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Let us consider a nonlinear differential equation of the
fifth order of the form

s 0.

xV(t) + axtV(t) + bx " T(t) + cx”7(t) + dx (t) +

+ h[x(t)] = p(t):, (1)

where a,b,c,deg R* are the given constants satisfying the Routh-
-Hurwitz conditions, necessary and sufficient for negativity of
the real parts of all roots of the algebraic equation (6) -

see below - and where the functions h[x(t)], p(t) with the
continuous first derivatives are oscillatory with simple zeros
te, ko= 0,t1,%2,... [with respect to the function p(t)] and
x(t), m = 0,%1,%2,... [with respect to the function h[x(t)ﬂ
on the interval I = (- ®,+®). At the same time all roots

x (t) of the function h[x(t)] are isolated.

We assume the existence of positive constants H and P
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such that for all values x € R of the functions x(t) and for
all t€1, = {0,+ ) the inequalities

[h[x()]]

un

H (2)

and

nn

Ip(t)l P _ (3)
hold.

At first, we show that the boundedness of the functions
h[x(t)]‘and p(t) on the interval I, implies the existence of
the constant Dl> 0 such that

lim sup |x“(t)] & Dy .
t+00

_H=+P
where Dl = =-—g

Substituting x“(t) = y(t) into (1), we obtain the diffe-
rential equation

co 0

(t) + by () + cy’(t) + dy(t) =
= p(t) - h[x(©)] ., (4)

YIV(t) + ay

where X(t) = fy(t)dt.

For the general solution y(t) of the fourth-order linear
homogeneous differential equation

- s

VV(t) + @y T I(t) + bYT(x) ¢ SYT(E) + dy(t) =0,  (5)
whose characteristic equation
x4 + a 7? +bR+cA+d=o0 (6)

has the roots 33. = d’j + i 5 where l(j,,BJ.G R, djéo (j=1,....4),
we will distinguish - with respect to their multiplicities -
nine following possible cases.

I. Let equation (6) have four real different roots dEG'R-,
i # & (Jik = 1,000,485 3k), S =0 (3=1,...,4).
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Then applying the Lagrange’s method of variation of con-
stants (hereafter referred to as L.m.v.c.) Cji R, j=1,...,4,
in the general solution

V(t) = i‘lcjy‘j(t) (7)

31

4.t
of the differential equation (5), where yj(t) =eJ (j=1,...

...,4) and the wronskian
wlyg (t),oeay ()] = ve arrsr e

where V is the Vandermond’s determinant:

i 1 1 i

% 4 4G %

I A G

3 3 3 3
d; dy d3 4y
yields for the Lagrange’s functions

. v -t
cy(t) = (-1)3*4 _\,/1_] e I [p(t) - h[x(t)]]dt + cy

where V. is the subdeterminant belonging to the element 43
(j=1,...,4) of V. So that the solution y(t) of the different-
ial equation (4) on the interval I, = €{0,+ ®) may be written
as

y(t) = V(t) + yy(t) , (8)

where

V., &t -4t
Yp(t) =;(-1)3*4-\-;‘-e ! fe 3 [po) - hlx(elae =

4 t
- Zjnjljl (-1)3* v, l' e [p(o) - h[x(D)]]ar .
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Since

t
H + P i, %00
lvp(e)] o il?;( )34, e | dt

(-1)3+4y, dit
H+Pl§ “jJ(l_eJ)l'

nA

s

nn

v

then for t —» + ®

4
- Ayt
y(t) ='Z Cye J — 0 holds for all C.€R, j=1,...,4

j=1
and
t‘ j+4 V
H+ P i J+ ; H+ P
(ty| & ——-—-l (-1) = .
lyP ) Wi Vet 4 vi
|- Va¥o¥s¥y + Vokidsdy - Vikikoky + VK dods |
[£1%%5 %]
lHs+p WP
2 Ad d
Thus
lim sup lx'(t)l § HeP
t+00 d
II.

Let equation (6) have two real simple different roots

dy, d, @R (£, # &;) and two simple complex conjugate
+ < -

roots « = l/‘, K €R, c(;éa(j, 3_1,2,/174 o.

Then applying L.m.,v.c. C. &R (j = 1,.

j ..,4) in the general
solution

- .t Aot i
y(t) = Cje . Cye 2 . (Cgcos it + C4sin/lt)e t
of the differential equation (5), where
41’ 45t Kt
yi(t) = e 1, yo(t) = e 2, yz(t) = e"tcos/!t, Ya(t) = € sinfit

€
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and the wronskian

(4 +ky2d) ¢
WY (£)seneiyy(0)] = B(dy - dy)e. {[o((n(—.(l - dy) +

vy ]1% s Pk )% (- &y, +/3]§

yields for the Lagrange’s functions
Ci(t) =
(Kdy)? + 2
(ordy ) {[{(k-dy=dp) + &gy ]% + BZ[(-dy)® + (U-dp)° +/52]}

. f[p(t) - h[x(t)]] e_‘l

Cz(t) =

((_‘1)2 +I52
(Aot ) {[Ad -t -y) + oy %5]% + A2(-d)® + =dy)® + 27}

J[p(t) - h[x(t)]] e-dzt dt

C3(t) =

1 - e
Bidgty) [[4id-dy=0) + &14]% + fE[k-4)" + Wd-d)® + £7]]
I{[&l(a dy) ~dZ(d-dy) + (£P-f)(Ky-dy) sinfir
v pldd)? - (d-dy)%Jcos At} [p(e) - h[x(6)]] o™Xt gt

C (t) =

1
T oy ) [ [Ad kg dy) * Kydp]P ¢ B dy)? + (K-dp)® + 2]
2 1

91



. S{[‘f(““"z) -d2(dy) + (P-fF)(dy-sy)]cos St -

- Plid-4y)? - K-dy)Jsin At [p(t) - h[x()]] T

50 that the solution y(t) of the q'ifferential equation (4) on
the interval I, = <0,+0) may be written in the form of (8),
where

Yplt) = iyj(r)cj(t) -

=1

1 o
B y=dy) {[d(k-dy -45) + 414215 + 52[(4-‘1)2.,(4_97,,ﬁ}_

t -

. {_/”:(‘(_“‘2):»:+ ﬁzlj Jalt r)[p(t) - n[x(n)]] ¢ +
t .

+ /1[("‘1)2* p21. f oal r)[p(::) - h[x(n)}] oT -

{[.«fu-az)-.(gu-&) + (@3- ) (y-4y)] sinfiTcos At -

1
ot

Alta-41)%-(€-4;)?] cos frcos A | &%+ ) [p(r)-n[x(1)]] dr +
t

+

f{[‘f(‘"‘2"‘3("‘1)*(‘2"‘2)(‘2"1)] cos ATsin At +
o

+

AL %)%= -4,) % sin fTsin f t} e‘(t_r)[p( 1)-h[x(1)]] dt}-

= 1 .
A(‘ 2“1 ) { [‘(‘ -‘1 "2 ) +‘1‘2]q[(‘ -‘1 )E:(‘ -‘2 )54. ﬂz] '

: {-,3[(.(-42)2+ nzlfe“(t-”[p(z) - hxo]lee +

+ A4k +p2][ e‘z(m)[pm - h[x(@m]]er +

92



t
. [‘12.(‘_‘2)_‘2(‘_‘1)+(‘2_52)(‘2_41)]£ AN sinfiie-1) [p(2)-

t
- h[x(0)]] dz + p[u-»ti)z—u—-«z)zlf et Deosfi(t-D[p(7) -
[¢]

- h[x(D)]] dat f

Since

[vpte)]

H+P

s
| A€ am0)] {[Kid by~ ) 4 ]2 € [ P4 (-0 A2

. A2(h-4y)- A2 (K-Ky )+ (K2-B2) (A -4y )

+

) &o(t-7)
(e iy, R

t-T
- BL-d) 2216

4

+

0o

o]

«2 + g2 [¢sinf(e-D) -

t «-dy)2-(&-4,)2
+l‘£ é) (2 2) ] [ﬁsin/S(t—T) +
o 4a” + R

t

ﬁcosﬁ(t"t)] e‘(t-t)

& cos A(t-T) e®(t-17)
0

H + P %

| (e -4 )] { [4k ~ky =y )4y ko P+ B2 LK - )20 (K -4) 24 ) |

2 2 2 2
M“‘-A:) +p (1_9‘2t) _ A[(““:) +p7] (1-e‘1t
2 1

) +

. A2 (K- Ky ) K2 (K- )+ (A2-p2) (L -4y )

+

a2 [- 8 - @singe-goospret” +

ALA-#)2- & 4,)%]

&

[0( - (ﬁsinﬁt + dcosft) et ] ’
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than for t — +®

_ dat Kt
y(t) = C,e i, C2e 2", (C3cosﬁt + C4sinﬂt)e‘t — 0 for all

.€R j
CiEeR Q3

[yp(t)'

1,...,4) and

n

ua

H+ P
= [(,(2—9(1)1 {[0(("'“‘1—“2)4- 0(142]24.,12[(‘_0&)2+(o(-o(2)2+{{2]}

-4, )24 d-d )2+ 1
@) Go) s {a([(a(—xl)z ;
) Ay « +p

-~

- (o(—«z)z]-[,(f(o(—&2)-@(,(—9(1)+(,(2_ﬂ2)(,‘2_,(1)]i , =
H+ P
(%) { (A~ - 2)+o(1“2]2+/52[(0(—0(1)2+(o(-o(2)2+/§2]i

(A= )2+ 2] oy P4 ) - [k =)+ 5] & (w24 )

Ayl (%4 )
. {I(k =g )2~ ) 2 kg K~ [ 2 (&~ ) -k (k=g )+ (7= ) (A =K1 )1} 4y &,
Ay dy(d® + )

H+ P
) [A(k=ky =)+ kg% + /32 [(&=41) + (h=dp)° + %] '
K207 (K g +ekp )+ 0 (A5 +2H o+ K2 ) 42K &y K (k=K )
&y do (& + f5) ‘
K22 + [+ BP[AZ + 2k (K=dy~Ky) +‘o(§]
+ < 4+ )

H+P _H=+P

& k(&5 + g7) d
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o

Thus

n~
I
+
o

lim sup lx'(t)‘
te o

III. Let equation (6) have a four simple complex (in pairs
: + :
conjugate) roots °(j - J.I‘J., j=1,2, 0(1 # A, ﬁj # O,

Then applying the L.m.v.c. stl? (j=1....,4) in the general
solution

= 41t . £at .
y(t) = e = (Cjcosfit + Cysinfit) + e © (Czcosft + Cysinfyt)
of the differential equation (5), where

d,t

&yt ¢
r(e) = ot coshies yo(e) = M s vyn) = &2 ooy,
dzt
Y4(t) = e © sinfit
and the wronskian
2(k, +k, )t
W[yl(t)-'°"Y4(t)] = AIAZ e 12 {(0(2—0‘1)4 +
+ 2("2"“1)2(/5?‘“/32)*(/32'/‘%)2i =
2(L,+4,)t
= Bypy e 12 [(dz-al)z +

s (BB [(Kp=% )2+ (Bo+R7 ]

yields for the Lagrange’s functions

6 (t) = _S {[(%p- ¢y )+ po-BT Jsinp, t-2(% ,-d ) fycospy © "‘1t[p(t)_
' Ay {(d gt 2y )2 (AL +5)+ (B5-RD)" |
- hx(t)]] dt
2 p2_p2 .
¢ (6 = j fle o= )T+ R5-pT]cosp, t2(k -4 ) fy sing, ¢ e~‘1t[p(t) )

By (=% ) P2 (% -4 )2 (AT +3)+ (B5-pD)%]

h[x(t)]] dt
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f (% -%)2+AT-R2)sinp,t-2(d -4, ) fpcosfiyt  -dpt (o)-
C3(t) = - [ (4, )4,1_2(°< P )2( 7.2 ) e [p
2 U820 2-%) (AT + (A58 |
- h[x(t)]] dt
2 42 42 _
04(‘:) =j' {[(‘1"0‘2) +l51"ﬁ2]Cosﬁ2t+2(d1-o(2)ﬁ231n,{2t e_dzt[_p(t) N

By {(% o=y ) * 2 (k541 ) 2 (B3 4R2)+ (B3-83)° |

h(x(t)]]dt .

So that the solution y(t) of the differential equation (4) on
the interval I, = {0,+ ®) may be written in the form (8), where

4
yplt) = zj:-} v,()e(t) =

1
By fio {(% kg ) r2 k-4 )2 (A5 +82)+ (5%

2 22 .21 o« (t-1) z
. {-/‘2[(0‘2-@_) +A2-p1].(coslilt sinﬁl‘te [p(r)-h[x(t)lldc
o
P 4y (t-T)
+ 2/51/32(o(2—41)fcos/31t cosﬁl‘te [p(t)-h[x(t)]]dt +
o
¢ &, (E-T
+ [32 [5‘2"‘1)2+(S§—{332_]‘[sin151t cos’sl'le u( )[P('E)-h[X(T)]]dt +
o
s & (t-T)
+ 2/51(32(¢2-«1)fsin/!1t sinf, Te 1l [p(O)-h[x()]]dT -
o

(t

Ao (T
- ﬁl[(dz-‘1)2+p§—ﬁg]jcosﬁzt sinfl, Te 2 ‘)[P(T)-h[x(f)]]dt

o

¥ «,(t-3)
- zﬂlﬂz(o(z—ll)fcos[lzt cospzfe 2 ’ [p(t)-h[x(t)]] dt  +
o .

96



t
dy(t-T)
. /51[(42-41)2+/1f-/s§]fsin/xzt cosp,Te 2 [p(r)-h[x(z ]z -
(o]

P &, (t-T)
- 2,51152(.(2- 1)fsinﬁ2t sin’/ﬂzze [p(z)-h[x(r)]] dt}
[

Since
H + P

(A 8,1 { (& =%, Y2 p-dy )2(ﬂ§“lzg )+ (ﬁg'ﬁi )%

Iy (o] ¢
2 2 .21f dy(t-1) 2
’ Iﬁz[(*z"*l) +(52'(‘11f51”/!1(‘"t)e 4z +f [(Ay=dy )" +
. (o]

t & - t
+ /Sf—/.(g]fsinISZ(t_t)e z(t ¢)d't +2[51/$2(o(2—41)fcos/31(t-
o
0 .

e?”l(t‘t) ‘Z(t_r)dtl

t
- 1) dt -2,61/32(42-¢1)fcos/!2(t-r)e
[s]

- H + P
B fol {(% g-ky ) *+2(% 5-0 )2 (R5+p3) + (R3-D) 7}

t

(‘ -4 )2+ 2_{;2] d (t-r)
.ll‘zl 2 1) ol iy (eon-fycosfy (e-n1] ot
«Z . 2 o
t
2. 02 a2i ‘
& - - 2t
+ A Ll - L ;Al ﬁz}[‘2Si“ﬁ2(t'r)'/‘2°°sf‘2(t‘”]e 20
as + R )

. 2/‘1(‘2("(2'*1) ’

43+ Ay

(t-7)
[ﬂlsinﬁl( t-t)+dlcoslsl( t- r)] edl

20, By (% -y
43+ A

dz(t-r)

)
[ﬂzsinﬁz(t~t)+ dycosf,(t-7)]e

tl
o1

H + P
LRyl (% pmuy ) *e2(d ok )2 (A5 485+ (B2-p2)° )}
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L&y +A5-87 ) “gt
. A 20(31+ ’Siz 1 [_/gl_(.(lsin/slt—ﬂlcoe,/llt)e ]+

By [#p=4) % B -p3] _ 4yt
w2+ R2 [y~ (dpsinfyt-fycosfyt)e 1

2 (* '$ ) * t
* _AJ_._Q_Z__Z_Z_}__ [‘*1'(/5131“[11‘1 + d,cosfi,t)e -
dq ¥ /51

2B Ay (4 -4y ) dot
- ____£2_2__£2_1__ [AZ‘(pzsinﬁzt + & cosf,t)e 2 11
d3 * B3

then for t —» + @

- dlt . dzt
Y(t) = (Cjcosfi, t+Cysinf, t)e + (C3cos/52t+c4sm{$2t)e —3 0

for all CjeR (j =12,...,4) holds and

lvpte)] 2 - ———
I Ay Aol {(4o-k ) +2(R 5= % ) (AT+R2)+ (B5-B1) 7

_ l Buba L o=t *HR3-05]  flufy [ oy )2HB5-B5T

2 2
a(i + ﬁi “ «5 + AZ
. 2/‘1(520(1“2—0(1) ) 2/!1”2"2(“2"(1)
2 =
A3 + A7 42+ @2
H + P

o) 2R D) (34D

2 p2
. \2"(1("(2‘*1)-(0‘2-0(1)2+[£:2L-A§ 2¢2(¢2-u1)+(,42-9(1)2n» 1-/52 \ }
2 - 2

41 + 0% A5+ s
= H+ P
(4o ) 42 (ko= ) (RT+A)+ (R5B7)°

. (‘2-—4(1)4+2(0(2_il)z(ﬁi*'(!g)*_(ﬁg_#i)2

(A2+p5) (4 5*43) a
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so that

H + P
d

lim sup|x”(t)] £
t+®

IV. Let equation (6) have two simple different real roots

A.€R7, j=1,2, KI # 42, and one double real root &,
A F Ay A eR.

Then applying L.m.v.c. Cje R(j=12,...,4) in the general
solution

- Aqt Aot &t
y(t) = Cye + Cye + (C5 + Cyt)e

of the differential equation (5), where

At ot At
1 2 oAt =
Y:L(t) = e : yZ(t) = e ’ Y3(t) = e ' y4(t) = te
and the wronskian
@xl+d2+2&)t

2
w[yl(t),...,y4(t)] = e (w2-$1)5£GA-$1-¢2)+d1$2] '

yields for the Lagrange’s functions

Cq (1) S ("(2“‘)2‘9_“1t
1 =T

p(t) - h[x(t)]]dt
(0(2-0(1)[v((v(—o(l—-o(z)+o(10(2]2 [

A2
(Kq-%) e
Cy(t) = 5 2
(%o dhy Y[K(H=dy =0y ) +ky ) ]

t

[p(t) - h[x(t)]]dt

1
C.(t) = .
3 (‘2“‘1)["‘("‘“1“2)""1"‘2]2

2 -
'S{[“i(“"z)”‘g(“l‘*)* & (dy-dy)] t+29((o(2-‘1~)+‘§“°‘2}e At
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. [p(t) - h{x(6)]] at .

-t
o) - ve
4 (€ oKy ) [ ~dg =)+ ¥y 4, ]

= [p(t) - h[x(t)]]dt , where

1 1 1
Ve ldy gy % | Ak (K (kg -K) = &2 (k-ky) +
“2 2 & + *S("l-ﬂ)'f&z(v‘z”‘l) .

So that the solution y(t) of the differential equation (4) on

the interval 11 = {0,+ @) may be written in the form of (8),
where

4
E 1
t) = y;(t)Ci(t) = ’
Yp( 31 J A] (‘2'“1)[‘("“1-‘2)+*1“2]2

t
, [ dq(t=T)
-{— (%,-%)2 f et (o) - n[x(n)]ldr +

]

t
£ & (t-1)
+ ("1"‘)2{"’ 2 lp(7) - h[x(n)]]dz -

[+]

(Ve v2d(sy-sy)-(k3-a2)]e*(F "B [p(7)-h[x(1)]]dT +

+

o%—art O“—art

Vte‘(.t-r)[p(t) - h[X(I)]]dt}

Since

< H+P : 21 w0
TAGIE “(4p0)® I ¢

[y | A0 =ehy =K ) 0y 5]

t
v Lmf)ded «(e-T)

o ﬁ

+

t-
Ko(tT)

s (kg - 31;

(0]

100



2 2 t
[24(dp=dy) - (@5-41)] A(t=T)

A ol 7
2
P FoR:
- H + P 2\—(2)(1-e1)+
lh -y | [~y =ty ) kg Ky ] A,
2
(¢4 -4) Aot ‘
v =L (1-92)—-—\/?[1+(to(-1)e$t)-
2 A
22
24(dymky ) - (Kpdy) - e.tt)\
S :
then for t —
- 41t wh wt
y(t) = Cye + Cye + (Cz + Cyt)e " — 0 for all Cje R
(j=1,...,4) holds and
2 2

ly ()] ¢ H o+ P \ ®g-0)% (450

B z

P 1&g | [A(k=ety -y ) vty ] %y 4y
2 2
2"("(2"‘x1)‘(°<2'*1) _ v _ H+P
% )

[yt | [K(K kg )+ oy 12 '

1 2, ,2 2, 2 -
s {(*1%) b &%= (o - %) Pk k" - [20 (- )
172

(6202 )k g k=[R2 (R =y ) k2 (k=g )+ (R =k )] 3% }

2
H+ P [ 5 =dy | (K -y =y ) ey 4y ]
= 2 . =
Pho-ag] [h(k =y =)+ by L5 ] [41%5 42
= H : L ,. so that

lim sup |x“(t)] & 2 ; P
tso -
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V. Let equation (6) have one double real root dj_eR ~ and
two simple complex conjugate roots &t iﬂ HE Q8 ﬂ € R,

£ < o0, £ 0(1, /S;é 0. Then applying L.m.v.c. CjéR (i=1,...

...,4) in the general solution

K4 T

y(t) = (Cy + C,t)e 1y (Cgcosfit + Cl‘_sin/.!t)e'&t

of the differential equation (5), where
v (t) = edlt, yo(t) = te“lt, yz(t) = edtcosﬂt, yu(t) = edtsinﬂt
and the wronskian

Wiy (€)seeery, (0)] = ez("‘iw‘)t/s[_(o(l-ot)zﬂu/s2 17
%

yields for the Lagrange’s functions

[2(h -A)+ [(Ae -2+ pZ1E] oyt
c,(t) = -f [tp( _M2+;2]2 J e T [p(t)-h[x(t)]]dt
1
—$1t
CZ(t) =5m [p(t) - h[X(t)]] dt
1
(%, -4)%-f2]sinft-2(&, -&)cosfit _
Cy(t) = - (%4 /S[fd P ﬂz ]é e "(t[p(t)—h[X(t)]]dt
1
(£ -$)2— cosfit+2fi(k, -K)sinft _
c (1) ___S‘ {[ 1 1-52] /s /s 1 A } e a('t[p(t)—h[x(t)]]dt

Blg-0%+ f21°

So that the solution y(t) of the differential equation (4) on
the interval I, = <O,+ ®) may be written in the form of (8),

where \

4 t |
yp(t) = %Yj(“)cj(t) ) ‘ﬁl {2(%4-2) +

1
A, -#)2+ 217 {

t

t
Ay (t-1)
+ (kg -0)2ep2]e) et [p(z)-h[x(z)]]dT + /Zf [(4y-0)% +
Q
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+ /ﬁreﬂu_t)[p(r)—h[xm]]dfF

o—t

{[*g-0%-FLeinfT -

- Zﬂ(xl—i)cosﬁticosﬂt e$(t_t)[p(f)'h[x(f)]}dr +

o‘——uﬂ

{[(o( -®) —/S JcosfiT +2f(4, -) smﬂr]sm/@te A(t-T) [_p(t

bellorf e o

g dq(t=T)
Dzlf(t—t)e !
[e]

+

[p(z) - h[x(m)]]dT -

foAg(t-T)
- zﬂ(,<1_¢)j o [p(T) - h[x(D)]]ar +
[¢]

+

t
[(43-#%- € [ D ainf(e-n[p(r) -n[x(D)]]ar
(o]

+

t
Z/S(dl—v()j' e‘(t't)cos/i(t—T)[p(T) - h[X(T)]]drf
[e}

Since

Ay (t-7)-1 & (t- ot
2 1

[( 4_* ] e

p 32

e

H + P
|11 g% 202
2p(ky-K) Ay (t-) "
- ———

%y

(yp(t)l

(*4-%) —IB

P (Ko -
o]

ke (t-0)| T 2p(&,-%)
+ —s———— [fsinfi(t-7) +
o &+ B 4

ﬂcosp(t-f)} e

%y (t-7)|°

+

dcosp(t-17)]e
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t

2 p2
- 3
H+ P /3[(0(1 A) "+ ] [—1-(°‘it—1)e 1 ] _

T A Lty Ze B 42
oL, -4 &, -x)Z-g2
Eﬂl—l 1-e%%) @ -4 [—/S-(oﬁsinﬂt -

b ——
2 2
"y A<+ f

K, t 2f(k =K K, t
- /Scos/!t)e 1 ] + —/s;——l—ﬂ?)-[o(—(ﬂsin/!t + dcosfit)e 1 ] .
AT+

then for t — +®
- 4yt . Kt
y(t) = (Cy+Cyt)e + (Cscospt + C4s:.n/!t)e — 0 for all
CJ.ER (j=1,...,4) holds and

H + P ALA 02 pZ] 2k -w)
A1 {tg - 0% 512 43 %
Bl -4)2- 2] 2¢/3<o<1—m| ]

N

lyp(e)]

- 0(2 . 52 0‘2 . {52
 Hap 2 (&g ~ o) (o ) 2+ 2
[y -0 %517 &%+ p2
[P+ (kg - ) P42 (%) ~R) ) -
47 [y o) f2 17
| 2A(d g ~k) (kg ~0) 242 P (kg - k) P2t (kg )
&>+ p o

H+ P { (24 -%)- (%= %+ 7] AT
[y - %)% 1P A+ f7)
[+ (%= %1202 (41 -0)] (<4 ) } i
d2(a” + p7)
H+ P [4g-%)2+ %] - H

+
[(0(1_%)2_'_#2]2 dz(*2+ ﬂz) d

P , 80 that
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H+ P
d

lim sup [x°(t)] &
t»00

VI. Let equation (6) have two double real different roots
Ay, K, €RT, &y £ «, .

Then applying L.m.,v.c. C.,€R (j=1,...,4) in the general

J

solution
t

— ‘1 ‘Zt
y(t) = (Cq + Cyt)e + (Cg + Cyt)e

of the differential equation (5), where

t At Kot

L3 1 2 Aot
Y:L(t) = e ’ Yz(f) = te ’ Y3(t) = e ’ Y4(t) = te

2

and the wronskian

2(k,+h,) Tt
W[yl(t),...,y4(t)] = e 17" (‘2—‘1)4

yields for the Lagrange’s functions

: j[( o« Jo “*[oct) - nlx(e)]]d
Ci(t) = = ————<[(d=Kks )t - 2]e p(t) - t t
1 (*2_0‘1)3 2™%1
1 &yt
c, (t) =-——-—$e p(t) - h[x(t)]]dt
R ey d R CURL! |
1 -»‘zt i
C5(t) = - ——3I[(¢2-¢1)t + 2]e [p(t) - h[x(t)]] dt
(*2“‘1)
1 -yt
C,(t) = -—-——-—-——j‘e p(t) - h[x(t)]]dt
4Ot

So that the solution y(t) of the differential equation (4) on
the interval I, = {0,+ ®) may be written in the form of (8),
where
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t

Yp(t) = Zy (t)c () = {-j[(dz-v‘l)zf -
(* —v‘) /

Aq(t-7)
- 2(kp-dp)le © [p(n) - n[x(n)]laT

&y (£-7)
+ ft(o(z-a(l)z e ! [p(7) - h[x(7)]]d7 -

o

[(o&z-aﬂl)znz(xz-o(l)]e“z(t_r)[P(” - hx(m]ldr +

oSt O%—art

& (t=7)
+ t(o(z—o‘.i)z e 2 [p(z) - h[x(r)]]d7 }
Since
t
ke (t=T)
y (t)] & H =P (o(-)zft-r 1 dr +
lp l %ty ) =% )7 [ | (t-7)e
’ 4p(e=T) 1 (t-7)
f(t T)e dr] + 2(x -o«l)[f dr -
o]
P A, (t-T) :
_.f e dr] | = __E_I_EZ (42_¢1)2
o (®p=ty)
{ 1 1 [oﬂlt—i kit Aot -1 Aztl}'
. - - =5 - e + e +

: Ayt ot
+2(.<2-,<1)[_i_(1_91)_L(l_ez)]l .
1

then for t — + ®

o “‘1t a(2t
y(t) = (Cy+Cyt)e + (C3C t)e — 0 for all Cy&R

(j=1,...,4) holds and
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< H + P 2 1 1 _ 1
Iyp(t)l T o« X l -(®5-cty )7 ( 2 + 2 )+ 2(X,=dy ) ( e
27" 1 2 1
2 2
1 I Ht Py )2 2%k — %o |
« 4 2™ 2 2
o (X,-¢ky) ®y %3
S H+P _ H+P .
*e k2 d '
so that

H + P
3 .

lim sup [x’(t)] ES
t+.00

VII. Let equation (6) have two double different complex con-
jugate roots o = i/ﬁ, AERT, /{;é o .

Then applying L.m.v.c. Cje R (j=1,...,4) in the general so-

lution

- . At
y(t) = [(Cq + Cyot)cosfit + (Cqy + C4t)31nﬂt]e
of the differential equation (5), where

o«

dt t_. At
yi(t) = e" cosft, y,(t) = e sinfit, yo(t) = te cosfit,

u

At ,
v (t) = te sinfit s

and the wronskian

4ﬁ4e4ﬂt

Wlya (t)seeony, (6)] )
yields for the Lagrange’s functions

Cy(t)

un

- ;iglf[sinﬁt - ﬂtcosﬂt]e_*t[p(t) - h[x(t)]]dt

2

2ﬁ3

Cy(t)

j[cosﬂt + ﬂtsinﬁt]e'ﬁt[p(t) - h[x(t)]] dt
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-&tdt

C5(t)

1
- gzi‘rcosﬁt[p(t) - h[x(t)]]e

-dt

Cyu(t) = - ——-531n/st p(t) - h[X(t)

So that the solution y(t) of the differential equation (4) on
the interval I, = <0, +®) may be written in the form of (8),
where

4 t
yplt) = Eg; y5(£)C (L) = ;%3 { - i (sinfir -fzcosfr)cospt[p(T) -
t
- h[X(r)]] ™Mty r f (cOSAT+ﬂtsinﬂr)sinﬂt[p(r) _
o
: t
- h[x(t)]]eA(t—f)dr - f prcosprcosft[p(T) -
o
t
- h[x(r)]]e\ﬁ(t—f)dr -f frsinfitsinfit[p(T) -
[e]
- h[x(r)]]ed‘(t"r)dt} =
t
= —%— J[51nﬂ(t T)-f(t-T)cosfi(t- r)]eM - r)[p(r) _
(o]
- n[x(n)]1d
Since
: ' t
yo(t)] ¢ EEB L [gsinfp(t-7) - cosp(t-T)]elt™T) -
l p l 2| /‘31 d\2+/§2 (. /‘ /3 .

t

Jééﬁ:i% [fsinf(t-7) + Acos(t—r)]e¢(t_r)
$+
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t

A 2 _ . «(t=T)
+ (d.2+ﬁ2)2 [(& [32)00315(1: T) Zd./Js:m/!(t-—r)]e .

< | S [ b - peoopi] ot | -
- A [~ At(eingr + doospr)] et + —E {&2 )
2o A (+47)

ﬁz - [(iz-ﬂz)cosﬂt + zlﬂsinﬂt]e‘t}l ,
then for t — + ®
y(t) = [(C1+Czt)cosﬁt + (C:,’+C4_t:)sin/h:]e"t —» 0 for all cje R

(j=1,...,4) holds and

2 .2 2
l"(’*')léHJrspl'zls s e IR §ﬂ2=
P 2|1 B (B 2 p% (&)
- H=+P
d ’
so that
lim sup [x°(t)]| & H z e
t+ o

v
VIII. Let equation (6) have one simple real root 0(16 R™ and
one triple real root & € R™, & # 0(1.
Then applying L.m.v.c. CjeR (j=1,...,4) in the general
solution
ay t

—_ 2, «t
y(t) = Cpe + (02 + C:’:t + C4t )‘e

of the differential equation (5), where

oLt 2_d&t

at
» Yu(t) = toe

gt
Yy (t) = e ’ Yz(t) = e Y3(t) = te
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and the wronskian

3 (% +34)t
w[yl(t),...,y4(t)] = 2(d-ay)7e ,

yields for the Lagrange’s functions

t
C (t) = - J (t) - h[x(t)lle “ g
1 (- ‘) [p [
C(t):-———-—f(o( )2t2 & 2(dk-4 )t + 2]e p(t) -
2 2 ) [(«-% it [
- h[x(t)]]dt
Cy(t) = - vy J[(¢ 4 )t 1]e~% “lp(t) - h[x(t)]lde
Cu(t) = j[p(t) - hx(t)]le %"
2(d-dy)

So that the solution y(t) of the differential equation (4) on
the interval I, = {0,+ ™) may be written in the form (8),
where

t

— ‘1) {£ [p(2) -
(t-7)

) ‘
- hx(ollet dr o« %f[(oc—ﬁl)ztz v 2(k-4y)T *

ZY(tC(t)

vp(t)

t
+ 2] [p() - h[x()]1eME"F) ar -J'[(o(-¢1)2tt +
[e]
+ (d-a)e] [p(D) - h[x(T)]]e*(F7F) 4T 4
t s r
+ %—f (®-d))2t% [p(T) - h[x(r)]le*(*" ) dl’}
[e]
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Since

aq(t-T)
t) é__.‘j__“:._f.__l f 1 dr + & - .
I s . f[( D2 (=17
- 2(k=& ) (t-T) + 2] - e“(t_r)drl= _HrP_
[(#-%)7]
1o, L Mt 1
- —0(—'( - € ) + -—-:,;' { [& + (d\-o(l')04 +
1

(-2 ] - [(k-4) %K% t2 - 24(k-& ) (24-& )t + 2[# +

+

+

(k-4 )R + (d-d) )7 ]]e?" 1 . ,

then for t — +

- dqt 2, 4t
y(t) = Cye + (Cy + 03t + Cyt7)e —» 0 for all st R
(j=1,...,4) holds and
g H=+P_ I 1 1 r2 2
Iy, (t)l a7 et CURN RS CEE R | I
3 2 2 3
P [ S LIPS |
[ d-a)”1 ES
| (d=dy)®
- H + P 0‘1 | - H+ P R
(k-2 & &, d
so that
lim sup |x7(t)]| £ H+ P
teo d



IX. Let equation (6) have one quadruple real root A € R™.

Then applying L.m.v.c. Cjé R (j=1,...,4) in the general

solution

F(t) = (Cy * Cyt + Cyt? + C t3)e "

of the differential equation (5), where

t 2_«t 3 _dt

&t
IY3(t)=te IY4(t)=te

y (t) = %, y,(t) = te*

and the wronskian

Wiy (£)seeeay, (0)] = 126%%F

yields for the Lagrange’s functions

Ci(t) = - %j‘t?’e“t[p(t) - h[x(t)]]dt
Cy(t) = -12- 5 t2e™* [p(t) - h[x(t)]]dt
C4(t) = - -;-fte““[p(t) - h[x(t)]]dt

c (1) = %Se—*t[p(t) - h[x(t)]]dt

So that the solution y(t) of the differential equation (4) on
the interval I, = <0,+ @) may be written in the form (8), wher:

4 t
1 3 2
:E; yj(t)Cj(t) = z j [- A T
o

yp(t)

J:

+

£31e%(* " p(r) - h[x(2)1ldr =

t
%'5' (t-t)sed(t-t)[P(t) - h[X(t)]]df .
o
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Since

H+ P 3,3 2,2
)] & —— | (t=7)°&° = 3(t-1)K" + 6(t-T)dh -
‘Yp( l 6 d4 [
t
- 6]eR(t-7) l =il l' 6 - [%4® - 3t%% + 6ta -
0 6 &

t
- 6]e“
then for t —» + @

- 2 3, _dt 214
v(t) = (C1+CZF+C3t +C4t )e —>» 0 for all Cjé R (j=1,....,4)

holds and
€ H+ P H+ P
y (t)] = « 6 = , so that
el 2 ==73 p
lim sup |x°(t)| 8 H+P .
t»00 d

Thus, we have proved not only the boundedness of the first
derivative x“(t) of an arbitrary solution x(t) of the diffe-
rential equation (1), but moreover: it became to appear that
lim sup|x’(t)l for t — + ® can be bounded by the same constant

Dy = 3 (H + P) in all nine possible cases regarding the occurence
of the roots of equation (6).

Now, after the substitution z(t) = y“(t) [= x""(t)] into
the differential equation (4), we obtain the diff.equation

z°77(t) + az”7(t) + bz (t) + cz(t) = p(t) - h[x(t)] - dy(t) ,

(9)
where x(t) = Iy(t)dt, y(t) = x“(t).

The author discussed in [2] the boundedness of all so-
lutions zZ(t) of the differential equation
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Z°77(t) + az” () + bz (t) + cz(t) = a(t) - h[x(t)] .
(10)

where x” + a)\z + bA+ c = 0 is a characteristic equation of

the linear homogeneous diff.equation

Z°77(t) + aZ”"(t) + bZ'(t) + cZ(t) = O . (11)

It became apparent that in all four possible qualitati-
vely different cases concerning the roots of the characteristic
equation (in view of the Routh-Hurwitz condition a » O, b » O,
ab > ¢ >0 for its coefficients a,b,c&R") the inequality

lim sup lx"(t)l ¢+ P
t»@

holds.

Let us take the solution z(t) of the differential equation
(9) in the form z(t) = z(t) + zp(t), where Z(t) is the general
solution of the linear homogeneous diff.equation (11) and zp(t)
is a particular solution of the same nonhomogeneous equation
(9). Then, after the integration throughly the bounds Ty and t,
where Ty S t is an admissible number from the interval I,

= €0,+ ®) depending on the solution x(t) of the diff.equation

(1), we obtain [in view of the preceeding result on the bounded-
ness of x'(t)] that for t — +

Z(t) — 0 and |z (t)] ¢ 2H =P
P c
holds. Then the inequality

lim sup Ix”(t)l ¢ M
c

t+00

always holds on the interval <Tx, +00).

We shown that the third derivative x”"“(t) of all solutions
x(t) of the differential equation (1) is bounded on correspond-

ing intervals <Tx,+(n) as well. After substitution u(t) =

14




oo

=z7(t) [= y(t) = x"77(t)] into the diff.equation (9), we

obtain the equation

oo

u”(t) + au’(t) + bu(t) = p(t) - h[x(t)] - dy(t) - cz(t). (12)

The solutions of (12) may be written in the form u(t) = u(t) +
+ up(t) again, where the general solution u(t) of the linear
homogeneous diff.equation

U“7(t) + au'(t) + bu(t) = O (13)

is modificated with respect to three possible cases of occuren-
ce of the roots ryefy of the corresponding characteristic equ-
tion r2 4 ar + b = O.

Also this research have been treated in [1] and [3] in
detail, where the boundedness of the 3th derivative x”"7(t)
has been explicitely introduced as

lim sup |x"77(t)] & 3(H+P)

t+ 00 b

[by virtue of the estimate [p(t) - h[x(t)] - dy(t) - cz(t)| &

£ 3(H+P) for t — + at the right side of (12)].

Finally, it remains to show, that the fourth derivative
xIV(t) of all solutions x(t) of the differential equation (1)
TNt = xIV(t)] in
the diff.equation (12), we obtain the diff.equation

is bounded. Substituting v(t) = u'(t)[=y

vi(t) + av(t) = p(t) - h[x(t)] - dy(t) - ez(t) - bu(t),  (14)

where x(t) = fu(t)dt, y(t) = x"(t), z(t) = x"“(t), u(t) =

= X (t). Its solutions can be written as v(t) = V(t) + vp(t%
where

-at

V(t) = Ce (C€R is an arbitrary constant)

is the form of a general solution of the associated linear ho-~
mogeneous (separable) diff.equation

15



Vi(t) + av(t) = O :

and

t
vp(t) = f ema(t-1) {p(z) - h[x(z)] - dy(7) - cz(7) - bu(r)idf
T
x

In view of the assumptions (2), (3) and by means of the
foregoing results attained for the boundedness of x(J)(t%
j =1,2,3, on the intervals <T_,+00), we have that v(t) =

= ce® —» 0 for t — +00 (and CeR arbitrary) and

t
lvo(o] =| [ e pr) - hx(0)] - dy(r) - cz(r) -
T

X

- bu(r)]dr| £ g (H+P),

so that
lim sup [xIV(t)( ¢ 4(H +P)
t+ o a
holds.

So, we can summarize the above investigations in the

following
Lemma 1.: Under the assumptions (2), (3) and the Routh-
-Hurwitz conditions for positive constants a, = a, a, = b,
ag = ¢, a, = d in (1) assummed that the inequalities

lin sup|x(3)(e)] 4 LK P) (§=1,2,3,4)

t+»® 5-]
hold.

Further we can proceed quite analogously, when using a
method from [1). Hence, the statements given in this article
are analogous (under appropriate modifications of the assump-
tions and assertions) to those for the third order differential
equation of the type (1) (cf.[1]).
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Lemma 2.: Let (2), (3) be fulfilled and moreover let

@
ool ¢ vy o | peodel<s o (15)
0

hold for all x = x(t)€I = (-o0, +m®) and teIl, = £0,+m).
Then for every bounded solution x(t) of the differential equa-
tion (1) either

lim x(t) = x , where h(X) = 0
t+ 00

and limlx(j)(t)l =0, j =1,2,3,4, on the interval I, = {0,+ ™),
te @

or x(t) - X oscillates.

Lemma 3.: In addition to the assumptions (2), (3), (15),
let there exist a real positive constant P, such that the ine-
qualities

[P ()% P, and  lim suplp(t)] > 0
t+00
on the interval I, = {0,+00) hold. Then to every bounded so-
lution x(t) of the differential equation (1) such a root x of

the function h[x(t)] exists that x(t) - X oscillates on the
interval I, = {0,+ o).

T heorem: Let there exist real positive constants H, P,

Hl' Pis Py and R such that the inequalities
Iheol 1, dp(o)l 2P
. < -
IOl 1y, e ()€ Py

t
[S p(r)dz| € p_, 1lim sup|p(t)| > O
0 t+ 00

hold for |x(t)| >R on the interval I, = {0,+00). Let
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P

. - - - = H+P 4 3 2b c o
min [?(xm_l,xm), O(Xn Xnea)l > ; <+ 1? =) T

- - = 4, .
where xm-l'xm'xm+1¢ R (m=0,-2,-4,...) are three consecutive
roots of the function h[x(t)] , f denotes the distance between

roots, whereby h”(x) > 0.

Then all solutions x(t) of the differential equation (1)
are bounded on the interval I, = {0,+00) and to each of them
there such a root X of the function h[x(t)] exists that x(t) =
- X oscillates. '

Summary

Consider the fifth-order nonlinear differential equation

s o0

(t) + ex”7(t) + dx"(t) + hx(t)] = p(t)
(1)

xv(t) + axIv(t) + bx

with constants a,b,c,dé€ R* satisfying the Routh-Hurwitz condi-
tions (necessary and sufficient for negativity of the real
parts of the roots to the fourth-degree algebraic equation (6)
- see the text of our paper). It is shown that in all nine
cases of qualitatively different roots of equation (6) the 1st
derivatives x“(t) of solutions x(t) of (1) can be bounded by
the same constant D = % (H+P), where lh[x(t)][é H, lp(t)} $p
on the interval I = (-o00,+0). Analogously it is proved that
for j = 2,3,4 the inequalities

lim sup lx(J)(t)l E ‘aH+P

te+ 5-]
(a1 = a, a, = b, az = C, a, = d) hold.on the interval I, =
= <0,+®). As a consequence, lemmas and theorem on oscilla-
toricity of a bounded solution x(t) of (1) are introduced with
respect to the roots x of the function h(x).

118



Souhrn

OHRANIEENOST RESENE J1sTE NELINEARNT DIFERENCIALNI ROVNICE
PATEHO RADU

Uvazuje se nelinedrni diferencidlni rovnice 5.F&du tvaru

oo

xV(t) + axTV(t) + bx“77(t) + ex”7(t) + dx“(t) + h[x(t)] = p(t),

(1)

kde konstanty a,b,c,d& R* splhuji Routh-Hurwitzovy podminky
(nutné a postadujici k tomu, aby redlné ¢asti vSech kofenl al-
gebraické rovnice (6) - viz v textu - byly zdporné).

Je ukdazano, Z2e ve vSech 9-ti pripadech kvalitativni odlis§-
nosti kofenl rovnice (6) (i s ohledem na jejich nasobnosti) lze
1.derivaci x(t) Fedeni x(t) rovnice (1) odhadnout vzdy toutéz
konstantou D = % (H+FP), kde lh[x(t)]lé H, lp(t)l & P na inter-
valu I = (-o00,+®). Analogicky se ukazuje, Ze téZ pro derivace
x(3)(ry, j=2,3,4, redeni x(t) plati na intervalu I, = {0,+)
nerovnosti

lim sup |x(j)(t)l - Jéﬂiﬁl
ts 5-3j

(ay = &, a, = b, a; = ¢, a, = d). Na zavér je uvedeno nékolik

2
lemat a vé&ta o oscilatorickych vlastnostech ohrani&eného rese-

ni x(t) rovnice (1) s ohledem na kokeny x funkce h(x).
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PespnwMe

OB OI'PAHMYEHHOCTH PEMEHUE

IMESEPEHLMANEEOTO YPABHEHUS IATOCO HEMMHEMHOTO NOPSAAKA
OIPENENEHHOT'O THIIA

PaccueTpuBaercs HeauHeltHoe mudtepeHUMBABHOE ypaBHEHME
S5-ro nopsaxe

TR

xV (£)+axtV (t)+bx "7 (t)4ex” T(t)+dx (t)+hLx(t)] = p(t) (1)

C MOCTOSHHNMK 8,b,c,d € RY  ucnoxmsommuuu ycrosus Payca-
T'ypeuua (Heo6XOIMMHE M AOCTETOYHNE IAS OTPULATEABHOCTH Be-
mecTBeHHHX udacTelt Bcex KopHelt axrebpemuyeckoro ypeBHeHus (6)
- CM. B pasfore),

Mokesaro, 4ro Ais BCeX NeBATH cayueeB (MO K8YeCTBY) KOP-
Helt ypeBHeHus 4-o#f cTemeHM () BOSMOXHO NMEPBYD NLOUBBOX~
RByD x “(t) pemwenuft x(t) anddepeHuu8ABHOrO ypaBHeHMS (1) orpe-
HHuMTs TO# Xe coMoh MOCTORHHOR D = ——bd—bem (smecs
Ih[x(t)I$H, Ip(t)ISP He uHTepBENe I = ( -0 +0°))
ARajoruveckM nokssNBeeTCs, YTO TaKxXe npousaoxaue X 3)(t)

Jj = 2,3,4 comsepmapT HepeBeHCTBA llm suplx(J (t)l‘Jiéigl
(ay=e, 82=b y 83=C,8,= d) e MHTEpBEXE I, =<0, 2 )e

B xoHne pPEGOTH BHBEZEHH HEKOTODHE JEMH M TeopemMa o
cBoftcTBAX KOMEOADmMErocs OrPEHMUYEHHOrO pemeHMs X (t) ypeBHeHUS
(1) B seBucmMocTH OT xOpHeMt X  dyuxuuum h (x).
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