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The Laplace method for differential equations we can
find practically in every textbook. Using this method and
Kummer transformation it is possible to solve some kinds of
linear partial differential equations of the n-order. This
paper is a continuation of paper 3 . &

1. Introduction
We will interest in the equation
n m
k P
du Au
E a(t) = = Zb (v) = + a(t,y) (1)
o < et P77 oyP

p=0

in intervals ted,, ved,, where J;, =<0, o) and Iy =<y°,oo),
Yo is a real number, with initial and boundary conditions
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k
2 (0,y) = fi (y) (2)

Dt
Py
24 (t,y,) = g (1) (3)
oY
for k = 0,1,...,n-1, p=0,1,...,m-1, where m and n are natural
numbers.

2. Notation and assumptions

Let Bi (i =0,1,...,n), Bn # 0 are real numbers such that
B,a,(t)> 0 for every t&J,. Suppose, that a (t)e c(”)(al),
n-1
a _(tyec™ g,

Denote
t 5 1
x(t) = ~f ( 5:%?7 )" dt C(4)
o

and t(x) is the inversion function of the function x(t).

Denote also

P By 1 B, = n-1
n- n - .
P(x) ") CaE e Caey ) | (- T en(n) ¢ e (6)))dx
(5)
and
1 i e k
AX) = g 2 aﬁt(x))bri[(x(wr)-x(t)) Treo (6)

for k = 0,1,...,n. Let us suppose also
lim t(x) =
X0
and there exist Laplace images of functions

" (X q(e(x),y), ep(x)gp(t(X))

for every ye3J, and p = 0,%,...,m-1, Let us denote them

Q(A,y)s Gy(A).
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Denote also

k=d-1
s(ﬁ Y) = EE: jE::BeP(X) AXA (X))(J)( 1)J+1:Ef:: fi(y) f% .

k-j-1
3 J Bt(x+r) t(x));ﬂ - Q(A.y)

We will require for coefficients ak(t) (k = 0,...,n) that
1, o,

" -1
F[(x(m)—x(t))” q .
(n-1)1 (x"(t))"t

ak(t) =

n n-1
25 ocenx e 2o et

(ked)r (e ™t (et (x7T(e)<H

n n-1
%[(X(Hr)'x(t))ljr:o %:T (x(t+r)_x(t))kjr=o

kb (xT(en< ki (x7(t)

o, an(t) [
. (i-n+1)
:(nii)si(ep‘x))
l=nN-
eP(xj(x.(t))n—l
: (7)

n
. (i-k-1)
P
Ze st

ep(x)(x'(t))k+1

k+ o (i-k)
R TSIl JRD MALR T
r=0 1=
ki (x7(e)¥ R NI
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This identity we can write in the form

a (t) = det H, ~
+1-k
Where H = (dij)z,j=1 and
'}n—j+1 N-i+l
2o Lox(eery-xen ™4
= 7T for i2j, jgn-k+1
/ (n-i+1)t (x7(t))
dyy =0 for i<j, j#n-k+l
(s=n+i-1)
P
(n-3i1)84(e" )
=n-1i+ .
= 2 E T for j = n-k+1

e (X (x7 (1))

We can make sure by calculation that these identities agree
with (4) and (5).

3. Lemma and definition

Lemma: For every Ak(x), k = 0,1,...,n hold

Ag(x) = e7P(X) Z:, (1B, (e X)) (2-k) (8)
Proof: Because of (6) we can write (8) in the form
1 21 K
T;,—Z;ai(t(x)),s—r-; [(x(esry - X(t))‘]r=0 -

o=P (%) 'é: (t)ai(;(x)‘)(i-k)“ (9

for every k = 0,1,...,n. This is the system of n + 1
equations with n + 1 unknowns ao(t), al(t),...,an(t). If we
solve this system with the help of determinants, we obtain
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det D
altx)) = FETH

where
"]:!' ,";‘b"" [(x(t+r) - X(t)a r=0 ’
det Daf.
. 3-5 [x(t+2) = x(6))] ooy » .
I .
| |
o,
0, 0
& & [xt+m) = x(t) re0? 0
.. 0, & 1

i n
STT #r 27 [xam) - x(601] = H(x'(tni

im0 F AT

and in the analogical way
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n
_éa; [(x(t+r) - x(t))?]r'o
r

n! ’

.

det D, =|.

n
,é%g [(x(t+r) - x(t))?]r-o

’
k1

a,(t)

i
P(x), (i-k)
B

et (X) (x’(t}iﬁ

. ﬁ(x-m)i
i=Q

Thus
L
ak(t) = :

n

K1 (x?(£))% ' o . -
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e o e a (%)

. i -
S ny (PO

T RICETITI

and it holds because of (7). Thus (9) holds and thus (8)
holds. The proof of lemma is finished.

Definition: u(t,y) is a solution of equation (1) if and only

if u(t,y) satisfies equation (1) everywhere and
(nxm)
u(t,y)ecC (31 X 32).

Let the equation

m

n
i p
B. 4 )v(4, S(A,y) = b 2V
(1§=o 1A )v(A,y) + S(A,y) - p(Y) >yP (10)

is defined in intervals A€ 94 yed, with boundary conditions

?Py

— (AY,) = G (A) (11)
P o P

y P

for p = 0,1,...,m-1.

4, Main result

Theorem: Let as suppose, that above assumptions hold.
Let v (A,y) is the Laplace image of the function eP(x)u(t(x),y)
and V(A,y) is the solution of equation (10) with boundary
conditions (11). Let as suppose, that

. P(x)=-AX (3) pk-3-2
i:ﬂ(‘)o[(e Ak(x)) ;:ETJ_—LLI'] =0 ) (12)
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holds for every k = 0,1,...,n, j = 0,1,...,n, k>j and

n ©
RL P(x)-ax,(k) _
1 A d =
2=0 (-1) u[( k(x)e ) udx

™ _n
= k P - k
-.{ kZﬂ;.(-l) (A (x)e” () =A%) (k) gy (13)
i: b (Y)’T)k je”"’""‘ u(t(x),y)dx =
k=0 k r)y A ?
@
k
=j ibk(y)e"(x)'*" 2 u(t(x),y))dx (14)
o k=0 ’Dy

hold for every positive real number A . Suppose further

u(t,y)e C(n X m)(J1 X 325

and there exist Laplace images of functions

Aix) &) %‘i‘g -

X
for every k = 0,1,...,n. If the function u(t,y) satisfies
conditions (3), then it is the solution of partial differen-
tial equation (1) with initial and boundary conditions (2)
and (3).

Proof: The proof of this theorem will be similar to the
proof of the theorem discribed in paper 3 . Schlomilch in
paper 8 proved the identity :

= - ()9
——E_M s 3!_12'8 [(x(t+r) x(t))]r=o (15)

2K t 33uiﬂbt
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Substituting (15) to (1) we have

i 8 (1) Zw- ‘1772—12[("(“” - x(t))J]r=o
i b, (y) :jz: + a(t,y)

p=o0

Changing sums and using identity (6) we obtain

m
2Ky Pu
A = b , - (16
Z_:.k(X) Ak - plY) N + q(t(x).y) (16)

Multipliimg this equation by eP(x)_ax, integrating with

respect to x from zero to infinity and using (14) we get

R Ak
g:f—k-: e Ak(x)eP(x)"‘x dx =
=0~/ Ax

[e0]
b (¥) Qfgfu =A% gy 4 Q@aLy) (17)
p= DY

Repeated integration by parts yields on the left side of
equation (17)

&

;J: (4)“] (Ak(x)ep(x)'“x)(k)udx -
=0
ii (PR () (3) L1y 2

: _ﬁ (0,y) +
k=0 j=0 9 x
-1 _._1
+ lim i ; (eP(x)-—KxA (x))(J)( 1)3 -?—T(——I u(t(x),y) =
xyo k=0 j=o

m
= E b _(y) J;p—ju &P (%) -ax dx + Q(A,y).
p=o P yPY
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Using (12), (2) and (15) we obtain

n 0o '
> (-1)"j(Ak(x)ep"”'“)"‘)u(t(x).y)dx £ 8(Ay) =
k=0 A

m
=D by %ju(t(x).y)e""‘)‘” dx (18)
p=6 P DY v

If equation (18) will be equivalent with equation (10), then
u(t,y) will be solution of equations (17), (16) and (1). Thus,
to finish this proof we must prove the equivalence of equations
(18) and (8). Hence, using (13) it is sufficient to prove the

identity
‘Z (-1)% (A (e =R (k) E B ATe" (X)) (19)
k=0 i=0

for every positive real number 4 . Using the Leibnitz identity
for the k-derivation of the production of two functions we

have

] X
D ()M )P A
k=0

Kk
- g: (-0)% 2 KA e ) (k) gy temdx
=0 1=0
n n
=2 ate™™ X (5P () tket) (gl (20)
i=o k=i

(19) and (20) imply, that it is sufficient to prove identities

Z_—i (A ()P ) (k) (Laykrd g P (x) (21)

for every i = 0,1,...,n. Using lemma we obtain for every

i=0,1,...,n
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Z (';)(Ak(x)eP(x))(.k-i)(_l)k+i -

n
= ; (‘i)(-l)kn(e-P(x)Zk (E)Bj(ef-’(x))(j—k)ep(x))(k_i)
= 5=

s

n .
(§)<-1>k+i(§£; ()P (X)) (3K) ) (k=)
J=

n
0 2 ey 0D
J=

= 2 BJ(-l)i(eP(X))(j_i) Ei; -k

Substituting p = k-i we have
n

2 (L0 ) (kb (g v

-i
P(x))(3-1) j;:: 14py ]
£z B5(e s SOICFIIC S LI

™

n Iy
- P(x)y(3-1) (i+p)! j!
By(e” %) pio ST (i+p)*}(j_i_p)! (-1)P

(SN
]
-

>

j=-1i
- P(x)y(3-1) (j-i)! i
SR ;;;; (F-ip)Ter (3T ((DP =

(=
]
m

3

j-i
= (&P (X) (J-i)t J=iy 3y 1 P
2 By(e D) 2 U

.
]
)

3

u

j-1
= > BJ(eP(X))(J-l)(i)i (j;i)(_l)p
p=0

L=
]
[,

=

- E,j(eF’(x))(;i—i)(g)(1 v (-1y)d-t o B, P (X)

(3N
I
s
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Hence identity (21) holds for every i = 0,1,...,n. Thus (20)
and (19) hold and thus u(t,y) is a solution of partial diffe-
rential equation (1) with initial and boundary conditions (2)
and (3).

5. Some remarks

Remark 1: For this Theorem it isn’t necessary to have
conditions (3). We can change them to another conditions, but
they must be inverted to boundary conditions of equation (11).

Remark 2: We can make use the identity

Wy i Wu -‘JS\- s4(1) k!
== . E Ll oeilt) ) —
At j=1 J i=1 it 1g.t
’ g i s = k 35-1 (11)7%e;
i=.1

See e.g. Kaucky 4 or Faa di Bruno 2 . Then identities (6)

and (7) will have another form.

Souhrn

LAPLACEOVA METODA
PRO LINEARNI PARCIALNf DIFERENCIALNf ROVNICE n-TEHO RADU

Clanek pojednava o Fesenich line&rni parcidlni diferen-
cialni rovnice n-tého Ffadu typu

k 0 p
g o) 2 D by 2 g(ey)

p=0 ’a(y
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s okrajovymi a pocatec¢nimi podminkami

?ku
B3 (0,y) = f(v)

Py
22 (tve) = g0
Qv
pomoci kombinace Laplaceovy a Kummerovy transformace. Koefi-
cienty ak(t), bp(y) (k =0,1,...,n, p=20,1,...,m) a funkce
q(t,y) musi je$t& splnovat dal3i predpoklady.

Ukazuje se, Ze touto kombinaci lze re$it mnohem vétsi

tfidu diferencidlnich rovnic nez klasickou metodou.

PE3IOME

METON JIATJIACA IJiF JIMHEVHHX [N®PEPEHLUMAJILHEX YPABHEHKA
B UACTHHX [iPOL3BI/AHEX n~-TOr'0 LOPAOKA

Crarba comepxaeT pewekue JuHeitHoro nuddepenumansbHoro
VpaBHEHMS B UYACTHHX NPOUBBONHHX N-TOrO Nopsika Tuia
n

I I p1
2 e 2 = 2 v Ll

k=0 £ p=C /)yp
C Ha4YaJbHHMM U I'Da@aHUYHHMU YCJOBUAMU
%y
AiE G, y) = £
2Py _ .
" (b, y,) = gp(t)

npy nomomm KoMmGuHAuMM NpeobpasoBaHus Kywvmepa u Jlanziaca.
Hoshduunentn a, (), hp(y) {(k = Cylyeeeyny P =0,1,...,m)
m dvekuusa Qlt, y) eme NOJA¥HH BHIOJHATH  LAHHHE YCJOBHUS.

LiokasupaeTcs, 4YTO Npu NOMOWM ITOH KOMOMUHALMM BOIMOX-
HO pewuTh 6oabmunit kaacc nubdepeHUUaJbHHX yPaBHeHUt ueM
KJacCU4YeCKNM METOLOM.
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