Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Miroslav Laitoch

The method of variation of parameters in the theory of linear sequences

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 30 (1991), No.
1, 211--218

Persistent URL: http://dml.cz/dmlcz/120258

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1991

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120258
http://project.dml.cz

ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM
1991 MATHEMATICA XXX VOL. 100

Katedra matematické analyzy a numerické matematiky
pirirodovédecké fakulty Univerzity Palackého v Olomouci
Vedouci katedry: Doc.RNDr.Jifi Kobza, CSc.

THE METHOD OF VARIATION
OF PARAMETERS IN THE THEORY
OF LINEAR SEQUENCES

MIROSLAV LAITOCH

(Received February 28, 1990)

Abstract: We consider a linear difference equation of the
form f[%b(x)} 'Pl(X)f[%;-l(Xn - .. -Pp(x)f[?o(x)] =0,
x&(- m, ), which is defined over a cyclic group of functions
ir = {V?(t)};gﬁa). Solutions of this equation on a set of the

points {tv}$=0 , where t, = %@(tn), toe(— @, @) are shown to
be just only general linear sequences defined by a formula (p).
The method of variation of stationar, sequences is modified to
these sequences.

Key words: linear sequence, the method of variation of pa-
rameters.

MS Classification: 39A10.

1. General linear sequence. Let N denote a set of all
natural numbers. Let %y be an indefinit cyclic group of functions
Yy(t), te(- m, @) with a generating element V= Y1), v =

= 0,%1,%2, ..., where Vn(t) denotes an n-times composite function
yl = Pt); ¢_ (B = ¢;l(t) denotes the inverse function C (1),
neN; Vb(t) = t.
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It is obvious that the functions F/'n(t), neN, have also
properties of the function -Ul = §r"'(t) namely (‘,.’n(t) maps the
interval (- @, ) onto itself, g'ﬂ(t) is increasing from - @ to
+m and (/n(t) >t.

R ’ ’ @® p
Definition. Let peN. Let {((\ln,...,ﬁpn)}nzl, Apn 0,
for every neN, be a sequence of ordered p-tuples of real numbers.
To every ordered p-tuple of real numbers (al,...,ap), which is
called an initial condition, we associate a sequence {xn}:ﬂl

defined by a recursion formula

- - - /
xq =ap, ,xp—ap, xn_dln—pxn—l+"'+*"pn-pxn—p (p)
for n = p+l, p+2, ...
The sequence {xnh?;l defined by the initial condition
(al,...,ap) and by the recursion formula (p) is called a general

linear sequence.

Theorem 1. Let %e”f, Vv =20,1,2,.... Let toe(—cn, ®) be
an arbitrary number. Let t, = (,ﬂv(tg)! Yy =20,1,2,... . Given a
linear difference equation in the form

f[v’p(x)] - Pl(x)f[g’p_l(x)] - -Pp(x)f[sfg(x)] =0, (1)

~ - - =
where Pp(x) # 0, over a group ‘{"1/. tet <, = Pk[{’v(t[])l =
= Pk(tv), k=1,...,p, Vv =0,1,2,... . Let £ be a function and
f(tn_l) = x, forn=1,2,3,...
Then it holds: The function f is a solution of the equation
(1) given by the initial condition (al,...,ap) on the set of the
points {ty%;io, tv = Uv(to) if and only if the following equa-

lities

X]=8p,...,x =2 xn=c<

7/
p In-p*n-1" " ¥ " pnp*n-p

for n = p+l, p+2,
. ®
are valid for the terms of the sequence {xn}ml

Proof. Let f be a solution of the equation (1) on the
set of the points {ty}?fzo , where ty = [,(ty), given by the initi-
al condition (al,...,ap). If we set f(tn_l) = X, n=1,2,... we
get
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xp = £(tg) = ap,...,x ) = f(tp-l) = a

p p

and after inserting the function ?L(x) for x into (1) we obtain

"
o

£0¢5,, 001 =P LR0OTE[Y 1 60) - =P [YOO T [4,00]
for y=0,1,2,... . Hence we get for x = t0 and n=1,2,3,... that

_ 7
Xn T P 1ppip-l oo J(pn—pxn—p
where n = p+l, p+2, ... for the sequence of the ordered p-tuples
@® _

of real numbers {Giln""’&pn)%n=l’ where Kkn —Pk(tn_l),
k=1,...,p.

Thus the sequence {xn}ﬁil is a general linear sequence
given by the initial condition (al,...,ap).

Conversely, let {xn}ﬁil be a general linear sequence given
by the initial condition (al,...,ap) and the formula (p). Setting
Pk(tn_l) = Kkn’ k=1,...,p we obtain

and

xn=o< for n=p+1, p+2,...

ln—pxn—l + .. +‘\pn—pxn—p
Setting x_ = f£(t_ ;) for n=1,2,..., t, = Vv(t[]) for Y =0,1,2,...,

we get

£ty ) =Py (o DR )= PG DECGE ) = 0

or

t[v

p+v

6ol =P [G00T2[Y,, 001 .. P [ 00]E[H00] = 0,

that means the function f is a solution of (1) on the set of the
. ® . C s o
points {tV}y:O given by the initial condition (al,...,ap).

2. The method of variation of parameters. We know [2]

that general linear sequences given by all ordered p-tuples of
real numbers (al,...,ap) and by the formula (p) form a linear

space M of the dimension p over the field of real numbers. The
group operation is the addition of sequences and the external

product is the product of a real number and a sequence.
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Let (ul,...,u ) be a basis of the space M, that is u =
® . p . .
= {ukn}n=l’ k=1,...p, are linearly independent sequences. Each
element of the space M can be written in the form

(2)

Cpup * -+ * Cug s
where ¢, € R, k=1 p, i.e. o = {c }m is a stationary se-
k ’ L ki n=1

guence.

Let Q@ = Q(x) be a function given on the set of the points
® _ -
{tv}v=0' We denote Q= Q(t__) for n=1,2,...

Now we seek such a sequence of the ordered p-tuples of
. A A @
real numbers {(Cln""’cpn)z to be hold

n=1
£

v ‘lnvp+n—l

o # Kpnv +0Q ,n=1,2,..., (3)

p+n - n n

®
for a sequence {Vn}n=l’ where

Vo = Cpplpn e F Eopupn s nE l,?,... . (4)

Inserting (4) into (3) we obtain
E g, . u = o c u ot A :;i:ﬁ u +0Q_ .
) kp+n~kp+n 1n =1 kp+n-1"kp+n-1 PNiCT kn"kn = “n
For n = 1 we get
. R .
Z Cpritkpsl = <11 2 Cplp * ee P(‘pl g CraYa * 9y -

We take this equality as the first equality of a system deter-
mining the sequence Gk, k=1,...,p. The following equalities
present other p-1 conditions for determining the sequences Ek:

i G2 i Cr1%2

k=1 k=1
i € <U 2= Ei: € qu
- Gt T 25 ko
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Crpkp ~ i Ck1Y%p

k=1 k=1

or

kﬁ;ek[ \ol(to)]uk[ Vl(to)] = g Gk[y’o(to)]uk[ Vl(to)]

i & [Vt 1y [V t)] = i 8 [Vt [Vy(tp]

k=1 k=1

i & [V, Iy [V, (] = i 8, [Vy(tplu, [Yo-1Ct]

k=1 k=

where ek[vn—l(to)] = ekn for a function ek = 3k(x).

Replacing Vﬁ(to) for t; in the last equality and setting
A&kl = ekz - le we obtain

A _ ~ — A A
ickpu“kpq = g Cr2¥kpel ~ ki 8CaYpe1 * iCkl“kp+1 .

k=1 = =1 k=1

The first equality of the foregoing system can be simply-
fied. We express its left side by means of the other p-1 equa-
lities and get

:g::Aﬁ u + j?: g, ,u = £ :g: Eau + ...+
k1 kp+1 k1 kp+1 11 1 k1 kp

k=1 k=1 k=

""(uz

€ ,u ., +0Q
=1 k1 k1l 1

whence it follows
:;: A%, ,u =Q,,
el k1 kp+1 1

since

A =
— Gt [eper = A 11 ™+ = L]
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g & [#o(tp)] [uk[g’p(to)] - d_1['_/0(t0)]uk[yp_l<t0)] - -

- dp[p«"o(to)]uk[‘/o(to)] =0

with respect to the fact that Uy, k=1,...,p, are solutions of
the homogeneous equation of the equation (1) on the set of the
points {tv%€=0'

To this equality which will be the last equality of our new
system we give other p-1 equalities obtaining by the following
way: We take the arranged second equality and then equalities
which are given by substracting every two equalities when we
replaced yﬁ(to) for t; in the first one. Thus we obtain a new
system of equalities that is equivalent to the foregoing system
in the form:

Aellu12 + 4621u22 ool + Aéplup2 =0,

A A A _
Acllulp + 4021u2p LR Acplupp =0,

ACy Uy, * 8Cp Ugpy * -or ¥ ACL U, < Oy
If we denote D = ||ur s“’ r,s=1,...,p then D[?l(to)] =
= Hur,s+l”’ r,s=1,...,p and we know [2] that
Ujp - 0 up2
. 0
Y1p pp
u Q .u
A A A terl ' PP+ EREACY
C2 ~Ck1 =Gy = = (-1) — . a4
" " 0[Y, (t)]
19 teereeeenees 02
u
1p+l .......... upp+l

If we set for t; one after the other the values Lﬁ(to),...,
C

.

ﬁn—2 (tU) we get
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A _A _ A - (_ l)p+k

A A _ A — (

After adding we obtain

n-1
A _a p+k
S = S * 52=1 -1

_1yP B [V (1))

0, [t (ty)]

. 2
0[5 (tp)]

oy, ,(t] ™1
D, [¢,(te)] -

oy, (tp] °’

@

(5)

Thus we find the terms of the sequence {vnfn=l with respect to

(4) in the form

vy = i aknukn , n=1,2,3,...,

k=1
A
where Crn
v =_2E g u =
n =1 kn~kn
S B
A
= & u, 4+
keT - KLRn g
or

From the above investigations yields

are given by the formulae (5). Thus we have

(- l)p+k Dk[(/s(t[])]

X0 0y,

o[¥.(t] °

u15+1 ....... Up5+1
ot - Spp
Uln ......... Upn
Y1s+l ....ee s+l
Upgap =vvee Uos+p

the theorem:
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Theorem 2. The sequence {Vn}gil , where the term Vo is
given by the formula (6), is a solution of a nonhomogeneous
equation in the form

f[yb(x)] - Pl(x)f[Vp_l(x)] - - Pp(x)f[y%(x)] = Q[Fb(x)],

. Q
Pp(x) # 0 on the set of the points {tthO’ where t, = %Kto).
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