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1. INTRODUCTION

Interpolating cubic splines with breakpoints coinciding
with points of interpolation are usually used in applications.
In the theory we can find generalizations tr splines of odd de-
grees (see [1], [9]). The purpose of small interest in quadratic
splines (and splines of even degrees) on such a set of points
can be found in [2]:

- such a spline needn t exist in some cases;

- even in case, when such a spline can be constructed, it has
some unpleasant properties (unsymmetry of defining condi-
tions, strong global influence of interpolatory data and
boundary conditions).

We can obtain a quadratic spline with better properties -
even better than by cubic splines in some sense - by separating

breakpoints and points of interpolation of the spline. Such for-
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mulation and solution of the problem of existence and uniqueness
can be found in [4], [17). The possibility of choosing the break-
points of the spline is frequently used in the constructions of
shape-preserving splines in the last time (see [13] - [16]).

Let us have the sets of breakpoints X i = 0(1l)n+1 and
points of interpolation ti’ i = 0(1)n for a quadratic spline
557(x) = 5(x) on the interval [a,b] with

<

3
(Axat): Xg a:t0<x1<t1<x2<...<xn<tn=b-x

n+1

We define a function 521(x) = S(x) to be quadratic interpolating
spline on (4xAt) to the given data 95 i = 0(1)n, if
12 s¢o e ¢P1a,b)
2° S(x) is a quadratic polynnmial on each interval
[xi,xi+1], i = 0Cl H
3% s(t,) =gy , 1= 0(n

Using the parameters m;, = S'(xi), i = 0(1)n+1 for the represen-
tation of such a spline, we have (see [5], [6])

(sm)  s(x) = gi+(q—di)[mi+(mi+l-mi)(q+di)/(2hiX

for xe [Xi’xi+1]
with hi = X417%50 Q% X=X, di = ti—x.1
The continuity conditions for S(x) lead to the following system
of linear equations

(m) a. m, + b, m, +c, m. = f. i = 1()n ,

_ 2
where a; = (h;_; - d; )7 >0

2 2
d;(2h;-ddhy y/hy + (hy g - dj ) >0,

(=2
n

2
c; = df hy_/h; >0
£, = 2hy 1(g; - 9590

for the parameters m, used in representation (Sm) (see [5],
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[6]). Two conditions needed for the unique determination of my
are usually given through some type of boundary conditions. The
algorithms for computing these parameters under various bounda-
ry conditions (first or second derivative of S(x), periodicity),
the questions of existence are studied in [5] - [7].

In the following we shall study the local (or localizing)
properties of S(x) (local influence of the data 95> boundary
conditions), shape preserving properties (preserving monotoni-
city or concavity of the data 95 by S(x))and finally we shall
give the algorithm for finding the spline with minimal curvatu-
re. It is also the purpose of this article to compare these
features with analogical properties of the cubic splines. We
find that the quadratic splines on (AxAt) - on the contrary to
quadratic splines on the set (xi) only - have quite nice pro-

perties, in some sense better than the cubic splines.

2. LOCAL INFLUENCE OF BOUNDARY CONDITIONS

For the sake of simplicity we shall study the simplest
case of (Axd4t) with hi =*h, ti =Xy o+ h/2, i = 0(1)n. The sys-
tem of equations (m) reads now (multiplied by four)

mi_q * 6my o+ omy = f;  with £, = 8(gy )/h . (1)

i+1 951

We complete this system by adding boundary conditions mg =

=5 (xo), mo,p =S (Xn+1) with m m . 9iven; then (1) results

O,
in the system of n linear equations for n parameters L i =
= 1(l)n. The matrix A, of this system is tridiagonal -



For the determinant Dn = det(An) we have D, = 6, D

1
n+e1 " Dpe

2 = 35

and the recurrence relation Dn+2 =60D
Solving this difference equation with initial conditions
given we obtain
D, = c,3 + 2[D)" + 6,3 - 2/D"

(2)
cl~0,9 H c,~ - 0,01

So - for n large enough - we have Dnﬂvsn.
With (axat), 9 given, denote

S(x) - the spline with boundary conditions mgs Moy

and parameters [mi] =m, i = 1(1)n

S(x) - the spliné with boundary conditions EO’ m
and parameters [Ei] = m.

n+1l

The parameters mi, My, i = 1(1)n of such splines S(x), S(x) are

the solutions of systems with the same matrix An

T
Apm=f, where £ = [f,-mg, £,,...,8 |, £-m 1" (3

>
3
"

. = = - T =
n £, with T = [f,-mg, £,,...,8 4, £.-m 1] . (D)

For the spline $(x) = 5(x) - S(x) we have

~ . — ~ -
S(ti) =0, § (xo) = Wg-mg, S (xn+1) =mo,qm

We can count its parameters ﬁi = 3'(xi) solving the system

A R =t with = (fg,0,...,0,% 17, (4)
My = my-m ™ = m -m
Mg = Mp™Mg » Mpel © Mpel ~ Maad

Using Cramer s rule and expansion of Dn’ we have

~ ~ -1~ 1 -
= [mODn_l+(-l)n mn+1]/Dn~aZ ﬁo#(-l)n Lﬁn+1/6n

3,
-
[

~ n-2 ~ .2 n-2e n-1

My = [-WgD_p*(-DVK .61/ ~-Fg/6%+ (-1 /6 (%)
. N -1~ ~ .- ~ ~

g = DM IRE 0 170 ~ DM M 6NE L 76
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We can see from there, that the differences ﬁu, ﬁn+1 in
the first derivative on the boundary influence the values of
parameters ﬁi substantially in the neighbourhood of boundary
only (and even here with the small coefficient 1/6). We can
make the same conclusions analysing analogically the system
for the parameters M, = §°"(t,) in the related representation
of S(x), given in [5], (6] (the matrix of such a system is
identical in the case of equidistant set (Axat) considered).

Remark. We can see that such a local property of S(x) s
H 521(x) follows from the strong diagonal dominancy of the
matrix An of the system (4). Making analogically such an ana-
lysis for the interpolating cubic spline S;l(x) on the equi-
distant mesh (ax) = (xi), i = 0(1)n+1, we get for parameters

mo= S;l(xi) tridiagonal linear system with the matrix
4 1
1 4
B = - . .
n P
1 4 1
1 &

We have det(B )~ 13(2+73)" ~13(3,7)"; so the rate of
decreasing the influence of errors or inaccuracies in boundary
conditions is smaller than bj quadratic splines (the diagonal
dominancy in matrix Bn is weaker than in the matrix An).

3. LOCAL INFLUENCE OF THE DATA 9;

In the case of t = %(x + x1+1) we can easily show the
local influence of the data 9> i = 0(1)n, g9; = g(t ) with
geC [xo, xn+1], on the values of parameters mJ wlth 13-i|
great enough.

With mg, m_ ., given, the parameters m; i = 1(1)n are
computed from the system of equations (3).

The magnitude of the components of the inverse matrix
Al - [3;;) is limited by
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laijl £ % (%)li—jl/2 (see [18)); (6)

further we have [l £ [|_ : Bll(gi—gi_l)/hlié 8ll g” |l

Finally, with I, = {3=i-k(1)i+k} kefl,...,n-i] , we obtain
the inequality

a.. f.
13 7]

2edon_ bz g
341,

£ 437 0DZ) )

We see from there the decreasing influence of the data
gj on parameters m, with increasing distance from the diagonal
(from the breakpoint xi).

4. SHAPE-PRESERVING PROPERTIES
Let us have the mesh (AxAt) of breakpoints x; and points
of interpolation ti with the data 95 given.
We say (see [13]) that the data g;, i=0(1)n are
: < 2 i= -1
- monotone, if 9; =95, (or 9; = gi+1), 1=0(1)n-1 ;
- concave, if & 9 2 0 (or convex, if JQgi £0), i=1(1)n-1.

The problem we shall study now is the following: does the inter-
polating spline S(x) = 521(x) follow the monotonicity or conca-
vity of the data 93 ?

4.1 Monotonicity preserving

Under the boundary conditions Mgs Moy prescribed, the pa-
rameters m i=1(1)n satisfy the system of equations (3)

A m=f
n

Transforming this system equivalently by multiplying the i-th
equation by two and substracting neighbouring equations multi-
plied by one half, we get the five-diagonal system
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o 1 M7 e 4 ]
Hz -1 -3 m | | R(9y-9)~ Rlgy9y)-2mg
1 1 1 4
-7 1 Uy -l -3 mg E@“(gi’gi-l)‘(91+1‘91)‘(91-1‘91-2)]
1 1 16 4
-7 L lth 'Wd RO o177 70179020 P

L. L - -
(8)

The matrix of this system is diagonally dominant and monotone
(see [3]). Under conditions of positivity of the righthand side
of (8),

(9;-04.1)/0 % H[(o;,1-0,0/m-Ca;_y-0; o/ - A7y,
mg for i=2 (9)
m, =40 for i=3(1)n-2
Mol for i=n-1
m, =8(g;-gg)/h - 2(g,-a;)/h
M+l = 8(g,-0,_1)/h - 2(g, -9, 9)/h

we have therefore also my Z g, j=1(1)n.

The first derivative S;l(x) is a piecewise linear function
on [a,b] and hence from my 2 0 also follows Sél(x) 20 for all
x € [a,b]. In this way we have proved the following theorem.

Theorem 1. Suppose that
- the data g, i=0(1)n+1 are increasing,
- the conditions (9) hold
Then the interpolating spline SZI(X) is an increasing function.

Remark. The analogical statement for decreasing data can be
obtained using opposite signs of inequalities in (9).

4.2 Concavity preserving

The quantities M.1 = S"(ti) of the quadratic spline SZl(x)
on the set (axat) with )
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X = (t, + t

ey = (b v t0)72 (10)

are coupled together through the continuity conditions

= 2
Mi_y + 6 My + M =16t |, tis ti,] (=8Jgi/h2 y (11)

(see [5], [6]).
Prescribing boundary conditions Mg = 5"(t0), M =5 "(t)
we have the system of linear equations with the same matrix

An as in 4.1. Using the same technique as before we can prove
the following statement.

Theorem 2. Suppose the data g; given for the spline SZI(X) on
the mesh ( Ax4t) fulfilling (10) are concave.

Then under conditions
)N L 2
J gi—l+Jgi+]_<4Jgi , 1=3(1)n-3

M0>0 y Mn)o

d*a,+ n?m < ad 9, < 16J92+ 1h2u, (12)
1 1,2 1 L 1,2
J 9n_2* 20 Mn‘ 4Jgn—l‘ 16d‘gn—2+ "M,

the inequalities Mi >0, i=0(1)n, hold and hence 521(x) is con-
cave function.

Remark. In the case of cubic splines on equidistant set (4x)
the analogical condition of concavity preserving can be obtai-
ned (see [19]). Analogically to 4.1 we can also study the con-
ditions, under which 9541 > 9; implies my > 0; but in the case
of cubic splines this fact doesn’t imply S;l(x)> 0 on the in-
terval (xi,xi+1) (- monotonicity preserving).

5. THE QUADRATIC SPLINE S,,(x) WITH MINIMAL NORM ] 5'2'1||2

It is well-known that the cubic splines have the minimising
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property ||5;i||2 < f"ﬂ2 on the class of functions fe wg in-
terpolating the same data and fulfilling the same boundary con-
ditions (the "natural cubic splines" - under all types of
boundary conditions; see [1], [2], [18]).

We couldn’t find such a property under quadratic splines
interpolating the data 9;- What we can do only is to find free
parameters mg, m_ . in such a way as to minimize ||Si{”2 over
the class of the quadratic splines interpolating the same data.
This idea - for quadratic splines on the set (Ax) only - was
worked out by G.Maess in [10], [11].

Let us have the set (axat) with the data 95> i=0(1)n given
and a quadratic spline representation

S(x) = g; + (q-di)[mi+(mi+1—mi)(q+di)/(2hi)] ,
(Sm)

q=x-x

where the parameters m s i=1(1)n are computed from the system
(m), and with Mg, My,.p 38 free parameters to our disposal for

minimizing lIS”l& .

2
d - .
We have =— S(x) = (mi+1_mi)/hi’ m.

dx 57 ™3(mosma,y)s
j = 1(1)n. Denote
{bl 31 fl-alm0 1
Ch = ay b, ¢, » £= |1,
a b c )
n-1 "n-1 “n-1 fn—l
a b
n °n
L J fCa™ns1
Om.
D(ml) = |—d , i=0,n+1 ; J:l(l)n ,
Dm,
i
X
n_ [j+1
amg,m) = s N2 =2 |7 (57 (x))%0x =
0°"1 2 3=0
X

3

- 53 -



2,
ghiamwmpmp -

n

2 2 2,1 1
m~/hn+m /h_+ mi(s o+ =) . (13)
0770 "n+l""'n 371 9 hj—l hj

Then differentiating (m) we get

C,0(my) = [- a;,0,...,0]T ,

(14)

T
c0(m ) = [0,...,0, - c]

n+1

The components of the solution of (14) could be written
explicitly using Cramer s rule

le sz
- = -a;0y/D_ , 75;— = 2;8,0,/0 ...
0 0
m. .
1 _ (_1y1
A (-1) a;...a;0,/0,
0 |
O (15)
n-1 (-l)ﬂ—l aa,...a 1b /D,
Qmo n-1"n
Dm
n n
= (-1)"a,...a_/D
1 n?
g
where
bi+l Cinl
D =det | aj,p Dip Ciu , D, = det(C))
a, bn
Similarly we have
Am 1
2 = n.‘ .o y
le = (-1 €1Cp-+-Cpp> . = (-1) b102 Cqh
Mo+l n+l
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i n+l-i = n . =
a2 (-1) 3 CnDi/D y " = ann/D s
Mo+l n+1
with

- 9
by &

D. = det

i a, b2 c,

i-1 Pia1

The necessary conditions for Q(mD,m ) to have a minimum

n+1
are
n Am.
Pa0. 2 my + 2 25 _mj(%: +%f) —l =0
my  hy j=1 3-1 3 Qmo
an
n
) Dm.
-2 Me1 * 2 ZE: mj(ﬁ% * %T) =0
an+1 h, j=1 3-1 3 ’Dmn+l

These two equations complete the system (m) to the system of
n+2 linear equations for determining parameters mis i=0(1)n+1
(here we have to substitute for ’ij/q)mi according to (15),
(16)).
Denoting a; = 2/h0, ag; = 2(h7} + hfl)(—l)j a;...
J j-1 J 1
23050 (18)

b = 2/hn, b

_ -1 -1 n+l-j = .
nel = 2(hj_l+hj )(-1) c....anh/Dn, 3=1(1)n,

J

“

n+l,]

we can write this system as

% % % %3 %0 O ][m ] [0 ]
ap by o 0 ...0 0 m f,
oL : : = | (19)
0 a, bh c, 0 m, fn

L 0 bn+l,1 n+l,n “n+l L Mo+l L 0 ]




Solving this system, we get the parameters m,, i=0(1)n+1 which
define the spline S(x) (via (Sm) representation) minimizing
s,

Theorem 3. Let the mesh @xAt) and data 9;> i=0(1)n be given.
Suppose, that

.,c. given in (m)),

lbi|> Iail + |c.| (aj,by,c4

1

lagl > J_Z|aojl c Tl > 2ley,y ] (20)

Then we have a unique spline S(x) minimizing IIS”H2 over
all splines S(x) interpolating the data 95 the parameters m,
of such a spline can be computed from the system (19).

Remark. In case of equidistant mesh (4xAt) we have

hy =h, d; =h/2,

My i Dm, i .
L= ('1)1/6 , -1 . (_1)n+1-1/6n+1-1
"o 0mn+1

agy - -1)d.a/th.6d), ay = 2/n >:E:a0j =g (1 /6™
J

b

_ (_1yn+l-]3 n+l-j _
nel,3 = D .4(h.6 Yy by = 2/h)> Ej Bre1,

_4 + n+l
77 (1 = 1/6777)

and the system (19) has thus unique solution.

®

6. EXAMPLES

Let us have the data
ti - points of interpolation, knots of cubic splines 532, 531;
y; - prescribed values in t; (y\i = S(ti));

Xq - knots of quadratic spline (;i - knots changed);
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Y.

i prescribed first derivative (for 532 only).

given by the following table

i 0 1 2 3 4 5 6 7
ti 0 1 2 3 4 6 8 9
¥ 1.5 1 2 1.2 -0.5 -0.5 -0.5 1.5
x; 0 0.5 1.5 2.5 3.5 4.5 6.5 8.5 9.5
X; —_— — 4.1 7.9 —_—
yi’ 0 1 0 -1 0 0 0 0.5
i 8 9 10 11 12 13
ti 10 12 13 14 15 18
Yi 2 3 0.5 -2 0 1.5
X; 10.5 12.5 13.5 14.5 16 18
X3 11.8 —n— 15.2
y; [ 0.25 0 -1 0 1 0
We can see and compare properties of cubic and quadratic
splines defined by this data on the figures 1-8:
Fig.l - local Hermite cubic spline S5, given by (ti'yi'yi)'
Fig.2 - cubic spline given by (ti,yi) and boundary conditions
5;1(0), 8;1(18) approximated from the data.
Fig.3 - natural cubic spline Sg; (831(0) = 531(18) = 0).
Fig.4 - quadratic spline given by (xi’ti’yi); 521(0), 521(18)
approximated from the data.
Fig.5 - guadratic spline for (xi’ti’yi)’ 521(0) = 521(18) =
Fig.6 - quadratic spline for (Xi’ti’yi)’ 521(0) = § (18) =
Fig.7 - quadratic spline with Yip = 2 changed to Yig © 3.5,

2.5, boundary conditions computed from data.
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Fig.B8 - quadratic spline corresponding to the function
exp(x).sin(2x), x € [—1.5];

(e - points of interpolation, o - breakpoints (knots)).

We can see the local influence of boundary conditions and
local changes in values y; on the behaviour of the quadratic
spline. Let us mention also the Fig.6, where the possibilities
of appropriate choice of the knots of the quadratic spline for
fitting "flat parts" of the spline are demonstrated (one have
to move the knots near to the ends of flat segments).
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SOUHRN

NEKTERE VLASTNOSTI INTERPOLUJICIHO KVADRATICKEHO SPLAJNU

JIRI KoBzA

Pro kvadraticky splajn s oddélenymi uzly splajnu a body
interpolace se dokazuje lok&lni vliv okrajovych podminek a
zm&n v jednotlivych datech na prabé&h splajnu (tim se takovy
splajn 1isf od splajnu se splyvajicimi uzly splajnu a body in-
terpolace). Ddle se ukazuji postadujici podminky pro to, aby
kvadraticky splajn zachovdval monotonnost a konkdvnost dat;
je ukdzédno, Ze kvadraticky splajn md tyto vlastnosti ve vétsi
mife nez kubicky splajn. V zdvéru je ukdzdn algoritmus vypoltu
okrajovych podminek, pfi nich? md kvadraticky interpolujici
splajn minimdlni normu druhé derivace. Problematika je ilustro-
vdna na nékolika prfikladech.
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PESOME

HEKOTOPHE CBC/ICTBA KBAZLPATVYHOI'O MHTEPHOJALMOHEOTO
CIJAJHA

. KOB3A

B paGoTe usyuemTcs HEKOTOpHE CBONCTBE KBBAPATHUHCIO
craeliie ¢ HecOBNOLEDIMMM ySJASMM CNASHKHE C TOUKaMYN KHTEp=-
noaauuu. [JokesHBaeTCHd JOKBJIBHCE BJAKSHKE KP8EBEX yCJACBUM
M NpelnyCeHHHX 3HaYeEBKu)i HE noBelieRMe chnxalfHe /B ueM OTJAU~
ygeTcs OT cCnJejlHe cO COBNE&NENmMMM ySJOMK M TOUKEMM MHTEp-
noxsuun/. [lokeaseHH LOCTATOYHHE YCJOBMS COXPEHEEBMS MOHOTOH-
HOCTK M BOTHYTOCTHM LEHHHX KB&ADATUUHHM cniefiHcM, KOTOpDHIt
o6neLaeT 3TKM cBoitcTBOM lNeke B Coxpme#t Mepe ueM KyGuuec-—
xku#t cnaeitH., OKOHUATEABHO MCCIAELYETCH EJrOpPUTM BHUUCIEHKUS
TBKMX KPE8EeBHX yCcJOBKHi Iaa kBgipaTuyHoro cnxelfiHa, KOTOpHe
reapaHTVpyPT MUHUAMYM HODMH €ro BTOpc# nmpousBOZHO%. Pesynb-
TETH MECTLUDYETCS H8 I[LUMEDAX.
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