Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Vladimir Viéek

Periodic solutions of a parametric nonlinear third-order differential equation

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 30 (1991), No.
1, 159--188

Persistent URL: http://dml.cz/dmlcz/120255

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1991

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120255
http://project.dml.cz

ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM
1991 MATHEMATICA XXX VOL. 100

Katedra matematické analyzy a numerické matematiky
pfirodovédecké fakulty Univerzity Palackého v Olomouci
Vedouci katedry: Doc.RNDr.Jifi Kobza, CSc.

PERIODIC SOLUTIONS
OF A PARAMETRIC NONLINEAR THIRD-ORDER
DIFFERENTIAL EQUATION
VLADIMIR VLCEK

(Received January 6, 1989)
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Let us consider the differential equation

22

x 7+ e(t,x,x ,x Dalt,x ) + £(t,x,x ,x Db(t,x") +

+ g(t,x,x ,x7) =0, (1)

where e,f,g,a,b are the continuous real functions of real va-
riables and w-periodic (w > 0) with respect to t. Furthermore,

let there exist constants E >0, F > 0 such that the inequalities

le(t,x,y,z2)| £ E (2))
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[f£(t,x,y,z)| =F (3))

hold for all t,x,y,z and the constants A2 =0, Al >0, B, 0,
Bl> 0 such that

laCt,2)| = Ay lz| « A (2

1 2)

and

lbCt,y)| = Bylyl + 8 (3,)

hold for all t,z or t,y, respectively, so that the relations

le(t,x,y,2)a(t,z)| & Alz| + A (2)
[£(t,x,y,2)b(t,y)| = Bly| + B, (3

- > = = =
where A = EA2 0, A0 = EAy > 0, B FB, =0, B0 FB, > 0 hold

for all t,x,y,z. Let the function g take successively the form

g = h(t,x)-p, g= hl(x') +h(x) -p, g= hz(x")+h(x) -p, g = hz(x")+
+ hl(x3 + h(x) - p with the special assumptions on h, or h, or h,
respectively; for the function p = p(t,x,y,z) we assume that the
inequality

IpCt,x,y,2)| £ Pylz] + Pylyl + P, (4)
where P2 =0, P1 =0 and P > 0 are constants, holds for all t,x
and y,z. ®

To guarantee the existence of a w-periodic solution x(t)

to (1) we consider the one-parametric system

x 7+ m{e(t,x,x',x")a(t,x") + £(t,x,x ,x )b(t,x") + ‘
2

2
+ glt,x,x ,x7) - jg: ij(z_j)} + E ij(Z—j) -0, (s)

j:(] J=0

where m€{0,1) is a homotopical parameter and where c. € R,

j = 0,1,2, are the suitable constants; for m = 1 we get (1) and
for m = 0 (S) reduces to the linear homogeneous differential
equation

2 .
x T+ :E: c.x(2 g . (5)
3=0 Y
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The Leray-Schauder alternative gives the sufficient con-
ditions for the existence of a w-periodic solution x(t) to (1):

1) all w-periodic solutions x(t) to (S) together with x (t)
and x “(t) are bounded by the same constant independent
of the parameter m

2) the equation (5) has not any nontrivial w-periodic solution.

To satisfy 1), 2), we can restrict ourselves to the interval
{0,w>, only. Therefore, consider the boundary conditions

Dy = xPr, 3-0,1,2. (6)

We denote the composed function for the sake of brevity, e.g.
e(t,...) instead of e[t,x(t),x (t),x "(t)], etc. For estimating
the integrals we use, besides the well-known Schwarz inequality,
also the Wirtinger inequalities (see [2])

w w

(2 e 2 [ G2 . L
fu (tdt woj'u (t)dt, 3=1,2, w o4, )
0 0

holding for any continuous function u(t) satisfying (6) with
the square integrable derivatives u(J)Z(t), j=1,2, on the in-
terval <0,w>.

Section I

Theorem 1.1. Let (21), (31), (22), (3,) and (4) hold in the

differential equation
x 7+ elt,x,x ,x Dalt,x) + £(t,x,x ,x Db(t,x) +
+ h(t,x) = p(t,x,x ,x ). (1.1)

Let there exist constants c € R - (0) and H >0 such that the
inequality

[h(t,x) - cx| £ H (A))
is satisfied for all t,x. If
(A+Pou, + (B+PDul <1, (R)

then (1.1) has a w-periodic solution.
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Proof. Substituting x(j)(t), j=0,1,2,3, into the system

x 7+ m{e(t,x,x',x")a(t,x") + £(t,x,x ,x Db(t,x ) +

+ h(t,x)—cx-p(t,x,x',x")f+ cx = 0, (Sl)
where ¢ # 0 is a suitable real constant, multiplying the obtained
identity by x (t) and integrating from 0 to w, we have, with
respect to (6),

w w
J «2(t)dt = m {-I e(t,...0alt,x " (©)]x " (t)dt -
[s] [a]

w w
J‘f(t,...)b[t,x'(t)]x"'(t)dt -J‘{h[t,x(t)] -
[s] [e]

w
cx(t)} x 7 (t)dt +j p(t,...)x m(t)dt}

(o]

and using (2), (3), (4), (AO) together with the Schwarz ine-
quality and (7), we go to

W W

)
Jx (t)dt < (Aw0+Bw§+P2w0+ leg)fx 2(t)dt +
0 0

+ (A +B +H+P)VE || x " 2(t)dt .

]

Denoting K := {1 —[(A+P2)w0 + (B+Pl)w§]¥ , we have, with respect
to (R), the inequality

w
e 1
lx (t)dt £ £ (A +B +H+P)Vi:= D3>0 (8)

from which

=

[ x"(t)dt < 03

o~
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and, in view of (7), the inequalities

W
2
J.x (t)dt £ 02, where D, := w D3>0, (9)
o
W
-2 2
{x (t)dt = D1 , where D1 := woD2 >0. (10)

Applying the Rolle Theorem to the twice differentiable w-periodic
function x(t) and satisfying (.6) on the interval <0,w)>, such
points tje(O,w) exist that x(J)(tj) = 0,, j=1,2. Then, in view
of the relations

t

[ x0Doyas = x Py - Dty

t. J

J

where tj, te(0,w), j=1,2, the following inequalities

t w
[x ()] = IJ x “(s)ds]| éj Ix“(t)|dt < yw D, := D" >0  (11)
tj 0
t w
[x “(t)]| = IJ' xm(s)dslé( [x " (t)|dt= VW Dy := D7 >0 (12)
t. 0
h|

hold for any w-periodic solution x(t) te (Sl)'

Now, multiplying (Sl) by x(t)sgn(c) and integrating the
obtained identity from 0 to w, we have

W "
lc| J' x2(t)dt msgn(c){-je(t,. Loat,x T ]x(t)dt -
0 0

w

w
Lf(t,...)b[t,x’(t)]x(t)dt -j‘{h[t,x(t)] -
s}

w
ex()] x(0dt + [ pCt,.. Ox(Dat]
o
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Using (2), (3), (4), (AO) together with the Schwarz inequality
and (7) and employing (9), (10), we go to the inequality

w
IclJ'xz(t)dt < (AD, + A VW +BD) +B_Vw+HVi+P,0,+
[o]
w
+P D, +PYW) j‘xz(t)dt,
[s]

from which

w

2 - l
Jx (t)dt —m—lcl [CA+P,)D,+ (B+P)D; + (A +B_+
[s)
+H+P)Vw] 1= D, >0 (13)
and hence

W
J' xZ(t)at < 02 .
)

Consequently, such point t €<0,uw> exists with Ix(to)l <D,/ VW
for any w-periodic solution x(t) to (Sl)- Therefore, we have
for to’ telo,w>: -

t D w
(D] = Ixtty) + [ x'(das] = —= o [x(0)]at £
3 'K
o o
D
é(—“+V‘.,7|Jl):=n>0. (14)

Vw
It follows from (11), (12), (14) that the inequality
Pry2m, 3-0,1,2, _ (15)

where O = max(D,D",07), is satisfied for any w-periodic solution
x(t) to (Sl) on the interval (- @, + @). This completes the
proof.
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In the following theorem the function h(t,x) from (1.1)

takes a certain form. This fact makes possible to change slightly
the process of its proof.

Theorem 1.2. Let (21), (31), (2,), (3,) and (4) hold in the
differential equation

x 7w e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Ib(t,x ) +
+ g(h (x) + h(x) = plt,x,x ,x ). (1.2)

Let there exist a constant c € R- (0) such that for all x it
holds the inequality

A
|h(x) - cx| = H|x| + H, (Al)

where fis 0, H>0. Let there exist a constant H0> 0 such that

lg(tih GO = Hy (Ay)
holds for all t,x. If
(A + Pw, + (B + Pl <1 (R)
and
< lcl (R )
’ o

then (1.2) has a w-periodic solution.

Proof - can be performed quite analogously to the proof of
Theorem 1.1, but multiplying the homotcpically enlarged equation

(1.2)
x 7+ m{e(t,x,x’,x”)a(t,x”) + £(t,x,x ,x Db(t,x) +
+ g(t)ho(x) + h(x) - cx - p(t,x,x’,x’ﬁ{ +cx =0,
2)
where ¢ # 0 is a suitable real constant, by x (t), x(t)sgn(c),
x “"(t) successively. Then, using (2), (3), (4) and (Az) we go to
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W W
f X"Z(t)dt = (Aw0 + ng +Powg + leg)f x”z(t)dt +
0 0

W
.2
+(A0+B0+H0+P)Nwo J'x (t)dt
o)

and denoting K :={1- [(A+ Pw, + (B + Pl)wg]} , it follows [cf.(R)]

w

”2 ‘l -
jx (t)dt-—K(AD+BD+H0+P)Nw0.—D2>0, (16)
o]

from where

w
Jx"z(t)dt = 02
a

and
W
-2 2
J x “(t)dt é'Dl, where D) := w D, >0, 17)
0

so that [cf. (11)]
[x " (t)| = YW D, := D°>0 (18)

holds for any w-periodic solution x(t) to (52).

Furthermore, consistently with (2), (3), (4), (Al)’ (Az)
and using (16) and (17), we go to

w w
2 5.2
lel f x“(t)dt £ fo (t)dt + [AD, + BD, +P,D, + P Dy +

o [s)

w

2
+(A0+BO+HD+H+P)VW] fx (t)dt
(s]

and denoting K := (le] - ) we get [cf. (Ro)]
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w

2 1
fx (t)dt = ¢ [A+P,)D, + (B+P D) + (A +B_ +H +
o

+ H+P) VW] := 0,> 0, (19)

from where

w
f x2(t)dt £ p?
[s]

and consequently [cf.(l&)] the inequality
Ix(t)| = (D /VW + VW D) := D >0 (20)

holds for any w-periodic solution x(t) to (52).

Finally, with respect to (2), (3), (4), (A), (Az) and using
(16), (17), (18) we go to

I

A
[An2 +BD; +HD_+P,D, +P D, +

1

w
Jxmz(t)dt
] .

+

(A0+B0+H0+H+P)V—v7]

from where

1

w

) A
[x (t)dt [(A+P2)Dz+(B+Pl)Dl+HDD+
o

+ (A +B +H +H+P)YW] := Dy >0 (21)

so that

w
J'x”’z(t)dt <0}
(o]

and consequently [cf. (12)]
Ix“(t)| = yw Dg:=D" >0 (22)

_holds for any w-periodic solution x(t) to (52).
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From (18), (20), (22) it follows that for any w-periodic
solution x(t) to (82) the inequality (15) is satisfied indepen-
dently of the parameter me<0,1> on the interval (- o, + @),
what together with the assumption c& R, ¢ # 0, proves the
theorem.

The foregoing theorem can be modified as

Theorem 1.2.1. Let (21), (31), (22). (32), (4) hold in the dif-
ferential equation (1.2). Let there exist constants c € R - (0)
and H >0 such that the inequality

|g(t)h0(x) + h(x) - cx| =H
is satisfied for all t,x. If
(A+ P u, + (B + Pwi<l,

then (1.2) has a w-periodic solution.

Proof is the same as that of Theorem 1.1, since we can de-
note g(t)ho(x) + h(x) = H(t,x) in the equation (1.2).

Specially, if g(t) = k, k € R, for all t, we can denote
kho(x) + h(x) = H(x) and we get the case of (1) investigated in
[1]. The authors of [1] consider (1), where it is assumed
la(z)| = Alz| with A >0, |b(y)| £ B|y| with B> 0 for the
functions a = a(z); b = b(y) and where (4) holds with Py =Py =
= 0 for the function p.

’

Closing the Section I, we formulate two theorems on the
existence of a w-periodic solution to (1) with the special form
of the function g.

Theorem 1.3. Let (21), (31), (22), (32), (4) hold in the dif-
ferential equation

x 7+ e(t,x,x ,x Dalt,x ) + £(t,x,x ,x DIb(t,x") +

+ h(x) + cx = p(t,x,x ,x7), (1.3)

where c € R - (0) is an arbitrary given constant. Let the ine-
quality
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IhGOT = Hlxl + Hy (A,

where H = 0, H,> 0, is satisfied for all x. If

(A + Pyw, + (B + Pl)wg <1 (R)
and H< lcf s (Ro)
then (1.3) has a w-periodic solution.

Modification of this theorem is
Theorem 1.3.1. Let (21), (31), (22), (32), (4) hold in the dif-
ferential equation (1.3) with an arbitrary given constant
cC €R-(0). Let

/0 if 0 £ h(x)x
-h(x)x £ H¥ :=\\\\ (Al)
H>0 if -H 2 h(x)x <0
hold for all x. If
(R)

(A+ P, + (B + P Wi,

then (1.3) has a w-periodic solution.

To prove the both foregoing theorems, we apply the same
process as in Theorem 1.2, using for an estimate of the integral

w
fxz(t)dt .
) :
the inequality
w w w
lfh[x(t)]x(t)dtéfoz(t)dt R fxz(t)dt
o o 0

with respect to (AO) or

w
-fh[x(t)]x(t)dt = HX,
o]

with respect to (Al).
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Section II
Theorem 2.1. Let (21), (31), (22), (32), (4) hold i the dif-
ferential equation
x 7+ e(t,x,x ,x Dalt,x ) + £{t,x,x ,x Ob(t, ) +
+ hl(x') + h(x) = p(t,x,x ,x 7). (2.1)

Let there exist constants ce R - (0) and ﬁ =0, H> J such that
the inequality

|h(x) - cx| = ﬁlxl + H (Al)
is satisfied for all x. Let
i =
y ///,0 if hl(y)y 0
hl(y)yéHl = (Az)
N >0if0<h (y)y £ H
1 1 1
holds for all y. If
(A+Pu, + (B+Pul< 1 (R)
and
A
H< el , (Ry)

then (2.1) has a w-periodic solution.

Proceeding in the proof analogically to that of Theorem
1.2, we use besides (2), (3), (4), consistently with (Az), the
inequality

w
J' hy [x (D]x ()t £ HY w
[s]

for an estimate of the integral

w
J x“2(t)dt €03,
o
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2 2
where D, := T‘rKE [C(Ag+By+Pow, + VAKH’I‘ + (A +B,+P) wl>o0

with K := fl - [(A+F’2)w0 + (B+Pl)w§]i >0, regarding (R);
consequently, it holds

W

-2 2
J’x (t)dtéDl, where D) := w D, >0.
0

Furthermore, with respect to (Al), we use the inequality

w

w w
|J{h[x<t>] - ex(D)] x(t)dt]= ﬁJ x2(t)dt + HiwW sz(t)dt
o 0 o]

and

w w
JERSEAROIE AT j'xz(wdt,
0 [2}

where ﬁl = maxlhl(x')l for |x| £ D" with D := YWD, > 0. Then,
according to (2), (3), (4) again, we have

w
J‘ xZ(t)dt < 02
o]

) 1 o
with D := R- [(A+PD, + (B+P )0y + (A +B +H +H+P)WW] >0,

where K := (le] -f) >0 under (R).

Similarly with respect to (2), (3), (4), (Al), (Az), when
using the obtained constants Dj>0 (:=0,1,2), we estimate the
integral

w
J'x"’z(t)dt
[e]

as well. From all the obtained estimates of integrals yields the
boundedness of x(j)(t), 3=0,1,2, |ef. (11D, (12), (14)| and the
inequality (15) for all w-periodic solutions x(t) to correspond-
ing one-parametric system (S) involving the differential equation
(2.1).
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The following three theorems can be regarded as the modi-
fications of the foregoing theorem. Their proving process is the
same as that of Theorem 1.2 (the first and the second theorems)
or Theorem 1.1 (the third theorem), respectively.

Theorem 2.2. Let (21), (31), (22). (32), (4) hold in the
differential equation (2.1). Let there exist a constant c€R - (0)
such that the inequality

[h(x) -ex| £ ﬁ|x| + H, (Al)

where Ao~ 0, H>0, is satisfied for all x.

Let there exist constants ﬁl > q, H0> 0 such that the ine-
quality

[hyCy)| = Hylyl + Hy (A3)

is satisfied for all y. If
2

(AsPdwy + (B+Hy +PIw < 1 (Ry)
and

A

<|lcl|, (RO)

then (2.1) has a w-periodic solution.

Theorem 2.3. Let (2)), (31), (2,), (32), (4) hold in thediffer-
ential equation (2.1). Let there exist a constant ceR - (0)
such that the inequality

Ih(x) -cox| < filx| + H, (A
where A & 0, H>0, is satisfied for all x and the inequality
lhy(y) - 3 U5 2yl = H, |yl + H (A)
10y Ve “yl = Hylyl +Hy s 4
where Hl =0, H >0, is satisfied for all y. If
(A+p dw_+ (B+H +3%[c_2+P)w2<1 (R,)
P2/% 1 1'% 2
and
o .
<|C| ’ (RQ)

then (2.1) has a w-periodic solution.
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Note that the differential equation (2.1) belongs now to
the system

x T+ m{eCt,x,x ,x Dalt,x”) + £(t,x,x ,x Iblt,x) -
- 3}\/Ex" + hl(x') - 3{/—‘:2)(' + h(x) - cx -
C pltxox x ) ¢ 3Yex T+ 33E v ox = 0, ()

where —%/E is a triple root of the characteristic equation
corresponding to (5). Estimating the integral

w
J x“2(t)dt ,
o

we use, besides (2), (3) and (4), the inequality

2

W
|J hy (9] - 376 2% (O x (Ddt] = 1w’ x“2(t)dt +
o

[ e 3

W
.2
+ Hoﬁwo J x  “(t)dt
)

w
with respect to (Aé) and estimating the integral fxz(t)dt,
]

we employ, besides (2), (3) and (4) again, the inequality

w w w
lS{h[x(‘t)] - ex(D)fx(t)dt| éﬁ[xz(t)dt + H/w sz(t)dt
[s] [s] o}

with respect to (Al).
Theorem 2.4. Let (21), (31), (22), (32), (4) hold in the dif-

ferential equation (2.1). Let there exist constants ceR - (0)
and H > 0 such that the inequality
Ih(x) - ex| £H (A

is satisfied for all x. Let h (y)e€ C'(R1) and let
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0 if hl'(y) =90

‘ = X ._////
hy(y) Hl"\ (Ag)
H >0 if 0< h (y) = H/
1 1 1
hold for all y. If
* 2
(A+P2)w0 + (B+H1+P1)w0<1, (R3)

then (2.1) has a w-periodic solution.

Note that integrating by parts, we apply for an estimate
w

of the integral f xlﬂz(t)dt, according to (Ag), the inequality
0

w
-jhl[x'(t)]x"’<t)dt = hl’[x’(t)]x"z(t)dt =
o}

oY=

together with (2), (3), (4) and (Ao)’

Furthermore, we can give the same theorems on existence of
a periodic solution to (1) with the special form of the function
g as in [3]. The corresponding assumptions are quite analogous.
The results received by means of the same proving method differ
by the different form of constants estimating the integrals of
x 2y, x 72, x 2, X2 [ef. (8), (9(, (10), (13)] and,
consequently, also the function x(t) with its derivatives x (t),
x “(t) [ef. (11), (12), (14)], only.

For the sake of brevity, we present both cited theorems
with the alternative assumptions ugain.

Theorem 2.5.1. Let (21), (31), (22), (32), (4) hold in the
differential equation

x T+ eCt,x,x ,x Nalt,x”) + £(t,x,x ,x db(t,x ) +

+ hl(x') +cox = p(t,x,x ,x ), (2.1.1)

where c€R - (0) is an arbitrary given constant.
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Let one of the following four assumptions hold:
1) for all y it is satisfied the inequality
A
Ihy ()| =8 Iyl + H, where Ai; =0, H>0,
whereby

(A+PDu, + (B+h +Pl)w§ <1

2) for all y:
0 if hl(y)y =0

////

hl(y)y < yX :=
TNH>0if 0<h (y)y £H,
whereby

(A + Pz)wo + (B + Pl)wg <1

3) for all y it is satisfied the inequality
Ihy (y) - 335 2y| < H,lyl + H, where H) =0, H>0,
whereby
(A+P2)w0+ (B+H

L+P 3 v

4) h (y)ect(R!) and for ally

hy(y) = H} e

1
\Hl’>0 if 0< h{(y) £H],

0 if hl'(y) <0

whereby
(A+Pou, + (BeH +P Wi

Then (2.1.1) has a w-periodic solution.

Theorem 2.5.2. Let (21), (31), (22), (32), (4) hold in the
differential equation

x 7+ elt,x,x ,x Dalt,x ) + £(t,x,x ,x Db(t,x") +

+ hl(x’) + h(x) + cx = p(t,x,x ,x ), (2.1.2)

where ce R - (0) is an arbitrary given constant.
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1)

2)

3)

4)

Let one of the following four assumptions hold:

for all x:
0 if 0 € h(x)x
-h(x)x € H* := —
~H>0 if -H ¢ h(x)x <0,
for all y:

/////,U if hl(y)y £ 0

Hy >0 if 0< hl(y)y £H,

hl(y)y £ Hi‘ 1=

whereby
(/-\+P2)w0 + (B+Pl)wg L1

for all x:

ChOOX £ HX =

\\‘
~H>0 if -H £ h(x)x< 0,

for all y it is satisfied the inequality
Ihl(y)l £ Hlly] + Hy, where H, = 0, H >0,

0 if 0 £ h(x)x

whereby
(A+P2)w0 + (B+H1+P)w§<1
for all x it is satisfied the inequality
|h(x)| £ H|x]| + H, , where H =0, H >0,
for all y:
) = 0 if hl(y)y £ 0
hl(y)y < H1 iz~
\

H >0 if 0<hl(y)y £H,
whereby ’
(A+H+P2)w0 + (B+P1)w§<l

for all x it is satisfied the inequality

[h(x)]| ¢ H|x]| + H,, where H > 0, H >0,

for all y:
|hl(y)| £ H1|Y| + H;, where H, * 0, H; >0,
whereby
n 2
(A+H+P2)w0 + (B+H1+Pl)w0<l.
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Then (2.1.2) has a w-periodic solution.

Closing Section II, we give the theorem on existence of
a periodic solution to (1) with the more general form of the
function g. Its proof can be performed as that of Theorem 1.1.
Theorem 2.6. Let (21), (31), (22), (32), (4) hold in the diffe-
rential equation

x T+ e(t,x,x ,x Dalt,x) + £(t,x,x ,x Dblt,x ) +

+ hl(t,x') + h(t,x) = p(t,x,x ,x ). (2.2)

Let there exist constants ce«R - (0) and H >0 such that for all
t and for all x :

[h(t,x) - cx| ¢ H

and for all t and for all y it is satisfied the inequality
Iy Ce,yd | =8 Iyl + Hp,

where A, * 0, Hy > 0. If
(A+Pu, + (B+A +PDWE< L,

then (2.2) has a w-periodic solution.

Note. In analogy to Theorem 2.1 and its modifications the
corresponding theorems on existence of a periodic solution to
(1) with g = hl(x') + h(t,x) - p(t,x,x ,x ) or g = hl(t,x') +
+ h(x) - p(t,x,x ,x ) can be given with the same assumptions on

the functions hl or h as in Theorems 2.2 - 2.4.

Section III
‘Theorem 3.1. Let (21), (31), (22), (32), and (4) hold in the
differential equation

x T+ elt,x,x ,x Dalt,x") + £(t,x,x ,x Ib(t,x ) +

+ hy(x™) + h(x) = p(t,x,x ,x 7). (3.1)

Let there exist constants ceR - (0) and H > 0 such that the ine-
quality
|h(x) - cx| =H (A
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is satisfied for all x. If
(A+Pw, + (B+P1)wc2)<1 s

then (3.1) has a w-periodic solution.

Process of the proof is analogous to that of Theorem 1.1.
w

Estimating the integral J xz(t)dt, we use, besides (2), (3), (4)
0
and (AO), the inequality

w w
| S h, [x ") Ix(t)dt| = H, vw J x2(t)dt ,
[s] 0

where ﬁz = max Ihz(x")! for [x7] ¢ D7 >0 [cf. (12)]. The exist-

ence of an estimating constant D7 is implied from the estimate
w

of the integral .S‘ x“2(t)dt obtained by the proving process for
0
the first time.

Two special cases of Theorem 3.1 are

Theorem 3.2.1. Let (21), (31), (22), (32), (4) hold in the
differential equation

-

x 7w e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Dblt,x") +

+ hz(x") +cx = p(t,x,x ,x7) , (3.2.1)
where c € R - (0) is an arbitrary given constant. If
2
(A+P2)w0 + (B+P1)w0< 1,
then (3.2.1) has a w-periodic solution.

Theorem 3.2.2. Let (2)), (3)), (2,), (3,), (4) hold in the
differential equation

x 7w e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Dblt,x ) +

+ h2(x") + h(x) + cx = p(t,x,x ,x), (3.2.2)

where ce«R - (0) is an arbitrary given constant.
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Let one of the following two assumptions hold:
1) for all x it is satisfied the inequality

[h(x)| ¢ H with H>0,

whereby

(A+Pu, + (B+P1)wf <1

2) h(x)ecl(R!) is such that
|[h°(x)| ¢ H, where H >0,
and for all x it holds

0 if 0 € h(x)x
/

SH S0 if -H € h(x)x< 0,

-h(x)x £ H* ;=

whereby

(A+Pw, + (B+PDWE + H Wl <1,

Then (3.2.2) has a w-periodic solution.

Proving process of the both theorems is begun by estimating
W
the integral fx"’z(ﬂdt and it is continued as in the proof of

¢}
Theorem 1.1. To prove the last theorem, under assumption 2),

we use (after integration by parts) the inequality
w w
lj'n[x(t)]x"’mdtl - -fh’[xu)]x’(t)x"(t)atl <
o ‘ (s}

W
=H’ wg fx ”’z(t)d:t .
0

Closing Section III, we give
Theorem 3.3. Let (21), (31), (22), (32), (4) hold in the diffe-
rential equation

x7 o+ e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Dblt,x") +

+ h2(t,x") + h(t,x) = p(t,x,x ,x7). v (3.3)
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Let there exist constants ceR - (0) and H > 0 such that
|h(t,x) - cx| € H

holds for all t and for all x. Let the inequality
Ihy(t,2)] € Hylz| + H

where H2 >0, H1'> 0, is satisfied for all t and for all z. If
APy +HIu, + (B+P WAL,

then (3.3) has a w-periodic solution.

Note that the analogous theorems on the existence of a
w-periodic solution x(t) to (1) with g = hz(t,x")+ h(x) -p or
g = hz(x'ﬁ +h(t,x) -p can be given as a special case of the
foregoing theorem.

Section IV

The following theorem and one of its possible modifications
(the second theorem) can be proved by the same procedure as
Theorem 3.1 or Theorem 2.3, respectively.

Theorem 4.1. Let (21), (31), (22), (32), (4) hold in the
differential equation
x 7+ e(t,x,x,x Dalt,x”) + £(t,x,x ,x Db(t,x") +
+ hz(x") + hl(x') + h(x) = p(t,x,x ,x 7). (4.1)
Let there exist constants ceR - (0) and H > 0 such that the
inequality

|[h(x) - cx| ¢ H

is satisfied for all x.

Furthermore, let there hold one of the two following
assumptions :

1) they exist constants ﬁl * 0, H > 0 such that the inequality
ihl(y)i £ H1|Y| + Hl
is satisfied for all y, whereby

(A + Pz)w0 + (B + ﬁl + Pl)w?J <1
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2) h(yec’®Y) and
0 if hi(y) £ 0
1
hl'(y) < H)]f i = /
H >0 if 0< hl(y) £ Hy
holds for all y, whereby

(A+P2)w0 +v(B+H’1(+P1)w?J <1.
Then (4.1) has a w-periodic solution.

Theorem 4.2. Let (21), (31), (22), (32), (4) hold in the
differential equation (4.1. Let there exist a constant ceR - (0)
such that the inequality

|h(x) - x| = H,

where H >0, holds for all x and the inequality
Iny(y) - 3c%yl < Bylyl « wp,

where ﬁl 0, H1;> 0, holds for all y. If
(AP u, + B+H +p +3cPd 2,

then (4.1) has a w-periodic solution.

To prove the last theorem, we note that differential
equation (4.1) is included in the system
x 7+ m{e(t,x,x ,xNalt,x™) + FOt,x,x ,x Db(t,x’) +
+ hz(x") - 3ox o+ hl(x') - 3¢2x" + h(x) - ’x -
- plt,x,x ,x DY+ 3ex 7+ 362x 4+ ¢°x = 0, (sy)

where - ¢ is a triple root of the characteristic equation corres-
ponding to (5).

Now, we present two special cases of Theorem 4.1 in the
aggregatively form, i.e. with the alternative assumptions as in
Section II.

Theorem 4.3.1. Let (21), (31), (22). (32), (4) hold in the
differential equation
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x 7+ e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Db(t,x’) +
+ hz(x") + h(x7) + ex = plt,x,x",x7), (4.2.1)

where ceR - (0) is an arbitrary given constant.
Let one of the following two assumptions hold:
1) for all y it is satisfied the inequality
Ihl(y)l = H1|y| + Hy, where ﬁl *0, H >0,
whereby
a 2
(A + Pz)wo + (B+H1 +P1)w0< 1
2) h (y)eclR!) and for a1l y it holds
/0 if hi(y) €0

hlr()’) € yX :=\
H{ >0 if 0<h (y) £ H

1
whereby

(l\+F’2)w(J + (B +HX +Pl)wg<1 .

Then (4.2.1) has a w-periodic solution.

Theorem 4.3.2. Let (21), (31), (22), (32), (4) hold in the
differential equation
x 7+ e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Db(t,x") +
+ hz(x") + hl(x') + h(x) + cx = p(t,x,x ,x ), (4.2.2)

“ where ce€R- (0) is an arbitrary given constant.
Let one of the following four assumptions hold :

1) for all x it is satisfied the inequality
|lh(x)| £ H with H>O0
and for all y:
A A

|h1(y)| £ Hllyl + Hp with H 20, H >0,
whereby

A
(A+P2)w0 + (B+H

1 +Pl)w§< 1
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2) h(x) e c'(R!) and for all x it holds
0 if 0 £ h(x)x
-h(x)x £ H* <

H>0 if -H ¢ h(x)x <0
and

[h(x)|

for all y #t holds the inequality
Ihy GO = Hylyl + Hy with fi, »o0, Hy >0,

IN

H™ with H >0,

1
whereby

5 2 -3
(A+P2)w0 + (B+H1+Pl)w0 + Hwj L1

3) for all x it holds
|[h(x)| € H with H>0

and h,(y)e C'(RY) is such that for all y it holds

0 if hi(y) ¢ 0
. 1Yy
hl(y) < H)]f:=/

™~

H1'>0 if 0<h1’(y) < Hl’ s

whereby
* 2
(A+P2)w0 + (B+H1+F‘1)w0 <1
4) h(x)ecl(RY) is such that for all x it holds
0 if 0 ¢ h(x)x

/
TN HS0if -H £ hGOX<O

~h(x)x £ H* :=

and
|h“(x)| £ H® with H >0,

h (y)e C1(R!) is such that for all y it holds

0 if h (y) £ 0
1
it € it
Hl’>o if o<h1'(y) < H

1o
whereby

(A+Pu + (B +HY +P W2 + Hwl <1,

Then (4.2.2) has a w-periodic solution.
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To prove both theorems, we can use the same manner as in
the foregoing proofs of theorems with the corresponding assumpt-
ions (see, e.g., the Theorems 2.5.1 and 2.5.2 in Section II or
the Theorems 3.2.1 and 3.2.2 in Section III).

Following theorems extend the existence result on a periodic
solution to (1) with respect to a more general form of the
function g.

Theorem 4.4. Let (21), (31), (22), (32), (4) hold in the
differential equation
X e(t,x,x ,x Dalt,x ) + £(t,x,x ,x db(t,x") +
+ hy(t,x ™)+ hp(t,x ) + h(E,x) = plt,x,x,x 7). (4.3)

Let there exist constants ceR - (0) and H >0 such that for
all t and for all x is satisfied the inequality

[h(t,x) - cx| < H.

Let for all t and for all y it hold

|h1(t,Y)| < ﬁllyl + Hy , where ﬁl >0, H

and for all t and for all z
lhz(t,z)l < gleI + Hy, where ﬁZ >0, H,>0.

If
A A
(A+H2+P2)w[J + (B+H1+Pl)w§<l ,

then (4.3) has a w-periodic solution.

Note. In the cases that g = h,(x7) + hy(x") + h(t,x) - p

or g = hy(x™) + hy(t,x) + h(x) - p or g = hy(t,x ™) + hl(x') +
+ h(x) -p holds in (1), it is possible to modify appropriately
the assumptions in corresponding theorems on the existence of

a periodic solution to (1) with respect to h(x) or hl(x'),
respectively.

Theorem 4.5. Let (21), (31), (22), (32), (4) hold in the
differential equation
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x T e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Ib(t,x) +
+ hz(x',x") + hl(x,x") + hix,x ) = p(t,x,x ,x ). (4.4)

Let there exist constants ceR - (0) and H * 0, H >0 such
that for all x and for all y it is satisfied the inequality

[h(x,y) - cx| ¢ l'-\lly| + H.
Let for all x and for all z it hold

|h1(x,z)[ < ﬁllzl + H,, where ﬁl =0, H >0,
and for all y and for all z:

IhyCy,2)| = Hylz| + Hylyl + Hy,

where H3 >0, H2 * 0 and Hl> 0. If

A A
(A+H1+H3+P2)w0+(B+H+H2+P1)w§<l,
then (4.4) has a w-periodic solution.

Theorem 4.6. Let (21), (31), (22), (}2), (4) hold in the
differential equation

x T+ e(t,x,x ,x Dalt,x”) + £(t,x,x ,x Ib(t,x") +
+ hz(t,x',x") + hl(t,x,x') + h(t,x,x7) =
). (4.5)

= p(t,x,x ,x

Let there exist constants ceR - (0) and A ® 0, H,> 0 such
that for all t,x and for all z is satisfied the inequality

Ih(t,x,z) - cx| < fA|z] + Hy -
Let for all t,x and for all y it hold

Ihl(t,x,y)' 2 g1|Y| + H, where ﬁl *0,H>0,
and for all t and for all y,z:

Ihz(t,y,z)l < H}IZ' + H2|Y| + Hl ’

[

where H3 * 0, H2 0 and H1>-0. If
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(A+ﬁ+g}+P2)w0 + (B+ﬁl+ﬁ2+Pl)wg<l,

then (4.5) has a w-periodic solution.

Note that two initial assumptions in both foregoing theorems
can be still modified in two ways. The special cases of the
second theorem are related to g = hz(t,x',x") + h(x) -p or
g = hl(x')+h(t,x,x")—p or g = h?_(x")+hl(t,x,x')-p in (1).

Closing Section IV, we give the theorem on the existence

of a periodic solution to (1) with a general form of g.

Theorem 4.7. Let (21), (31), (22), (32), hold in the
differential equation (1). Let there exist constants ceR - (0)

and G2 >0, Gl 2 0, 6 >0 such that for all t,x and for all y,z
there is satisfied the inequality

lgCt,x,y,2) - cx| € G,lz| + Gyl + G. (6)
1f
(A+Bu, + (B+6w> <1, (R)

then (1) has a w-periodic solution.

The proof can be performed as that of Theorem 1.1, when
substituting x(J)(t), j3=0,1,2,3, into (S), where

2
E c.x(z_j) = ¢cx , ceR - (0),
70

multiplying the obtained identity by x ~(t) and integrating from
0 to w. Thus, we arrive at '

w W

jxmz(t)dt = m{—[e(t,...)a[:t,x”(t)]xm(t)dt -
) 0

£Ct, ..t x (£)]x " (t)dt -

loCt,...) - ex(]x " (t)dt] ,

O“——= O“—=

so that we have [cf. (2), (3) and (G)]
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w
) 2
jx (t)dt € D, where Dy := & (A +B_+G) VW >0 (05)
0
with K 2= {1- [(A+8,)u, + (B+G6wll} > 0 according to (R),
and furthermore [see (7)]°
W
-2 2. )
fx (t)dt € D) with Dy:= w D3>0, (0,)
o]
w
.2 2. )
j x “(t)dt € Dl with Dl = w002 >0, (Dl)
[e]
whereby [cf. (12), (11)]
Ix“] ¢ yvwDy :=D" >0 (0"
Ix'l £ VWD, o g >p, )

Multiplying (S) by x(t)sgn(c) and integrating from 0 to w again,
we come to

W "
IClJ «Z(t)dt = m sgn(c){—‘(- e(t,..)alt,x "(t)]x(t)dt -
0 0

w w
- f £(t,...0b[t,x (t)]x(t)dt - f lgt,...) -
[s] o]

cx(t)]x(t)dti ,

so that we have by means of (02)’ (Dl) [cf. (2), 3), B)]

w
f x2(t)at < 02,
0 £ 3

1
where D := _|:|— [(A+G2)D2 + (B+Gl)Dl + (A0+BO+G) yw] > 0
(0y)
and consequently [cf. (14)]

lx(t)lé(no/ﬁ+ﬁnl):=o>o. (D)
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It follows from (D7), (D") and (D) that the inequality
(15) is satisfied independently of m, which proves our theorem,
when taking into account the assumption c # O.
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