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The Fourier method for linear partial differential equa-
tions with constant coefficients is well-known in mathematics.
Combinating this method with Kummer transformation it is pos-
sible to solve a greater class of linear partial differential

equations. This paper is a continuation of paper 3

1. Introduction
We will solve the following equation

n - n

k Kk

2u D u
a t % = b —l . 1
kgo k( )'Dt< ; k(Y) Dyk ()

in intervals teJl, ye ], where 31 = {to,tyy or 31 =
{ty, @), t,,t; are real numbers and J, ={¥go1v1] ©r J, =

= {Ygr @), Yg.Yy are also real numbers.

]
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2. Solutions and assumptions

Let B and C are real numbers such that for every teJ

1
and y €3, hold Ba (t), Cb (y)>0 and a_(t)ec{™ (g,
b.(viect™(a,), a, 4 (tyect" ), b (vyec™)(a,).

Definition: u(t,y) is a solution of equation (1) on
(t,y) € J nd, if and only if u(t,y) satisfies equation (1)
everywhere and u(t,y)e C(n)(Jl,JZ).

3. Main result

Theorem 1: Let (1) be an equation and let us suppose above
assumptions. Denote

t
x(t) = j ( 53 (s) ) ds + Ky (2)
0
; 1
Y = Copiey )" ds ¢ Ky (3)
Yo

where Ky and K, are positive real numbers and ted,, yed,
Let B;,C; (i = 0,1,...,n-1) are real numbers such that Q,(2)
is a solution of the equation
n-1
n~(n i (1 n
zof{M(z) + E B,z 0{*)(z) = B2"Q, (2) A (4)

i=0

in the interval z&(kl, @) and Q,(z) is a solution of the
equation

=
1
[N

|I
o

i

2"fM(z) + 2 ;2% (z) = c2"o,(2) (5)

in the interval z e<1<2. ®).
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Denote

t v
a,_,(t)dt

Bn-1 _ n-1 -;r nanZt)
F(E) = (x(£)) " (x (1)) % e® (6)
_J.Y b _4(y)ay
c n-1 nb_(y
n-1 . - —'-2—— yO n
G(y) = (Y(Y)™ T (Y (¥)) e (7)
and let us suppose that for a (t) and bk(y) (k = 0,1,...,n)

hold the following identities

1,

(t) =

n
) k
11.ﬁ[(xmg) - x(£))* F(t49)] g=0

Kt (x*(£))5 P(t) o
. e . a,(t)
. ? (8)
Bea, (t) (Ertd)™ "
n-k+1

thus a, (t) = |D| where D = (dy) "oy
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and

thus b, (y) = 1P} where P =

dy

3;5:1':5[<x(t+9>-x<t>“"i”f“(t+?]for 2

§=0

(nel-1)1 (x* (£))* 1 Rt

/ i-1
<" Bapie1 ® n(t)(i(%l)

for

1, .

~I
A [(XGee) - Y)* 648)] ¢ g
k! (Y (y))* aly)

9 °

.« .. b (¥)

’ n=k
Ce O b3 "

n-k+1
(Pi3)i, 5=1
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. jFEn-k+1

for d#j, j=n-k+1

\\m a, () for i=

i€, jFn-k+1

1, j=n-k+1

(9




3‘5:1-:' [(x(reg)-v(y))ri-t G(y+9j =0

i
1%3,j#n-k+l
(ne1-1)1 (¥ (y))™*1 G(y)
i-1 St il
pij = n+1 1 n(y) (Yri¥l) for  ifl, j=n-k+1
bn(y) for i=1,j=n—k+1'
= O for i<j, jAn-k+1

We can make sure by the calculation that these identities agree
with (4) and (5).

At the end let us suppose that the series

(8]
u(t,y) = }z;lA,‘Ql(Ax(t))F(r)szw))G(y)« cl™(a;,9,) (10

(Where A, are real numbers for every natural number A ),
converges and the k-th partial derivatives (k = 0,1,...,n) with
respect to t and y term by term of the series (10) are con-
vergent to the k-th partial derivatives with respect to t and

y of the function wu(t,y). Then wu(t,y) is a solution of

equation (1).

Proof : It is sufficient to prove that the single term of
identity (10) is a solution of equation (1). It implies that

it is sufficient to prove that equations

n k

ka S (U (ax(e))) = AT F(£)Q (Ax(t)) (11)
k=0

n k

gbkmf’;‘; (6(¥)Q(aY(y))) = 2" 6(y)Qy(AY(Y)) (12)

rold for every natural number A . We will only prove that
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equation (11) holds. The proof that equation (12) holds is
similar, Equation (11) is equivalent with the equation

J 3
t k 'LQ t F(k‘J) t) = A"E(t)Q, (Ax(t
;S:o a(t) J§'=O (J) 53 1 Ax(t)) (t) AF(1)Q, (ax(t)) (13)

Let us denote

j j ; . .
":TJ- Q (Ax(t)) = i:.si o{Pax(e)) at (14)
1=

J
where &i is the function of derivatives of the function x(t).

Substituting (14) in (13) we have

n 3 J .
s 2 .

g 8 (t) JZOUJ?) P2 AL of P ax(e) = aTr(og (o)

= = i=
Changing indexes we obtain the form
<§Lﬂ . & . .
2 alail)mx(t))é:ak(t)z ($rsdrti I ey = A ey (Ax(e))
1=0 =1 J=1

_ (15)

Further substituting (4) to (15) we get

n-1
Z}].Qél)(zx(t))(i ak(t) i(?)sii:(k'.])(t) -
=1 j=1i

1=0

- Bix(t)i'”an(t)ng(t)) + Banan(t)Qleax(t))S:F(t) =

= A"F()Q A x(1)) (16

Equation (16) implies that it is sufficient to prove that
equations

o

128



B a,(t) S| F(t) = F(t) (17)

K
Zak(t)Z(?)SiF(k_j)(t) = B,x(t)"a (t)SNF(t) (18)
=1 J:]_

hold for every i = 0,1,...,n-1, Equation (17) is a consequence
of equation (2). In 1866 Schlomilch 8 proved the identity

) 3 .
sj = ;1.-%';3 [(x(t+q) -x(t)*]g=0 (19)

Substituting (19) in (18) we obtain for every i = 0,1,...,n-~1

B, () Ma (1) (x"(£))"F(¢) =

n K .
J : 4
; a (t) Z (';) ;2—3 [xcerar-x(0)T o Fl=3)(e) =
=1 J=1

k .
i Fr 2 (t) 331; [(x(t+a) = x(en® Feesa) oy (20)

k=1

This is the system of n+l linear equationswith n+l1 unknowns
ag(t), ag(t)se.vra (t). If we solve this system with the help
of determinants we get for k = 0,1,...,n

(M
ak(t) = lHl &
ns+d k (n+l
where H (hij)ya=1' Hi (hlJ)i,J=1

5;;:1':3 [(x(t+9)—X(t))n’i*lF(t+go]g_o
(n=1+1)!
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and

n4l=j
ifn-}m IEICH R IC P JOHS MY

for

(n=-i+1)!

ik al

5 xe) I ta (9)R(4) (2 (+))7

Bn+1-

= &, (t)(x’ (£))7F(t)

Matrix H is a down triangle, thus

for

for

for

i2 j, jEn-~k+1
i<j, jgn-k+1
i#l, j=n~k+1

i=1, j=n-k+1

IH} = Ij-l.aglkx(uw) XU))F(“?]?_O=-Ilk(tﬁ((tﬂi

Similarly, because of htj = 0 for i{j, jyn+l-k, we can write

the determinant lHkl as a product

[H]=

.

1

1 9"
P [x(t49) = x(t)“~ F(t+gﬂg_o ,

Pk k
H’;g—n Ex(t+g) - x(t)) F(t+§§} g-o ’

8, (t) (x* (£))7F(t)

ce Byap ()P (t)
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. H F(t)(x* (1)1

i=0

[ Hy

Thus ak(t) = -ﬁ’ﬂ- =

% [(x(t+9) - x(t)k F(hg)ﬂg,o

k! (x*(£))% P(t)

H * o o

. 8, (t)

?(t) N~k
... By ay(t) (:Z£) )

and 1t holds because (8). It implies that identities (20),
(18), (16) and (11) hold and thus u(t; y) defined in (10)
satisfied equation (1),

Theorem 2: Let (1) be an equation and let us suppose above
assumptions. Denote

1

—L g ' (21)
B a,(s)

X(t) =

(
o
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=] o

Y

1
Y(y) = (——— ) ds (22)
v Jo C bn(s)

for t€3J,, ye3J, and let Q,(z) be a solution of the equation
o{M(z) = B Q) - (23)

in interval z €40, @) and let Q,(2) be a solution of the
equation

o{M(z) = ¢ Qy(z) (24)

in interval z €40, ®). Further denote

a,_,(8)
g_;a ‘{ n;‘n[sj as ’
F(t) = (B a,(t)) e’ (25)
1 :IJ E%iii;l ds
%ﬁ' Jo nbns
G(y) = (C b,(y)) e (26)

Let us suppose, that for a (t), b (y) (k =0,1,...,n) (8) and
(9) hold, where x(t), Y(y), F(t) and G(y) are defined in (21),
(22), (25) and (26). Let the function u(t,y) is defined as in
(10) where x(t), Y(y), F(t) and G(y) are defined in (21), (22),
(25) and (26). Let for Q;(z) (23) holds and for Q,(z) (24)
holds. Let us assume that the function u(t,y)has same convergent

properties as in Theorem 1. Then u(t,y) is a solution of partial
differential equation (1).

The proof of Theorem 2 is similar to the proof of Theorem
1. We leave it out, . -
4, Some remarks

Remark 1: In sum (10) it is possible to take not only
A€ ¢1,2,... } but A¢ M where M is a countable subset of real
positive numbers., The set M can be also finite. The condition
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u(t,y)e c("’(al.az) is possible weaken. Then it is necessary
to change same assumptions in Theorem 1 and 2.

Remark 2: We can also use the property of additivity of
solutions of equation (1) i.e. if wu,(t,y) and u,(t,y) are
solutions of equation (1),ythen u(t,y) = uy(t,y) + uz(t,y)
is also solution of equation (1).

Remark 3: For Q,(z) and Q,(z) in (23) and (24) it is ad-
vantageous to take e.g. functions sin z, cos z, e? - e—z’

because they have a lot of suitable zero points.

Souhrn

FOURIEROVA METODA PRO LINEARNI PARCIALNE
DIFERENCIALNf ROVNICE n-TEHO RADU

Clanek popisuje moZnost FeSeni linedrni parcidlni diferen-
cidlni rovnice n-tého fadu
n

ia (r) Lu . ]Zb (y) 2
=0 k ’;‘Z =0 k 'b_y.k-

pouzitim kombinace Fourierovy metody a Kummerovy transformace.
Na koeficienty a (t) a bk(y) (k = 0,1,...,n) jsou kladeny doda-
tec¢né podminky.

£

Ukazuje se, Ze touto kombinaci mGzeme fedit S$ir$i okruh
diferencidlnich rovnic, neZ kdyZ pouzZivame Fourierovu metodu

a Kummerovu transformaci samostatné.
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PE3OME

METOL ®YPLE LJii JMHEMHHX AVSSEPEHLMAJBHHX YPABHEHMA
B YACTHHX IIPOM3BOIHHX n-TOr'0 IIOPSIKA

B cTaThe NOKaB3HBAETCS BO3SMOXHOCTBH DEmMUTh JMHelHHE
nuddepeHuuasbHHe yPaBHEHUS B UYACTHHX IPOM3BOLHHX N-TOTIO
nopsnka

n n

Wy %y
E (%) = E b, (¥)
o k53K o Yo K

npu nomomum koMbuHauuu meroma Pypre u npeobpasoBaHus- Hymme-

pa. Kosddbuumenrn ak(t) " bk(y) (k = 0,1,...,n)
INOJXHH BHIOJHSATH NAHHHE YyCJOBMH.

llokasuBaercsd, UTO IpKM IOMOmMM 3TO# KOMOUHAUMUM MOEHO
pemuTdh GoJee mwupokuit kaacc nuddepeHumMasbHHX ypaBHEeHUN ueM
nosb3oBaHueM Meroza Pdypbe u IpeobpasoBanus Kymmepa camo-
CTOATEABHO. )
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