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Abstract: This article is a follow-up to [l]. The existence
of a periodic solution of (1) is investigated under the modified
conditions for the functional coefficients in (1).
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Let us consider the equation

x T+ e(t,x,x ,x Dalt,x ) + £(t,x,x ,x DIb(t,x) +

+ glt,x,x ,x ) .c(t,x) + h(t,x,x ,x) =0, (1)

where e, f, g, h, a, b, c are continuous real functions of real
variables moreover w-periodic relative to variable t. On the
functions e, f, g, a, b, c we introduce the following assumptions:

for all t,x,y,zeR hold the inequalities
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leCt,x,y,2)] € Eylzl +E, Iyl +E,

where E, * 0, E; >0, E>0 (2)

1
[£Ct,x,y,2)| € F,lz| +F |yl +F,

where F, > 0, F, >0, F>0 (3)

IQ(t,X,y,Z)l £ G2|ZI +Gl|YI +G!
where G2 >0, Gl *0,6>0 (4)

and there exist constants A0> 0, Bo> 0, CO > 0 such that

laCt,ud| € A for all t,ueR (5)

Ib(t,z)] % B, for all t,zeR (6)

le(t,y)]| < C, for all t,yeR @)
holds, so that

le(t,x,y,z)a(t,u)]| ¢ A2|Z|+A1IY|+A, (8)

- 3 - > -
where A2-E2AO- 0, Al'Ele'O’ A = EAO>0,

If(t,x,y,z)b(t,z)I € lezl + BlIY| + B, (9

- - > -
where BZ—FZBOEU, Bl-FlBO—O, B—FBO>0,

lgCt,x,y,2)e(t,y)| £ C, lzl +C iyl + €, (10)
where C2 = GZCOE 0, Cl =G1

The function h will acquire successively the following
forms: h(x) - g, hl(x') +h(x) -q, hz(x") +h(x) -qg and
hy(x ") +hy(x ) +h(x) - q, where h,hlecl(R), h,eC°(R), and
where on g=q(t,x,y,z) we assume that for all t,x,y,zeR

C,*0, C=6C_>0.

satisfy the inequality

IN

laCt,x,y,2)| £ Q,lz| + qlyl + @, - (11)

with constants Q, >0, Q; *0, Q>0.

The additional assumptions on h, hl and h2 will be formu-
lated in our further theorems.
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The sufficient condition of the existence of a w-periodic
solution x(t) to (1) give - according to Leray-Schauder alter-
native - the following

Proposition: The equation (1) admits a w-periodic solution if
all w-periodic solutions x(t) of the one-parametric system

x T+ AfeCt,x,x ,x Dalt,x )+ £(t,x,x ,x DIb(t,x ) +

+ g(t,x,x ,x Delt,x) + h(t,x,x’,x”)} + (1-A)kx =0,
(12)

where A€(0,1> is a parameter and k # 0 is a suited real
number, are on R uniformly a priori bounded together with their
derivatives x (t) and x "(t), independently of the parameter A,
and the equation

x "+ kx =0, (13)
obtained from (12) for A = 0, has no nontrivial w-periodic
solution.

Let us note that the last requirement can be always satis-

fied for a |k| > 0.

Proving the theorems, we restrict the integration on the
interval <t,t+w)> , teR, on the interval <0,w)>, only. Besides
the well-known Schwarz inequality we employ also the Wirtinger

inequalities
w w ]
f x(3 (1)1 %4t < ng x D ()] 2qt, (14)
(s} 0
. _ W
3‘1’2: WO_ZT ’

holding for arbitrary continuous w-periodic function x(t) with
the square integrable derivatives x(J)Z(t), j=1,2, on the in-
terval <0,w) .

Theorem 1 : Let (2) - (7) hold in the differential equation

N e(t,x,x’,xli)a(t,x’") b Bt XX X b(t,x ) -

+ glt,x,x ,x Delt,x) + h(x) = qlt,x,x ,x7). (1.1)
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Let
(i) J(H 20, H const.): |h'(x)] ¢ H for all x&R
. _ 2
(ii) € o= {1- [(A,+By+Cy+Qyw + (A + By +C) +0Q)du> +
-3
+ H w01},> 0
(iii) J (R>0, R const.) : h(x)sgn x >my or h(x)sgn x< -m
for |x| >R, where m; := [(A2+BZ+CZ+Q2)Dl +
+ Ml+Bl+Cl+QNDi+ A+B+C+Q] >0 with

D1 := Vw D31, Dl i= VW DZl’ D21 := WODBI’
.- W
031.— (A+B+C+Q)Ql.

Then equation (1.1) admits a w-periodic solution.
Proof. Let x(t) be a solution of the system
x4 xe(t,x,x ,x alt,x )+ £(t,x,x ,x Db(t,x ) +
+ gt,x,x ,x De(t,x) + h(x) - q(t,x,x’,x”)} +
+ (1- XAdkx = 0, (12.1
where

«$3¢0) = xSy, 3-0,1,2.

Substituting x(j)(t) instead of x(j), j=0,1,2,3, into
(12.1), multiplying it by x ~(t) and integrating the obtained
identity from 0 to w, we come to

w w
JX'"Z(t)dt = - %{f elt,x(t),...Jalt,x " (O]x " (D)dt +
0 [s}

£, x(t), ... To[t,x “()]x " (t)dt +

+

0= 0= O“as=

+

glt,x(t),...Je[t,x (£)]x " (t)dt -

alt,x(t),.. .]xm(t)dt} -
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w
- ?\j' hx(t)]x " (t)dt ,
o

since | x(t)x (t)dt = 0.

OY——=

Regarding (8) - (11), taking into account that

w w
J' h[x(t)]x 7 (t)dt = _J h [x(t)]x "(t)x " (t)dt
[s] 6]

and using (i) and (14), we come to

W
Py 2
Jx (t)dt = [(A2+BZ+C2 +Q2)w0 + (Al+Bl+C1+Q1)wO +

()

w
+ H'wé] j x2(t)dt +
o

(A+B+C+Q)Yw

+

i.e. [see (ii)]
w
J‘xmz(t)dt < D%l , where Dy := (A+B+C+0) L ¢ >0,
4 =1

and using (14) again, we have moreover

W
.2 2.2 _ .2 a
Jx (t)dt < woD31 = 021 , where D,; := w0031 (>0),
0

and

W
-2 2.2 _ A2 -

jx (t)dt € wOD21 = D]y, where Dy :7 w0y (>0).

0

According to Rolle’s theorem, the points tje(D,w),
j=1,2, exist such that x(J)(tj) = 0 for 3=1,2, and with
pect to the relation
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17)

res-



t
J" Desras = x D6 -xDe) , where £yt e (0w,
t. .

J . j=1,2,

we arrive at the inequalities

t w
()] = IJ x “(s)ds| ¢ IJX"'(t)dt| <
t 0

N
B
o

317 Di’( >0) (18)

and

w
[x " (£)| = IJ “(s)ds| IJ‘X"(t)dt] <
o
< N021:=Dl’ (>0). (19)

Now, substituting x(t) into (12.1) and integrating from 0
to w, we obtain

w w

J{ﬁh[x(t)] + (1= Dkx(D}dt = -’),”e[t,x(t),...]a[t,x”’(t)]dt +
o o

f[t x(t),...]6[t,x “()dt +
glt,x(t), ]c[t,x'(t):!dt -

qlt,x(t), .]dt}

0% = o;——:s o’~——=z

If min [x(t)| >R, R >0 const., then choosing k # 0 in
te{0,w>
order to be [see (iii)]

kh(x)x >0,

we get by means of (iii), (18), (19) that
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w

S‘Ih[x(t)]ldt £ [(Ay+B,+Cy+0Q,)D; +

o +(Al+31+cl+al)ol’+A+B+C+QJW:= wmy
when we multiply the foregoing identity by sgn(kx). But this

result leads to the contradiction with assumption (iii). There-
fore it must be

min |x(t)| £ R

te<0,w>
so that
w
[x(t)] éSIx'(t)ldt+Rs (Wi, +R):= D, (>0) (20)
0 for all te<0,w).

It follows from (18), (19) and (20) that
2
E lx(J)(t)I £ (D7 +D;+D,) :=D, (>0
e 1t th 1

holds for every w-periodic solution x(t) of (12.1), indep rijetly
of A€(0,1>. Hence, with respect to Proposition, the proo? «°

theorem is completed.
Theorem 2 : Let (2) - (7) hold in the differential eguation

x 7+ elt,x,x ,x Dalt,x) + £(t,x,x ,x Dblt,x ) +
+ g(t,x,x ,x Delt,x ) + hl(x’) + h(x) =
= q(t,x,x ,x ). (1.2)

Let
(i)  3J H’
(ii) 3 (H]: y 0, le const.) : |hl'(y)| N Hi for all y € R
(111) Qy:= {1-[(A, +B, +Cy+Qpduy +

+ (Al+Bl+cl+Ql+Hl')w§ + H’wg]} >0

w
IN

0, H const.) : |h (x)] H® for all xe R

(iv) J (R>0, R const.) : h(x)sgn X >m, or h(x)sgn X <= my
for |x| >R, where m, := [(A2+BZ+C2+02)D2 +
+ (Al+Bl+C1+Q1)Dé + A+B+C+Q+le > 0
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with D2 :=\/WD32, DZ 1= YW D22’ D22 1= WDD32’

. LI - S ‘
Dyp:=(A+B+C+Q) q, Hy —!;nglenghl(x ).

Then equation (1.2) admits a w-periodic solution.

Proof. Proving by the same manner as the foregoing
theorem, considering now the one-parametric system
x 7+ A{e(t,x,x',x”)a(t,x'”) + T(t,x,x ,x Ib(t,x ) +
+ g(t,x,x ,x Delt,x) + h(x) + h(x) -
- alt,x,x ,x )} + (1-2)kx = 0 (12.2)
with a parameter ) e(0,w> and a real number k # 0, and taking
into account that [see (i), (ii)]

w w
| f hx(t)]x " (t)dt| < H’wzfx"'zmdt
[s) o]

and

w w
| j hy [x (O Ix " (DHdt] = | -£ hl’[x’(t)]x"z(t)dﬂ ‘
(o]

W
ing'x’ﬂz(t)dt,
)

N
=

we come to

w

. . N2
JX (t)at € [(Ay+By+CyvQydwg + (Ap+B)+Cy+Qy+HDuy +
s}

w w
+ H wg]JIxmz(t)dt + (A+B+C+Q)W j'x'"Q(‘t)dt ,
[8] 0
i.e. [see (iii)]

w
Jx"'z(t)dt < D§2 , where Dy, := (A+B+C+Q) Loy, (21)
o 2

and [cf. (16), (17)]
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w

"2 . 2.2 2 .
J x “(t)dt < W, 032 = 022 » Doy .-w0032 (>0, (22)
o}
w

-2 s . 2h2 _ 2 .=
[x 2o w203, = 0d, . 05 u,05, (S0, (23)
(s}

so that we arrive at the inequalities [cf. (18), (19)]

[x“(t)] £ yWD3,:=0, (>0) (24)
and
. . n-
[x"(£)] £ VWD,, :=0D; (>0) (25)
On the assumption that min |[x(t)| >R, R >0 const., and choosing
ted0,w>
k # 0 in order to be [see (iv)]
kh(x)x >0,
we come be means of (ii), (iv), (23), (24) and denoting Wl =
= max|hl(x')| for |x'| = Dé to be inequality
W
, .
5|h[X(t)]ldt £ [(Ay+8B,+Cy+0y00) +
0
+ (A1+Bl+Cl+Ql)DZ' + A+B+C+Q+ﬁ1]w:= Wiy

which leads to the contradiction with assumption (iv). Therefore

it must be

min |[x(t)] £ R
t<{0,w>

so that

[x(t)]| ¢ (WWDZZ +R) := D, (>0 for all ted0,w> . (26)
It follows from (23), (24) and (25) that

PREEOIE: 0, :=max (D, ,D;,D,) for j = 0,1,2
holds for every w-periodic solution x(t) of (12.2), independent-

ly of A €(0,1>. This fact - with respect to Proposition -
completes the proof.
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Theorem 3 : Let (2) - (7) hold in the differential equation

x T+ e(t,x,x ,x Dalt,x ) + £(t,x,x ,x Db(t,x) +
+ 9t x,x",x Delt,x) + hy(x™) + h(x) =
= q(t,x,x ,x 7). (1.3)
Let
(i) J(H" 20, H const.) : |[h (x)] ¢ H  for all x eR
L. 2 -3
(i) Qo= {1 - [(A,+By+Cy+ Qydu + (A +B) +Cy +Q W +H W] > 0
(iii) J(R >0, R const.) : h(x)sgn X >ms Or h(x)sgn x<L-mg
for |x| > R, where my = |:(A2+BZ+[12+02)D3 +
+ (Al+Bl+Cl+Ql)D3' +A+B+C+Q+ﬁ2]>0 with

o e D .= .- SW
D} 1= W D33, 03'_ VWDZB'_WODB’ Dyq:= (A+B+C+0Q)

Q;
H, = max [h,(x ).
2 X LY}
[x <Dy
Then equation (1.3) admits a w-periodic solution.
Proof - proceeds as that of the Theorem 1, now related

to the one-parametric system

x T+ A{e(t,x,x',x”)a(t,x"') + £(t,x,x ,x Ib(t,x ") +
+ gt x,x ,x Delt,x”) + hz(x") + h(x) -
- gCt,xx x D+ (1- Adkx = 0, (12.3

where 26(0,1> is a parameter and k # 0 a real number. Since
w
Shz[x”(t)]x”'(t)dt =0,
o]

we come to

w
fx"’z(t)dt € [(Ay+By+Cy+Qdw  + (Al+Bl+Cl+al)w§ *
[¢] w

+ H'wg]ixmz(t)dt + (A+B+C+Q) VW

i.e. [see (ii)]
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w
Bx'"z(t)dt < D;’ where Dyy := (A +B+c+Q)ﬂ (>0 27)
N 1

a0

and [cf. (16), (17)]

w
2 2,2 _ 2 .
[x2coat < W2ofs = 02, 0,500 Wy (50 (28)
o
and
w
.2 2,2 _ 2 L
Jx (t)dt ¢ wiDo3 = Dy, Dyz:= w Doy (>0), (29)
o
so that [cf. (18), (19)]
[x ()] £ vw D33 := Dy (>0) (30)
and
[x"(£)] ¢ VW Dyg:= Dy (>0) . (31)

Assuming that min |x(t)|>R, R >0 const., and choosing k # 0
te{0,w)>

in order to be [see (iii)] kh(x)x >0, we come by means of (iii),
(30), (31) and denoting A, = max|h,(x )| for [x”| D5 to the

inequality

w
Slh[x(t):“dt £ [(A,+B,+C,+0,)D5 +(A1+BI+E1+Q1)DB'+A+B+C+Q+'I-'I2]w := wmsg
]

which leads to the contradiction with assumption (iii). Therefo-
re it must be

min [x(t)] ¢ R
te(0,wp

so that
[x(t)]| = (VW Dy +R) :=D5 (> 0) for all ted0,u)> . (32)
It follows from (30), (31) and (32) that

lx(j)(t)l < 53 1= max (03",03’,03) for 3=0,1,2
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holds for every w-periodic solution x(t) of (12.3), independent-
ly of A €(0,1>. This result - with regard to Proposition -
completes the proof. =

Theorem 4 : Let (2) - (7) hold in the differential equation
x T+ e(t,x,x ,x Dalt,x ) + £(t,x,x ,x Db(t,x) +
+ 9(t,x,x ,x Delt,x") + hz(x") + h(x7) + h(x) =

= q(t,x,x ,x 7). (1.4)
Let

IN

(i) J(H" >0, H const.) : |h (x)]| H® for all x R
(ii) ](Hi >0, Hl' const.) : |h£(y)| € Hi for all y< R
2 .3
(iii) OZ = {1 - [(A2+BZ+C2+Q2)WO+(A1+Bl+C1+Ql+Hl)w0 +H wo]g >0
(iv) J(R >0, R const.) : h(x)sgn x>m, or h(x)sgn x < -m,
for |x| >R, where my, := [(A2+82+82+QZ)D[;' + (A1+81+C1+Q1)Dl; +

+ A+B+C+Q+T{l+ﬁ2]> 0 with Dl;' 2= Whg,, DI; 2= W0y,

. .= W
Dy, := WD34 5 D3y = (A+B+C+Q) Q,
Hy = ma’x |h1’(x')| s H, = ma'x’ ‘hZfX”)I .

TEE D, Ix""[ £D,

The equation (1.4) admits a w-periodic solution.

Performing the proof as that of Theorem 1, but with re-
lation to the one-parametric system
x)rr+ A{e(t,x,x”x”)a(’t’x“’) . f(t,x,x’,x”)b(t’x’l) .
+ glt,x,x ,x Delt,x”) + hz(x") + hl(x') + h(x) -
- q(t,x,x',x")} + (1-Xkx = 0, (12.4)

where Y «(0,1> is a parameter and k # 0 a real number, we come
to

w

? . N 2
Ix (t)dt = [(A2+32+cz+02)w0 + (A +By +Cq+0Q) +HDwy +
(s]

W
+ H’wg]j‘xmz(t)dt+(A+B+C+Q)ﬁ
0
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i.e. [see (iii)]
w
gxmz(t)dt < 02, , where Dy, :- (A+B+C+Q)—£§E2 (>0) (33)
[s]

and |cf. (16), (17)]

w
~2 202 _ 2 -
[ x2ctee < W03, = 03, 0y 5= wopy, (>0 38)
[e]
and
W
) 2,2 _ 12 .
jx (tdt € w02, = 02, , D), iz u 0y (>0) (35)
o]
so that [cf. (18), (19)]
Ix“(t)| € VWD, :=D,” (>0) (36)
and
[x"(t)| € vwD,, :=D, (>0). 37

Supposing that min |x(t)| >R, R >0 const., and electing
ted0,w>

k # 0 in order to be [see (iv)] kh(x)x >0, we come by means of

(iv), (36), (37) and denoting ﬁl = max |h1(x')| for [x| ¢ D‘; ,

;e

ﬁz = max lhz(x")| for |x”7| ¢ D, to the inequality

W
5 [h[x(t)]|dt [(A2+BZ+CZ+QZ)DI: + (A1+ B, +C, +Ql)Dl; +A+B+C+Q+ﬁl+ﬁ21w 1= wmy
o

which leads to the contradiction with assumption (iv). Therefore
it must be

min [x(t)| € R
tedo,w)

so that
[x(t)] < (YWD, + R) :=1D, (> 0) for all ted0,wd> . (38)

It follows from (36), (37) and (38) that

Ix( ey « D, := max (D;,D,, D,) for j=0,1,2
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holds for every w-periodic solution x(t) of (12.4), independent-
ly of Xe(0,1% . In view of the Proposition, this conclusion
completes the proof.
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