. Suppose u ay, v < aj, b1<:B w. Then evidently we have
L(UCu,LCv,w))) = LUCu,v),w).

2. Suppose u & a, bl<B w, veA, v ¥ a), b, ?B w. Then
u#s,w=c,andv=sorv=a, Wehave L(U(u,L(s,c))) =
= L(UCu,)).

«) Let v = s. Then
a) for u = a; or u = q,

L(UCu,r)) = L(UCa})) = L(ay),
L(UCu,s),c) = L(d,f,c) = L(al);
b) for ueAN\fa;, a,, g, s},
L(UCu,r)) = L(al,az) s
L(U(Cu,s),c) = L(az,c) = L(al,az)

B) Let v = Then L(U(u,L(az,c))) = L(UCu,p,r)).

a,.

a) For u = a; or u = q we obtain
L(UCu,p,r)) = L(al),
L(UCu,a,),0) = L(d,f,c) = L(ap).

b) If u€A\{al, a,, 4, s}, then
L(UCu,p,r)) = L(a},ay) ,

L(U(u,az),c) = L(al,az).

3. Suppose u £ ap, b24B w, v&A, v % a,, b1<{’-B w. Then u # s,
u%az,w=e,andv=qorv=al. Fromw=ewegetu#al,

u# q.
&) Let v = g. Then L(U(a,e)) = L(UCu,p)).
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a) Ifu$ p, then
L(UCu,p)) = L(p) = L(g,e) = L(U(u,q),e).
b) Ifufr, ufop, then

n

L(UCu,p)) = L(al,az) = L(al,e) = L(U(Cu,q),e).
B) Let v = a;. Then L(UCu,L(a;,e))) = L(UCu,p,r)).
Since u ¢'{al, a,, a, s},
L(U(p,r,u)) = L(U(p,r)) = L(al,az).
a) If u £ p, then
L(UCu,a,),e) = L(al,e) = L(al,az).
b) If ufr, utop, then
L(U(u,al),e) = L(al,e) = L(al,az).
4. The case ueA, u % a,, v H a,, bl‘*B w cannot come.
5. Suppose u, v, w€A, u<w, ull v, v|l w. Denote B, =
= B\{bl, by} -
A) Let w®p, ve&r (or vice versa). Then
LCQUCu,LCv,0)) = LCUCU, Ly (v, WD) = LU, Cu,L, (v, w))UBy) =
= LaQUpCu,LaCv,w)))ML(B) = La(UpCu,v),wINL(B ) =
= MUMUN)UBQQLW)= LCUCu,v))ALw) = LUCu,v),w).

B) Let w =g, u? p. Since v|| g, we have v % Thus

a,.
LUCu,L(v,9))) = LUCu,LaCv,0))) = L(UCu,L,(v,p))),
which equals, by the part A), to L(U(u,v),p) = L(UCu,v),q).
P Let w = a;, u £ p. Then v = s and we have
L(U(u,L(s,al))) = L(UCu,r)) = L(al,az) ,
L(U(u,s),al) = L(az,al).
5 Let w = a;, u = aq. Then v = a, or v = s.

d}) If v = a then

27
L(U(q,L(al,al))) = L(U(q,p,r)) = L(al),
L(U(q,az),al) = L(d,f,al) = L(al).

éé) In the case v = s,
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6.

L(U(q,L(s,al))) = L(U(g,r)) = L(al),
L(U(q,s),al) = L(d,f,al) = L(al).

In this part, we will replace (in C) a; by b, and a, by b,

and then we will conserve the order of C. Formally, if we denote

1

Fig.

3

A, = A\{al,azi, then now C = AIUB. Suppose u, v, weB, u<gw.

&) Letd*u, £%v (or vice versa). Then

LUCu,v),w) = L(UB(u,v),w) = LB(UB(u,v),w)UAl =

= LggCu,LgCv,w) N UA = L(UCu,LgCv,w))) = L(UCu,L(v,w))).
8) Letu-=c,d%w. Then v 2 b, and we have

L(UCe,v),w) = L(Ug(e,v),w) = LB(UB(C,V),W)UA1 =

= Lg(Uge,Lglv,w))UA) = LgUCe,LCv,w)NUA, =

= L(UCc,LCv,w))).
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§) Ltetu = by, w 2 d. Then v = e and we have

L(U(by,L(e,d))) = L(U(by,by)) = L(d,1),

L(U(bl,e),d) = L(f,d).

5) Let u = by, w=c. Then v = b, or v = e.

§)) L(U(by,L(by,e) = LUCby,p,1)) = L(b)),
L(U(by,by),6) = L(d,£,e) = L(by).

8,) L(U(by,L(e,e))) = L(U(by,p,r)) = L(b)),
L(U(b,,e),c) = L(f,0) = L(b)). ]

Applying Theorem 7 we can construct e.g. the following

ordinally irreducible ordered sets from DOSZ. (Figure 3.)

(1]

(2]
(3]

(4]
(5]
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