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Abstract: This article is a follow-up to [l]. The existence 

of a periodic solution of (1) is investigated under the modified 

conditions for the functional coefficients in (1). 
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Let us consider the equation 

x'"+ e(t,x,x',x")a(t,x'") + f(t,x,x',x")b(t,x") + 

+ g(t,x,x',x") ,c(t,x') + h(t,x,x',x") = 0, (1) 

where e, f, g, h, a, b, c are continuous real functions of real 

variables moreover w-periodic relative to variable t. On the 

functions e, f, g, a, b, c we introduce the following assumptions: 

for all t,x,y,z€R hold the inequalities 
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|e(t,x,y,z)| * E2|z| +Ejy| +E, 

where E2 = 0, E1 =- 0, E > 0 (2) 

|f(t,x,y,z)| * F2|z| +Fjy| +F, 

where F2 = 0, ?l = 0, F > 0 (3) 

|g(t,x,y,z)| =- G2|z| +Gjy| +G, 

where G2 a? 0, G-̂  * 0, G > 0 (4) 

and there exist constants A > 0, B > 0, C >0 such that 

o ' o ' o 

|a(t,u)| * AQ for all t,u*R (5) 

|b(t,z)| J- Bo for all t,z«R (6) 

|c(t,y)| <- CQ for all t,y«R (7) 
holds, so that 

|e(t,x,y,z)a(t,u)| =" A? | z | + A J y | + A , (8) 

where A0 = E0A ^ 0, An = E,A = 0, A = EA > 0 , 2 2o ' l l o ' o ' 

|f(t,x,y,z)b(t,z)| = B2|z| + Bjy| + B, (9) 

where B0 = F0B„ = 0, B, = F,B ^ 0, B = FB > 0 , 2 2 o ' 1 1 o ' o ' 

|g(t,x,y,z)c(t,y)| -? C 2 | .z | +C ry| + C , (10) 

where C0 = G0C = 0, C, = G,C -* 0, C = GC > 0 . 2 2o ' l l o ' o * 
The function h will acquire successively the following 

forms: h(x)-q, h,(x') + h(x) - q, h2(x ") + h(x) - q and 

h2(x") + h1(x') + h(x) - q, where h ,h]Le C
X(R), h2€C°(R), and 

where on q = q(t,x,y,z) we assume that for all t,x,y,zeR 

satisfy the inequality 

|q(t,x,y,z)| * Q2|z| + Qjy| + Q , (11) 

with constants Q2 =* 0, Q1 -* 0, Q > 0 . 

The additional assumptions on h, h, and h2 will be formu­

lated in our further theorems. 
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The sufficient condition of the existence of a w-periodic 

solution x(t) to (1) give - according to Leray-Schauder alter­

native - the following 

Proposition: The equation (1). admits a w-periodic solution if 

all w-periodic solutions x(t) of the one-parametric system 

x'" + A {e(t,x,x',x ")a(t,x'") + f (t, x , x ', x ")b(t, x ") + 

+ g(t,x,x',x")c(t,x') + h(t,x,x',x")j + (1 -A)kx = 0, 

(12) 

where A€(0,1> is a parameter and k / 0 is a suited real 

number, are on R uniformly a priori bounded together with their 

derivatives x'(t) and x"(t), independently of the parameter A, 

and the equation 

x'" + kx = 0 , (13) 

obtained from (12) for A = 0, has no nontrivial w-periodic 

solution. 

Let us note that the last requirement can be always satis­

fied for a |M > 0. 

Proving the theorems, we restrict the integration on the 

interval <t,t + w> , t€R, on the interval <C0,w^, only. Besides 

the well-known Schwarz inequality we employ also the Wirtinger 

inequalities 

w w 

f [x(J}(t)]2dt í w 2j [x(J+1)(t)]2dt, (14) 

1 = 1,2, W = T)Z=7- , 

holding for arbitrary continuous w-periodic function x(t) with 

the square integrable derivatives x J (t), j = 1,2, on the in­

terval <0 ,w > . 

Theorem 1 : Let (2) - (7) hold in the differential equation 

x'"+ e(t,x,x',x")a(t,x'") + f(t,x,x',x")b(t,x") + 

+ g(t,x,x',x")c(t,x') + h(x) = q(t,x,x',x") . (1.1) 

191 -



Let 

( i ) 2 ( H ' * 0, H' c o n s t . ) : | h ' ( x ) | = H' f o r a l l x e R 

( i i ) £ - 1 := ( l - [ (A 2 + B2 + C2 + Q 2 ) W Q + (H^^ + B]L + ^ + Q-^w2 + 

+ H'wjj >0 

( i i i ) I ] ( R > 0 , R c o n s t . ) : h ( x ) s g n x > m , or h (x )sgn x < - o i , 

f o r | x | > R, where ml := [ (A 2 + B2 + C2 + Q2)D1 ' + 

+ (A.. + B1 + Cl + Q1)D1' + A + B + C + Q ] > 0 w i t h 

D l " : = ^ D 3 1 ' D l : = ^ D 21> D 2 1 : = w o D 3 1 ' 

D3]> := (A + B + C + Q ) - ^ . 

Then equat ion ( 1 . 1 ) admits a w - p e r i o d i c s o l u t i o n . 

P r o o f . Let x ( t ) be a s o l u t i o n of the system 

x ' " + ^ { e ( t , x , x ' , x " ) a ( t , x ' " ) + f ( t , x , x ' , x " ) b ( t , x " ) + 

+ g ( t , x , x ' , x " ) c ( t , x ' ) + h (x ) - q ( t , x , x ' , x " ) j + 

+ (1 - ! \ ) k x = 0 , ( 1 2 . 1 

where 

x ( j ) ( 0 ) = X ( J ) ( W ) % j = o , l , 2 . 

Substituting x^^(t) instead of x ( ^ , j = 0,1,2,3, into 

(12.1), multiplying it by x'"(t) and integrating the obtained 

identity from 0 to w, we come to 

w w 

f x'"2(t)dt = - X{f X{ e[t,x(t),...]a[t,x'"(t)]x'"(t)dt + 

o 

w 
+ f f [t,x(t),...]b[t,x"(t)]x'"(t)dt + 

o 

w 
+ f g[t,x(t), ...]c[t,x'(t)]x'"(t)dt -

o 

w 

- f q[t,x(t),...]x'"(t)dt| -
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% j h[x(t)Jx'"(t)dt , 

Ъ 

since i x(t)x (t)dt = 0. 

o 

Regarding (8) - (11), taking into account that 

w w 

h[x(t)]x'"(t)dt = - f h'[x(t)]x'(t)x"(t)dt 

and using (i) and (14), we come to 

w 

I x'"
2
(t)dt -= [(A

2
 + B

2
 + C

2
 +Q

2
)w

Q
 + (Â  + B̂  + Ĉ  + Q

x
)w

2
 + 

o 

w 

+ H'w*] I x'"
2
(t)dt + 

+ (A + B + C + Q) fw" |fx'"
2
(t)dt 

i.e. [see (ii)] 

W 

f x'"
2
(t)dt -- D

2

X
 , where D

3 1
 := (A+B + C+Q)-^-( > 0), (15) 

Û i 

and using (14) again, we have moreover 

x"2(t)dt -- w2D31 = D21 , where D21 := W QD 3 1 ( > 0) , (16) 

and 

w 
[ x'2(t)dt =* w2D21 = D

2
X , where D n := W QD 2 1 ( > 0) . (17) 

o 

According to Rolle's theorem, the points t.^(0,w), 

j = l,2, exist such that x^'(t.) = 0 for j = l,2, and with res­

pect to the relation 
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j x(J+1)(s)ds = x(J}(t) -x(J}(t.) , where t.,t£(0,w); 

J = 1,2, 
t . 
J 

we arrive at the inequalities 

t w 

|x"(t)| = |J x'"(s)ds| =* | f x'"(t)dt| 

í /w D31 := D̂ " ( >0) (18) 

aпd 

i w 

'(t)| = |J x"(s)ds| = |íx"(t)dt| = 

=" Гw D
2 1
 := D̂  ( > 0 ) (19) 

Now, substituting x(t) into (12.1) and integrating from 0 

to w, we obtain 

w w 

f { l \ h [ x ( t ) ] + (1 - J l ) k x ( t ) } dt = -5i{ f e [ t , x ( t ) , . . . ] a [ t , x ' " ( t ) ] d t 

o o 

w 

+ J f [ t , x ( t ) , . . . ] b [ t , x " ( t ) ] d t + 
vo 

w 

+ f g [ t , x ( t ) , . . . ] c [ t , x ' ( t ) ] d t -

q [ t , x ( t ) , . . . ] d t | . 

I f min | x ( t ) | > R, R > 0 const. , then choosing k / 0 in 
t€<0,w> 

order to be [see ( i i i ) ] 

kh(x)x >0 , 

we get by means of ( i i i ) , (18), (19) that 
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f | h [ x ( t ) ] | d t *- [(A 2 + B2 + C2 + Q2)0{# + 

+ ( A x + B 1 + C1 + Q 1 ) D 1 + A + B + C + Q] w : = wm.̂  , 

when we multiply the foregoing identity by sgn(kx). But this 

result leads to the contradiction with assumption (iii). There­

fore it must be 

miп | x(t) | 
tє<0,w> 

R 

so that 

|x(t)j í í|x'(t)|dt + R = (/U021 + R) := Dx( > 0) (20) 

u for all te <0,w>, 

It follows from (18), (19) and (20) that 

_2 

У ~ |x
( j )
(t)| = (D̂ " +D

;
[ + D

1
) :=- D̂  ( > ÍЛ 

holds for every w-periodic solution x(t) of (12.1), indep
r
ndf;tly 

of /\c(0,l>. Hence, with respect to Proposition, the proo? M ' 

theorem is completed. 

Theorem 2 : Let (2) - (7) hold in the differential equation 

x'"+ e(t,x,x',x")a(t,x"') + f(t,x,x',x")b(t,x") + 

+ g(t,x,x',x")c(t,x') + h-(x') + h(x) = 

Let 

(І) 

= q(t,x,x',x") 

3 (H' -s 0, H' const.) : |h'(x)| * H' for all x e R 

(1.2) 

(ii) 3 (H
x
 = 0, H

x
 const.) : |h{(y)| = H[ for all y £ R 

(iii) G 2 := {l - [(A2 + B2 + C2 + Q2)wQ + 

+ (Ax + Bx + Cx + Qx + Hpw^ + H'w^]] > 0 

(iv) 33 (R > 0, R const.) :h(x)sgn x > m 2 or h(x)sgn x < ~ m 2 

for |x| > R, where m2 := [(A2 + B2 + C2 + Q2)D2' + 

+ (Ax + Bx + Cx + Q1)D2 + A + B + C + Q + H-̂ ] > 0 
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with D2' := tfw" D-,2, D' := /w" D 2 2, D 2 2 := w D ™ , 

D,9 := (A + B + C + Q) -££- , H- = max |h,(x')| . 
32 ^ 2 1 lx'1^2 1 

Then equation (1.2) admits a w-periodic solution. 

P r o o f . Proving by the same manner as the foregoing 

theorem, considering now the one-parametric system 

x'" + A{e(t,x,x',x")a(t,x'") + f(t,x,x',x")b(t,x") + 

+ g(t,x,x',x")c(t,x') + h,(x') + h(x) -

- q(t,x,x',x") ] + (l-A)kx = 0 (12.2) 

w i t h a parameter / \ e ( 0 , w > and a r e a l number k t 0, and t a k i n g 

i n t o account t h a t [see ( i ) , ( i i ) ] 

VW V 

| f h [x ( t ) ] x ' " ( t )d t | = H' w3 J x ' " " Ч t ) d t 

and 

w w 

f h 1 [ x ' ( t ) j x ' " ( t ) d t | = | - (h^[x'(t)]x"2(t)öt\ = 

O "0 

H í w o í x ' " 2 ^ ) d t » 

we come t o 

w 
ľ x ' " 2 ( t ) d t = [ ( A 2 + B2 + C2 + Q2)wQ + (A^ + B^ + Cт+Q^ + H^w2 + 

H * - J ] J x - í ( t ) d t + (A + B + C + Q)jГw í x ' " Ч t ) d t , 

i . e . [see ( i i i ) ] 

w 

f x ' " 2 ( t ) d t = D 2

2 , where D 3 2 := (A+B+C+Q) - ^ ( > 0 ) , (21) 

o ^ 2 

and [ c f . ( 1 6 ) , ( 1 7 ) ] 
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w 

f x"2(t)dt = w2 D2
2 = D

2
2 , D22 := woD32 ( > 0) , (22) 

o 

w 

f x'2(t)dt = w 2D 2
2 = D

2
2 , D12 := woD22 ( > 0 ) , (23) 

so that we arrive at the inequalities [cf. (18), (19)] 

|x"(t)| =• \f¥D32 := D2' ( > 0) (24) 

aпd 

|x'(t)| <- \HÍD22 := D2 ( >0) (25) 

On the assumption that min |x(t)| > R, R >0 const., and choosing 
t*<0,w> 

k / 0 in order to be [see (iv)] 

kh(x)x > 0 , 

we come be means of (ii), (iv), (23), (24) and denoting H, = 

= max|h,(x')| for |x'| - D~ to be inequality 

| h [ x ( t ) ] | d t = [ (A 2 + B2 + C2 + Q2)D2 ' + 

+ (A, + B, + C, + Q, )D2 + A + B + C + Q + H^jw := wп 

which leads to the contradiction with assumption (iv). Therefore 

it must be 

min |x(t)| =" R 
t*<0,w> 

so that 

| x ( t ) | ^ ( \TwD22 + R) := D2 ( > 0 f o r a l l t e < 0 , w > . (26) 

I t f o l l o w s from ( 2 3 ) , (24) and (25) t h a t 

| x ( j ) ( t ) | -? D9 := max ( D " , D', D9) f o г j = 0 , 1 , 2 

holds for every w-periodic solution x(t) of (12.2), independent­

ly of A e(0,l>. This fact - with respect to Proposition -

completes the proof. 
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Theorem 3 : Let (2) - (7) hold in the differential equation 

x"'+ e(t,x,x',x")a(t,x'") + f(t,x,x',x")b(t,x") + 

+ g(t ,x,x',x ")c(t ,x') + h2(x") + h(x) = 

= q(t,x,x',x") . 

Let 

(1.3) 

( i ) 2 C H ' = 0, H ' c o n s t . ) : | h ' ( x ) | = H' f o r a l l x € R 

( i i ) Qx := { l - [ (A 2 + B2 + C2+ Q2)wo + (A1 + B1 + C1 + Q1)w
2 + H'wo]] > 0 

( i i i ) ^ ] ( R > 0 , R c o n s t . ) : h ( x ) s g n x > m 3 or h (x )sgn x ^ - m 3 

f o r | x | > R, where m3 := [ (A2 + B2 + C2 + Q2)D3' + 

+ (Ax + Bx + Cx + Q1)D3 +A + B + C + Q + H 2 ] > 0 with 

D3 := y ^ D 3 3 , D3:= ifw D^ : = w ^ , 0 ^ : = (A + B + C + Q) - g - , 

H0 = max | h 0 (x " ) |. 
2 IX-1-D3- 2 

Then equation (1.3) admits a w-periodic solution. 

P r o o f - proceeds as that of the Theorem 1, now related 

to the one-parametric system 

x'" + /\ |e(t ,x ,x ', x ")a(t ,x'") + f (t ,x , x ' ,x ")b(t ,x ") + 

+ g(t, x , x ' ,x ")c(t, x') + ho(x") + h(x) -

- q(t,x,x',x")} + (l-A)kx = 0, (12.3 

where A^(0,1)> is a parameter and k / 0 a real number. Since 

w 

f h 2 [ x " ( t ) ] x ' " ( t ) d t = 0 , 
0 

we come to 

w 

J x ' " 2 ( t ) d t = [(A2 + B2 + C2 + Q2)wQ + (A1 + B1 + C1 + Q1)w
2 + 

+ нVҺ - 2 ( t ) d t + (A + B + C + Q)lГw x ' " 2 ( t ) d t , 

i . e . [see ( i i ) ] 
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x'"
2
(t)dt - D

2

3
, where D

3 3
 := (A +B + C + Q) ------ ( >0) 

o ^1 

and [cf. (16), (17)] 

(27) 

x"
2
(t)dt * w 2

D
2

3
 = D̂ з D

2 3
:
 =

 w
o

D
31

 (
>

D ) (28) 

aпd 

x'
2
(t)dt í w2D2

3 = D
2
3 D13:= wQD23 (>0) (29) 

so that [cf. (18), (19)] 

|x"(t)| =- ү̂w D
3 3
 := D

3
' ( > 0) 

and 

|x'(t)| = ЛГ D
2 3
 := D

3
 ( > 0) 

(30) 

(31) 

Assuming that min |x(t)|>R, R > 0 const., and choosing k ̂  0 
t€<0,w> 

in order to be [see (iii)] kh(x)x>0, we come by means of (iii), 

(30), (31) and denoting IL = max|h2(x")| for |x"| =*• D-J' to the 

inequality 

w 

| | h [ x ( t ) ] | d t =" [(A2+B2+C2+Q2)D3' + (A^+^+Q^+A+B+C+Q+r^ ]w : = wm3 , 

which leads to the c o n t r a d i c t i o n w i t h assumption ( i i i ) . There fo ­
re i t must be 

min | x ( t ) | = R 

t€<0,W> 

so t h a t 

| x ( t ) | = ( rtD23 + R) := D3 ( > 0) f o r a l l t e < 0 , w > . (32) 

I t f o l l o w s from ( 3 0 ) , (31) and (32) t h a t 

| x ( J ) ( t ) | =* D3 := max (D3', D-,, D-,) f o r j = 0 ,1 ,2 
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holds for every w-periodic solution x(t) of (12.3), independent­

ly of ^e(0,l) . This result - with regard to Proposition -

completes the proof. 

Theorem 4 : Let (2) - (7) hold in the differential equation 

x'"+ e(t,x,x',x")a(t,x'") + f(t,x,x',x")b(t,x") + 

+ g(t,x,x',x")c(t,x') + h2(x") + h,(x') + h(x) = 

q(t,x,x',x") (1.4) 

Let 

( i ) ] ( H ' - 0 , H' c o n s t . ) : | h ' ( x ) | = H' f o r a l l x € R 

( i i ) ] ( H J * 0, Hx c o n s t . ) : | h ^ ( y ) | = H^ f o r a l l y * R 

( i i i ) 0 2 := { l - [(A2+B2+C2+Q2)wo+(A1+B1+C1+Q1+Hpw2 + H'wo]} > 0 

( i v ) " 3 ( R > 0 , R c o n s t . ) : h ( x ) s g n x>m4 or h (x )sgn x < - m4 

f o r | x | > R, where m4 := [(A2+B2+C2+Q2)D4' + (A1+B1+C]L+Q1)D4 + 

+ A + B + C + Q+T11 + H2] > 0 w i t h D4' := ifw D34 , D4 := fw D24 , 

D24 : = woD34 ' D34 : = (A + B + C + Q) _Q 
fҹ 

H, = max | h , ( x ' ) | , max I h 2 ( x ) I . 

The e q u a t i o n ( 1 . 4 ) admits a w - p e r i o d i c s o l u t i o n . 

P e r f o r m i n g the p r o o f as t h a t of Theorem 1 , but w i t h r e ­

l a t i o n to the one-paramet r i c system 

x ' " + A { e ( t , x , x ' , x ' ) a ( t , x " ) + f ( t , x , x ' , x " ) b ( t , x " ) + 

+ g ( t , x , x ' , x " ) c ( t , x ' ) + h 2 ( x " ) + h , ( x ' ) + h (x ) -

- q ( t , x , x ' , x " ) } + ( l - ^ ) k x = 0 , (12 .4 ) 

where J \ e ( 0 , l > i s a parameter and k t 0 a r e a l number, we come 

to 

w 

f x ' " 2 ( t ) d t -- [ (A 2 + B2 + C2 + Q2)wo + (A1 + B1 + C1 + Q1 + H;[)w
2 + 

W W 

+ H'wo ] f x ' " 2 ( t ) d t + (A + B + C + Q ) f w | | x ' " 2 ( t ) d t , 
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i.e. [see (iii)] 

W 

f x'"
2
(t)dt *- D

2

4
 , where D

3 4
 := (A + B + C + Q) - ^ ( > 0 ) (331 

and |cf. (16), (17)| 

w 

x"
2
(t)dt < w 2

D
2

4
 = D

2

4
 , D

2 4
 := w

o
D

3 4
 ( > 0 ) (34) 

aпd 

x'
2
(t)dt < w

2
D

2

4
 = D

2

4
 , D

u
 :=w

Q
D

2 4
 ( > 0 ) , 

so that [cf. (18), (19)] 

|x"(t)| = »
r
wD

3 4
 :=D

4
' ( > 0 ) 

and 

|x'(t)| = \TwD
24
 :=D

4
 ( > 0). 

(35) 

(36) 

(37) 

Supposing that min |x(t)| >R, R > 0 const., and electing 
te<0,w> 

k / 0 in order to be [see (iv)] kh(x)x>0, we come by means of 

(iv), (36), (37) and denoting H1 = max |hx
(x')| for |x'| = D

4
 , 

H
2
 = max |h

2
(x")| for |x"| - DTto the inequality 

w 

( |h[x(t)]|dt - [(A2+B2+C2+Q2)D4' + (A1+BJL + C1 + QX)D4 + A+B+C+Q+^+H^w := wm4 , 

which leads t o the c o n t r a d i c t i o n w i t h assumption ( i v ) . T h e r e f o r e 

i t must be 

min | x ( t ) | =* R 
t€<0,w> 

so t h a t 

| x ( t ) | = (VwD 2 4 + R) := D4 ( > 0) f o r a l l t<r<.0,w> . (38) 

I t f o l l o w s from ( 3 6 ) , (37) and (38) t h a t 

| x ( j ) ( t ) | * D4 := max ( D 4 ' , D4 , D4) f o r J « 0 ,1-2 

- 201 -



holds for every w-periodic solution x(t) of (12.4), independent­

ly of ^c(0,l^ . In view of the Proposition, this conclusion 

completes the proof. 
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