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The present paper deals with a distribution problem of
zeros of functions from a strongly regular space of continuous
functions of infinite type and bothsided oscillatory.

The distribution of zeros is described by a function cal-
led a fundamental central dispersion of the first kind. Re-
lations between a fundamental central dispersion of the first
kind and a phase of an ordered pair of functions from a strong-
ly regular space expressed by the Abel functional equation are
found.

The results obtained are applied to spaces of solutions
of second order linear differential equations of a general
form

y" + a(t)y” + b(t)y = 0O, I (ab)

where a,bé C(O)(j) and of Sturm form
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(P(t)Y")" + q(t)y = O,  (pa)

where p,q6cl®)(3), py"e c()(4), p(t) # 0 1in 3, here c{®)(y)
and C*7/(j) denote respectively a set of all continuous func-
tions and a set of all functions with a continuous first de-
rivative, on an interval j.

Let R be a field of real numbers and j be an open interval
in R. Suppose S is a two-dimensional linear space of continu-
ous functions with a definition interval j and with a basis
(ygsyp) over the field R. Let functions vy,, Yo be oscillatory
provided that their zeros separate and the only cluster points
of these zeros are just end points of the interval j. If to,
i=0,%,%,... are zeros of the function y,(t) then we require

yo(t) yo(t)
lim 2 = -0 and 1im 2 = +
tat,+ y. (1) taot, - y. (1)
yo(t)
in the case of is increasing by parts and
Y, (t)
yo(t) yo(t)
2 = +® and 2

m === im = -
tot,+ yq (t) tot, - Y, (t)

Yo ()
Y, (t)

Then the space S is called a strongly regular space of conti-

in the case of is decreasing by parts.

nuous functions of infinite type bothsided oscillatory with
the definition interval j. (See [2], [3].)

Obviously the space s™ with the basis (cos s, sin s),
s€J, J = (-», ®) may serve as an example of such a space.

Remark. In [2] the space s* is named a canonical two-
dimensional space of continuous functions.

It is known ([2]) that there exists a global transforma-
tion of the space S onto the space s®, that is, there exists
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0),.
a bijection h: j —* (—a),CD)n hEC( )(J),
a function fecl@)(j), f(t) # 0 for tej,
a matrix A = llaikll . aiké‘R. i,k = 1,2, det A # 0,

such that the equality

y(t) = A f(t) Y[h(D)] (1)

T T
holds for every te j, where y = (yg.Y5) » Y = (Yg,Y,) and
Y, = cos s, Y2 = sin s, s& (- ®, ™).

Let t6€ j be an arbitrary point. The set of all functions
u&s, such that u(t) = 0, is characterized by the following
facts: the functions are dependent on j, all their zeros are

common and the zeros are isolated besides.

Definition 1. The function ¢, = ¢,(t), tej, mapping
every number t on the first to the right of t lying zero ¢1(t)
of the functions u€S vanishing in t, is called a fundamental
central dispersion of the first kind of the space S.

Suppose the space S is a strongly regular space of conti-
nuous functions of infinite type bothsided oscillatory with
the definition interval j, in all the following theorems.

Theorem 1. The fundamental central dispersion of the first
kind ¢1 = g/l(t), tej, of the space S satisfies the following
assertions

1. wl is defined on j, W

2. ?1 is increasing in j,

3. ¥, is attains to every value from j,
4. ¢, is continuous in j.

Proof. Ad 1. The assertion follows from the Definition 1

at once.

Ad 2. We show that for every two points ty, t, €3, such
that t; < t,, the inequality %_(tl) < ¢y (t,) holds. If /1(t1) z
2 Vl(tz) for some points tl,tzej, t, <& t2, then zeros of the
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functions of the space S coming through the points t,, 5/1(1:1)
and zeros of the functions of the space S coming through the
points t,, wl(tz) would not separate. This contradicts the as-
sumption of the separation of zeros of functions from the space
S.

Ad 3. Both end points of the interval j are cluster points
of zeros of every function from S according the assumption. So
there exists a point ti €3] for every t,6 3, so that t, < t, and
fﬂl(tl) = t,. The proof of the third assertion is complete.

Ad 4. Let €50 and th€J be an arbitrary point. It is
sufficient to show that }ﬂl is a continuous function in tge
Let ¢;(ty) = ty, (t; ~€)€ ] and (t; + £)€ j. Since ¢, in-
creases in j and attains every value from j so there exists a
point ty - d;(< tg), Jj_) 0 to the point t; - £(< ty) such
that f:]_(t0 —grl) =ty - € and there exists a point tg +
+ d,(>ty), d,>0 to the point t; + £(>t,) such that
gﬂl(to + J'Z) =ty + € . Let d = min(J;L, JZ). Then

d(tg=dp)
thtgrdy)

n
1T

6y € (o= D¢ fi(0)< ¢y (egr d) &

ty+ £

[}
1]

is valid for every t s(to-():t0+d"). From this we obtain

IAGERA RS-
lg/l(t) "(/1('50)'(6 for te(to—i,to-bor),

thus L/l is continuous in every point t, & j.

Theorem 2. Suppose the strongly regular space S globally
transforms itself onto the space s* by the formula (1). Then
the fundamental central dispersion (/1 = (/1(t) of the spa.ce S
and the bijection h = h(t) are related by

[h Ji(6)] - h(e) =€,
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where E =1 if the function h increases in j and £ = -1 if the
function h decreases in j.

Note that hecl® (), ¢, scl(y).

Proof. Let I<1, kzeR, Ky = Vki+k§ and I<2 be defined by the

formulas: cos Ky = k:l./Kl' sin K, = k2/l<1. Multiplying (1) by

a vector k = (kl'kz) we get
kv () + koy,(t) = K f(t)cos[h(t) - K,] . (3)

If t;< t, are two neighbouring zeros of the function k,y,(t) +
+ kyy,(t)€ S then the difference between the values of arguments

of the cosine function on the right-hand side of (3) is equal
to T, i.e.

Ih(ty) - h(e)| = 7.

For t1< t2 we have

t2 = 6/1(1:1).

(4)

If h = h(t) increases in j, then h[¢1(t)] - h(t) =% , if
h = h(t) decreases in j, then h [(/1(t)] - h(t) = -% , which
yields from (4). The proof is complete.

Recall now that in [2] there is defined the first phase
(briefly phase) X of an ordered pair of independent functions
(Y51y4) of a strongly regular space S with a definition inter-
val j as every continuous function in j satisfying

tg X (t) = y,(t)/y (1),

A countable system of phases o(k, k integral number, o(k(t) =
= K(t) + kT, o(o = K, is defined by this formula. Then
there is found the relation between the phase and
h by which is arranged a global transformation of
onto the space S and shown that

the bijection
the space s*

& (t) = h(t) +-kZ, k integral number, _0‘0 = &A(t).

See [2], Theorem 2.7.
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Theorem 3. Let ¢1 = ¢a(t) be the fundamental central
dispersion of the first kind of the space S, & = X(t) be the
phase of basis (Y51Y4) € S. Then there holds

&[Yu(6)] - &(x) = €T, (5)
where € =1 or € = -1 according as the phase &« increases or
decreases in j.

The formula (5) is known as the Abel functional equation,
compare [1].

Proof. From the definition of the phase and from the
Theorem 2.7 in [2] we have that the phase & of the ordered
pair of functions (y2,y1) satisfies

yo(t)

tg oK (1) = Y. (0)

and increases or decreases according as the quotient y2/y1
increases or decreases. From the formula for dk we obtain

A (t) = h(t) + kI,

where h is the bijection given by (1).

Taking account of (2) we have

ET

h[yl(t)] - h(t) = oA, [Pi(t) - kT - K (1) + kI

& [Yo] - & (o) .

If A denote an arbitrary phase of the basis (yz'yl) then

K] = &() =T or Wffhn] - «co) = 7

according as K increases or decreases in j.
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The fundamental central dispersion of the first kind and
the Abel functional equation in the space Sab(qu)

Let S_,,(S,,) be the space of solutions of differential
equations (ab) ((pq)) of infinite type and bothsided oscillato-

ry with the definition interval j.

From the definition of these spaces follows that the
spaces globally transform themselves onto the space s* with
the definition interval (- o, ®). That is, there exist to the

basis (yl,yz)e Sab(qu)
a bijection h : j —» (-0, 00), hecl?)(j),
a function fGC(z)(j), f(t) # O for tej,
1,2

a matrix A = Uaikﬂ , i,k
such that the equality
y(t) = A f(t) v[h(t)] ,
. T T
holds for every t € j, where y = (YpoYo) 0 Y = (Yg.Y5) ",
Yl = cos s, Y2 = sin s, s €(-00, ).
Suppose (/1 is the fundamental central dispersion of the

first kind of the space Sab(qu)'

Theorem 4. The fundamental central dispersion of the first
kind %_ of the space sab(qu) satisfies the following asserti-

ons
1. 5/1 is defined on j, i
2. 5’1 is increasing in j,
3. (/1 attains to every value from j,

4. Yy c(@) (3.

Proof. The theorem is a modification of Theorem 1 for the

space Sab(qu) .

Theorem 5. Suppose the space Sab(qu) globally transforms
itself onto the space S® by the formula (1): y(t) =
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= Af(t)Y[h(t)] . Then the fundamental central dispersion of
the first kind l/l = %.(t) of the space sab(qu) and the
bijection h = h(t) satisfying the equality (1) are related by

h [{io)] - h(e) = €77, (6)

where € =1 or £ = -1 according as the function h increases
or decreases in j.

Proof. The theorem is a modification of Theorem 2 for the
space sab(qu)'

Theorem 6. Suppose 5/1 is the fundamental central disper-
. . . 2), .
sion of the first kind of the space Sab(qu)' Then ¢16C( )(J).

Proof. The assertion yields from the formula (6).

Theorem 7. Suppose 9/1 = l/l(t) is the fundamental central
dispersion of the first kind of the space sab(qu)' A = L(¢t)
is the phase of the basis (y2,y1)esab(8pq). Then the Abel
functional equation

d[f()] - d(r) = €7

holds in j, where E=10r £€= -1 according as the phase &
increases or decreases in j.

If X increases in j then
Yoty = & [R(t) + 7]
for t€j.

Proof. The theorem is a modification of Theorem 3 for the
space Sab(qu)' .
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Summary

The paper deals with a distribution problem of zeros of
functions from a strongly regular space of continuous functions
of infinite type and bothsided oscillatory. The distribution of
zeros is described by a function ¢q called a fundamental

central dispersion of the first kind.

Relations between the fundamental central dispersion of
the first kind and the phase K of an ordered pair of functions
of a strongly regular space are found. They are expressed by
the Abel functional equation

K [fa(0] - k(o) = €77 .

The results obtained are applied to spaces of solutions
of second order linear differential equations of general and
Sturm forms.

Souhrn

ZAKLADNE CENTRALNE DISPERSE 1.DRUHU A ABELOVA FUNKENT
ROVNICE V SILNE REGULARNEM PROSTORU SPOJITYCH FUNKCE

V &lanku se zabyvéme otazkou rozlozZeni nulovych bod& funk-
ci siln& regularniho prostoru spojitych funkci dimenze 2, ktery
je nekonedného typu a oscilatoricky. RozloZeni nulovych bodd
je popsano funkci V& nazyvanou zakladni centréalni disperse
1.druhu.

Jsou nalezeny vztahy mezi zakladni centralni dispersi 1.
druhu a fézi & uspofadané dvojice funkci siln& reguléarniho
prostoru, které jsou vyjadreny Abelovou funkéni rovnici

Alfi(0)] - &(r) = €7 .
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Vysledky se aplikuji v prostorech oboustranné& oscilatoric-
kych *e$eni nekone&ného typu linearnich diferencidlnich rovnic
2.ra4du obecného a Sturmova tvaru.

Pespopue

OCHOBHASl UEHTPAJIBHAA IMCNEPCUA l~-oro POIA
M OVHKIVOHAJNBHOE YPABHEHME AEBENf
B CWJIBHO PEIYJIAPHOM IIPOCTPAHCTBE HENPEPHBHHX ®YHKLWft

B paloTe saHEMMEEMCS BONPOCOM pBcCnpeneseHHs Byxe# ¢yHrumi
CHMJIBHO PEryAsSpHOro ABYMEpPHOIO NMPOCTPEHCTBE HENpPEpPHBHNX OyHK-
uu#t, xoropu#t ecrr GecxoHewHOro BMAE ¥ Koaebepmuxcs. Pecrnpene-
xeHue Hyzelt onuceHo dyHknueth ?& HasuBeeMolt OCHOBHE8 HEeHTpaxb-
HEes zucnepcus l-oro porns.

HaxonsaTcs OTHOmMEHMS MeXIy OCHOBHOX LeHTparpHOo#f amcnep=-
cuelt 1-oro pone u ¢asot o ynopsmouenHo#t napwm dyHkum# cuABEO
PEeryaAspHOrO NPOCTPEHCTBE, KOTODHE BHPEXEHH (YyHKIMOHEALHHM
ypeBHeHueM AGexs

«[ ¥, ()] - ot(t) = Em.

PesyJapTaTH NPHUMEHADTCH K NPOCTPAHCTBEM KoaelepmMXcs pe-
mern# GecKOHeqHOro BuIe JuHelHHX AuddepeHuUMBNBHNX ypeBHeRuHR
2-oro nopazake o6me% u DrypmoBolt dopmm.
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