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THE FOURIER METHOD 
FOR THE LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 

OF THE n~TH ORDER 

OAROSLAV HANCL 

(Received March 1, 1988) 

The Fourier method for linear partial differential equa­

tions with constant coefficients is well-known in mathematics. 

Combinating this method with Kummer transformation it is pos­

sible to solve a greater class of linear partial differential 

equations. This paper is a continuation of paper 3 . 

1. Introduction 

We will solve the following equation 

£ . ak(t)5£ Z_ b|<(y)^M 
k=o t)t k=o *c)y 

(t) Г T = Z _ Ь
k
(y) f-f (1) 

in in terva ls t € J 1 , y&32 w n e r e ^± " O Q . ^ ) or J 1 = 
= < t Q , co), tQ f t 1 are real numbers and Z2

 s <Cy0 'y l7 o r ^2 
= ^y - co), y ,y, are also real numbers. 

123 



2. Solutions and assumptions 

Let B and C are real numbers such that for every t 6 1 

and y £ 3 2 hold B a n ( t ) , C b n ( y ) > 0 and aR( t) 6 C
( n ) ( D± ), 

bn(y)€c
(n)(a2), an_1(t)fic

(n~1)(a1)f bn-1(y) € c
(n-1)(j2). 

Definition: u(t,y) is a solution of equation (1) on 

(t,y)€CL*:J2 if and only if u(t.y) satisfies equation (1) 

everywhere and u( t, y)6 C ^ n ) ( 3 1 , 0 2 ) . 

3. Main result 

Theorem 1: Let (1) be an equation and let us suppose above 

assumptions. Denote 

t 1 

X(t) " / ( Ba^lTT >" ds + Kl (2) 
*o 

t 1 

Y(y) = / ( CFTTT )R dS + K2 (3) 

where K- and K 2 are positive real numbers and t * CL, yaDp. 

Let B.,C. (i = 0,l,...,n-l) are real numbers such that Q-i(z) 

is a solution of the equation 

ZnQ(n)(Z) + 2L. B
±
z2'0[1\z) = BznO±(Z) (4) 

i=o 

in the interval z^^k-^, co) and Q 2(z) is a solution of the 

equation 

n-1 

zn<4n)(Z) + 2 _ c ^ V ^ C Z ) = C2
nQ2(z) (5; 

1=0 

in the interval z ô4<2, OD). 
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Denote 

>n-l 
- f an-l 

п-1 « na„ 

a
n-i(t)dt 

ť %(') 
F(t) = (x(t)) n (x'(t)) 2 e"° 

- ГY Ъ
n - 1

( y ) d y 

cn-i - џ . 7 "SЬ^ӮT-
G(У) - (Y(У))"~"" (Y'(У)) e ° 

(б) 

(7) 

and let us suppose that for a.(t) and b,(y) (k • 0,1,. 

hold the following identities 

.n) 

Є ţ j í t ) » 

1, 

Г * _ [ ( x ( t + 5 ) ~ * ( t ) ) k P(t+ş)Jj»0 

k! ( x ' ( t ) ) k P ( t ) 

a R ( t ) 

/J.% /X-ҶtKn-k 

V n ( t ) -ГîT^ 

(8 ) 

thus a k ( t ) - |D| where D - ( ^ j ) ^ . } 
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-jn+1 

' Ü ̂ r J t ( x ( t + ? ) - x ( t ) n " 1 + l p ( t + ? 3 for i>~j, j/n-k+l 
(n+l- i)! ( x » ( t ) ) n + i _ 1 P(t) 

-Ç-0 

— V l - i •n<*><ft#> i"1 

' > • a n ( t ) 

\ - n 

for i / j , *j=n-k+l 

for i -s l , j»n-k+l 

for i < j , j ^ n - k + l 

and 

ьk(y) 

1, 

. • 
- [(Y( У + S ) - Y ( У ) ) k G(y+ 5)] 0 

k! ( Y » ( y ) Г G(y) 

bn (У) 

Ck bn(У> (Y y f > 
n - k 

t h u s b , ( y ) a J p ^ w h e r e P . .n-k+l 

(9) 

1 2 6 



^nllľ j [(-*(У4Ç)-ï(y)),*+1"iЄ(У+f2І 

( n - f l - i ) ! ( Y ' ( y ) ) n + 1 _ i G(y) 

cn+l-i V ^ (ІЃyf ) І _ 1 

ьn(y) 

f -0 
for i^-j, j / n - k + l 

for i / l . j = n - k + l 

f o r І я l . j a П - k + l 

for i<j, jj-П-k+1 

We can make sure by the calculation that these identities agree 

with (4) and (5), 

At the end let us suppose that the series 

co 

u(t,y) =XlA^Q1(^x(t))F(t)Q2(^Y(y))G(y)€c(
n)(a1,a2) (10) 

(Where A* are real numbers for every natural number & ), 

converges and the k-th partial derivatives (k = 0,1,*..,n) with 

respect to t and y term by term of the series (10) are con­

vergent to the k-th partial derivatives with respect to t and 

y of the function u(t,y). Then u(t.y) is a solution of 

equation (1). 

Proof : It is sufficient to prove that the single term of 

identity (10) is a solution of equation (1). It implies that 

it is sufficient to prove that equations 

n 

k=o 

n 

V * ~ T CҶtîQifoX.t))) = Лn
 F(t)Q

1
(J.x(t)) 

*2>t 

zZb
k
(y) ~ \ (G(y)Q

2
ttY(y))) = ̂

n
 G(y)Q

2
(AY(y)) 

k=o "fcy 

hold for every natural number %
 8
 We will only prove that 

(11 

(12) 
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equation (11) holds. The proof that equation (12) holds is 

similar. Equation (11) is equivalent with the equation 

<=o j=o 

Let us denote 

о 5 _ Ф _TT
Q
i

(Ax(t)) р ( к " л ) ( « ) = .XnF(t)Q1(Ax(t)) 

__ď 
Әt

J 
Q_(fl.x(t)) = _____.? QÍi)(»x(t)) f.1 . 

i=o 1 

(13) 

(14) 

where S is the function of derivatives of the function x(t). 
i 

Substituting (14) in (13) we have 

k J 

-o j=o J 
(t) _>I(k) P ^ t ^ Z l ^ i Qi1)(Ax(t)) = ̂ nF(t)Q1(Ax(t)) 

j=0 J 1 = 0 

Changing indexes we obtain the form 

xf 1- -ST3-- -r1-

y ^ M i ^ A x ( t ) ) X a k ( t ) X ( •)S^F(k^)(t) = AnF(t)Q1(^x(t)) 
J = i 

Further substituting (4) to (15) we get 

n-1 

[15) 

> AiQÍi)ttx(t))(>_] ak(t) 2_(í)SÍF(
k"J)(t) 

i=o k^i j=i J 

_Ł_(Ығ 

j-i
 J 

- B ^ t ) * — a
n
( t ) S ^ F ( t ) ) + B*

n
a

n
(t)Q

1
(t

Ч
x(t))s|Jғ(t) 

• AnF(t)Q1^x(t)) 

Equation (16) implies that it is sufficient to prove that 

equations 

( ì б ) 
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B a
n
(t) S

n
 F(t) = F(t) (17) 

.-a, k 

Z -
 a
k

( t
)ZJi)

S
i

F ( k
"~

j ) ( t
) " B ̂ ( t )

1
" ^ (t)S^F(t) (18) 

k=i j=i
 J 

hold for every i = 0,l,...,n-l. Equation (17) is a consequence 

of equation (2). In 1866 Schlomilch 8 proved the identity 

s i = r r ^ T [ ( x ( t + c i ) - *(«)>._ q = ° (- 9 ) 

Substituting (19) in (18) we obtain for every i = 0 , l , . . . , n - l 

B
t
 x(t)

i
-

n
a

n
(t)(x'(t))

n
F(t) = 

n k , 

= Y- a
k
(t) 5 1 (i) -^T [(x(t + q)-x(t))

i
J F(

k
"J)(t) = 

k=i j=i
 J
 _q

J M 

= __T ~-f a
k
(t) ̂ - f(x(t + q) - x(t'))

1
 F(t + q}j

 q = Q
 (20) 

This is the system of n+1 linear equations with n+1 unknowns 

a (t), a . ( t ) , . . .
t
a ( t ) . If we solve this system with the help 

of determinants we get for k = 0,1,...,n 

IH..I 

U Ш /U ч«+l
 U

 /uk vП + 1 

»ћ.r. H - ( Һ
1 J
)

V J
.

Д
. H

k
 -(h^l^j.! 

(n-i+1)! 

* \ . 

for i - j 

for i < j 

129 



and 
-j>n+l-j 
Xg^j f(x(t+f)-x(t))

n-i+1F(t+^-0 
^ • for ièj,-j^n-k+1 

(n-1+l)! 

.- 0 foг i<j,j/n-k+l 

^У 
B
n+l-d W * ) )

1 - І
V

t ) F ( t ) ( x
'

( t ) ) П f 0 Г
 M-.J^n-k+l 

ajjítJíxҶtJJ^Ptt) for i=l
f
 j=5П-k+l 

Matrix H is a down triangle, thus 

1HI = H rr-5|Ttxtt+t)-x<t))iF(t+?3^.3o -jT'Ut-Km)1 

Similarly, because of h = 0 for i < j
f
 j > n+l-k, we can write 

the determinant |H,| as a product 

è~S[ ( x ( t + î ) - x ( t ) П p ( t + - - Зç -o ' 

í r ÿ t(x(t+S' -^(t)) k ғ(t+ s )] î ш 0 , 

a n ( t ) ( x ' ( t ) ) n P ( t ) 

B„a„(t)P(t) L t í U f i Jknn (x(t) ) nЛc 
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Г V -*(t)(x»(t))-
i-0 

Thus a
k
(t) - .LJjL 

1, 

-— [(x(t
+
ÿ) -

 X
(

t
) )

k
 F(t

+
ş))J 

5i ӯ-0 

k! (x'(t))
k
 F(t) 

a
n
(t) 

\ V*> (Iríf1)" ~k 

and it holds because (8)- It implies that identities (20), 
(18), (16) and (11) hold and thus u(t, y) defined in (10) 
satisfied equation (1). 

Theorem 2: Let (1) be an equation and let us suppose above 
assumptions. Denote 

*(t) = J ( ------- ) n ds 
ô в

 a
n
(s) 

(21) 
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r 1 n 
Y(y) - J ( - - ; ; ) ds (22) 

y0 C bn(s) 

for tea-, y*3 2 and let Q1(z) be a solution of the equation 

Q.[n)(z) .= B Q1(z) (23) 

in interval z€<0, °°) and let Q2(z) be a solution of the 

equation 

Q^n)(z) =- C Q2(z) (24) 

in interval z£<0, co). Further denote 

ds 

лt
 a„ ,(a) 

F(t) = (B a
n
(t))

2 n
 6*0

 n
 (25) 

f? V l ( 8 ) 

Uli l/ n t J s T d s 

G(y) = (C b n ( y ) ) 2 n e y o ( 2 6 ) 

Let us suppose, that for a
k
(t), b

k
(y) (k • 0,1,...,n) (8) and 

(9) hold, where x(t), Y(y), F(t) and G(y) are defined in (21), 

(22), (25) and (26). Let the function u(t,y) is defined as in 

(10) where x(t), Y(y), F(t) and G(y) are defined in (21), (22), 

(25) and (26). Let for Q
1
(z) (23) holds and for Q

2
(z) (24) 

holds. Let us assume that the function u(t,y)has same convergent 

properties as in Theorem 1. Then u(t,y) is a solution of partial 

differential equation (1). 

The proof of Theorem 2 is similar to the proof of Theorem 

1. We leave it out. 

4. Some remarks 

Remark 1: In sum (10) it is possible to take not only 

^6 if 1,2,... } but Afe M where M is a countable subset of real 

positive numbers. The set M can be also finite. The condition 
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u ( t # y ) * C (^I'^p) i s P o s s i D-- e weaken. Then it is necessary 
to change same assumptions in Theorem 1 and 2. 

Remark 2: We can also use the property of additivity of 

solutions of equation (1) i.e. if u . j ( t , y ) and u2(t,y) are 

solutions of equation (1), then u(t,y) • u1(t,y) + u2(t,y) 

is also solution of equation (1). 

Remark 3: For Q*(z) and Q2(z) in (23) and (24) it is ad­

vantageous to take e.g. functions sin z, cos z, e - e" , 

because they have a lot of suitable zero points. 

Souhrn 

FOURIEROVA METODA PRO LINEÁRNÍ PARCIÁLNÍ 

DIFERENCIÁLNÍ ROVNICE n-TÉHO ŘÁDU 

Článek popisuje možnost řešení lineární parciální diferen­

ciální rovnice n-tého řádu 

Z •>«>&• Z^$ 
použitím kombinace Fourierovy metody a Kummerovy transformace. 

Na koeficienty a.(t) a b.(y) (k • 0,l,...,n) jsou kladeny doda­

tečné podmínky. 

Ukazuje se, že touto kombinací můžeme řešit širší okruh 

diferenciálních rovnic, než když používáme Fourierovu metodu 

a Kummerovu transformaci samostatně. 
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PE3DME 

МЕТОД ФУРЬЕ ДЛЯ ЛИНЕЙНЫХ ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 

В ЧАСТНЫХ ПРОИЗВОДНЫХ п-ТОГО ПОРЯДКА 

В статье показывается возможность решить линейные 

дифференциальные уравнения в частных производных п-того 

порядка 

n 

k=0
 K

 ^>t
K
 tc-0

 K "í>yK 

при помощи комбинации метода Фурье и преобразования•Кумме-

ра. Коэффициенты а
к
("Ь) и Ъ

к
(у) (к в 0,1,...,п) 

должны выполнять данные условия. 

Показывается, что при помощи этой комбинации можно 

решить более широкий класс дифференциальных уравнений чем 

пользованием метода Фурье и преобразования Куммера само­

стоятельно. 
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