Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Dina Stérbova

On the uniform boundedness of elements of the type exp(ih) in Hermitian
Imc-algebras

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 27 (1988), No.
1, 55--62

Persistent URL: http://dml.cz/dmlcz/120208

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1988

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120208
http://project.dml.cz

ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM
1988 MATHEMATICA XXVII VOL. 91

Katedra algebry a geometrie prirodovédecké fakulty
Univerzity Palackého v Olomouci
Vedouci katedry: Doc.RNDr. Jirfi Rach@nek, CSc.

ON THE UNIFORM BOUNDEDNESS OF ELEMENTS
OF THE TYPE exp (ih)
IN HERMITIAN Imc-ALGEBRAS

DINA STERBOVA

(Received March 15, 1987)

Abstract.

It has been shown, s.f. 5 t & r b o v & D. (1978),
that a Banach star algebra is Hermitian if and only if the
spectra of elements of the form exp(ih), where h is selfad-
joint, are uniformly bounded. The present paper will show
that this is true also for every complete lmc-star algebra

with a not necessarily continuous involution.

1. Notations and preliminaries.

All linear spaces are over the complex field C. The
reader is assumed to be familiar with the basic concepts
concerning the topological algebras, namely the Banach
algebras, locally multiplicatively convex (lmc) algebras,
with the notion of representation, and so on. See for
Bonsall, F., Dunca n; J. (1973), Mich ael, E.
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(1952), Na jmark, A. (1968), Z e 1l a z k o, W. (1971).
Let us recall now some notations and preliminary facts.

Let A be a complete lmc-algebra and let fq*}&ézbe the
directed set of submultiplicative seminorms on A separating
points at A, such that A = %_J;I’ll Ay s where A, denotes the
completion of the normed algebra {A/Ker N ,qa(} . By 'J\l;( we
denote the natural homomorphism mapping A onto Ay . Through-
out, the spectrum of an element x€ A will be denoted by
G°(x,A) pointing out that it is taken with respect to A.
Obviously, x€A is regular if and only if for each%x & Z,

the T (x) is regular in the algebra Am vyielding the
equality o (x,A) =U & (x(,Ay). If there is no risk of
confusion we use tol't:z%otation (/7;\ (x) = X - The set of all
multiplicative linear (multiplicative continuous linear,
multiplicative linear continuous with respect to qe ) functi-
onals will be denoted by m (A), ('mC(A), ’m&(A)) respectively.
Obviously for eachw & Zq,z((A)c_ m(A)c m(A) and mC(A) =

=U m (A).
LE€35 %

Definition 1.1.: Let A be a commutative lmc-algebra. The Gel-
fand representation of A is the mapping G:A—)C(/m,C(A)),
G(x)(f) = f(x) for each fé/mc(A) and each x€ A. Recall, that
C(,m,c(A)) means as usual the algebra of all complex continuous
functions on MC(A) with respect to the topology defined by
all neighbourhoods u(foi,xl,...xn) = {férm?(A):lf(xi)

- fo(xi)l<£, i=1,2,...n where foémf(A), £>0.

For each ® €Z we evidently may identify the space 'mvf(A) with
M (Ayx) by the homeomorphism F defined as follows: F(f}{x) =

= f(xq), X€EA, T€ M(Ax). For the spectral radius ]xlg_ =

= sup| T (%) A

Definition 1.2.: The element x€ A is said to be Hermitian if
x = x®. The set of all Hermitian elements of A will be de-
noted by H(A). The element x €A is said to be normal if

]

xx® = ¥x. The set of all normal elements will be denoted by
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N(A). The set MC A is said to be norma. :7 all elements of
the set MuM¥ are pairwise commuting.

Definition 1.3.: The star algebra A is said to be Hermitian
if the spectrum Q' (x) is real for any x€ H(A).
Recall now some useful propositions.

Propositions 1.4.: Let A be a complete commutative lmc-star
algebra with the unit element e, {q(&g\ezthe corresponding
directed set of submultiplicative seminorms defining the
topology on A. Then for each xeA:G'A(x) = G(x)(mfA) =

dé&G“ (et (X)) (AL)) -U lh\(A&)(xo\), where G, denotes the
Gelfand representation mapplng of Ay .

Proof : This fact is wellknown for each Banach algebra.
The rest of the verification follows immediately on using
the equality- O° Alx) _xl.) 6’ (.)/“(x)) Q.E.D.

Proposition 1.5.: Let A be a complete, commutative Hermitian
lmc-star algebra with the unit element e. Then for each x&A

and for each continuous multiplicative funcional fem,C(A),
f(x¥) = F(x) .
P roof : This obviously holds for any arbitrary commuta-

tive Banach star algebra. Using the preceeding proposition
we easily get for each x€A:

@ (x) = {f(x), femiay = Y {f(x), femg (A)}
= Y {f( T (%)), fe'm(A,()

If hé€H(A), then G'A(h is real thus for each®k&€Z and for
each fémli(A) the value f(h) is real. Let further x be an
arbitrary element of A. Then there exists a unique couple
h,k € H{(A) such that x = h + ik. Then there follows for each
« € Z and for all f&MS(A) that f(x*) = T(h) + 1T(K) =

= F(x). Q.E.D.



Proposition 1.6.: Let A be a complete lmc-star algebra, and
NCA be a normal subset of A. Then there exists a maximal
closed commutative star subalgebra Cc A containing N as a

subset and such that for each xe&C, O"C(x) = G’A(x).

This easily follows on using Zorn’s maximal
Q.E.D.

Proof

principle.

Definition 1.7.: Let A be a complete lmc-algebra with the

unit e and a A. The symbol exp(a) denotes the element:
a® a” a”
exp(a) = e + a + — + ... — 4 ... = =
p(a) 2 n! n=0 n!
Note 1.8.: The completeness of A yields the existence of
exp(a) for an arbitrary a€A. Further, for each a€ A it can

be easily seen that

(1) exp(a) = exp(Ixa)luex

(ii) jl‘;k(exp(a)) = exp(Jix(a)) = exp(ax) for an arbitrary <€ X,

Proposition 1.9.: Let A be a complete lmc-algebra with the
Let a,b€A be such that ab = ba. Then the

unit element e.
following relations are true:

(1) exp(a + b) = exp(a).exp(b)

exp(-a)

(i1) (exp(a))™*

(iii) exp(a) = lim(e + a/n)r1
Nso-
(iv) 0o’(exp(a)) = exp(0 (a))

P roof : All these facts are wellknown for Banach algebras.
On using them together with the definition of the projective
limit of Banach algebras there directly follows the proof of
(i), (ii), (iii). Since G’(x) ZSZQ(X) there immediately

follows:

58



G’(exp(a)) Zgio"(%:(exp(a))) =*gié~(exp%(a))

expe (a).

= U_exp(® (Jg(a))) = U exp(S,(a))
*6E XET Q.E.D.

2. Spectral properties of exp(i H(A)) in Hermitian
lmc-algebras.

In this part we give the main result which means the

statement that the uniform boundedness of spectra for elements
belonging to exp(iH(A)) is equivalent to the fact that the
complete lmc-star algebra is Hermitian. As we do not suppose
the continuity of the involution the proofs of the next

lemmas and the theorem demand some refined methods.

Lemma 2.1.: Let A be a complete Hermitian lmc-star algebra
with the unit element e and x€ N(A) be a regular element of A.
If & (x* - x 1) = {o}. then Jo(x)] = 1.

Proof: Since 6 (x* - x'l) = {0}, then by 1.4. it follows
for each multiplicative functional f€MF(C(e,x*,x)) (where
C(e,x*,x) is the maximal commutative subalgebra in A contain-

ing the elements e,x¥,x) that f(x¥* - x_l) = 0 and thus

Fix(x® - x1)) = f(x).f(x* - x1) = f(x).0 =0

Again, using 1.4. we find that
& (x* - e) = ¢(xx* - e) = {0}

while G (x¥) = & (x x*) = {1}. The latter equality implies
that :

[l = 1 {Fxfx) = femfic(exhx} =1

As A is Hermitian so is C(e,x¥*,x) and by 1.5. for each
fe ©(c(e,x¥, x)), f(x*) = T(x). This implies )GKx)‘ =1,
Q.E.D.



Lemma 2.2.: Let A be the same algebra as in Lemma 2.1. Then
for each h €H(A), Q‘)‘((exp(ih))’l - (exp(ih))_:L = {O}

P roof : Let us consider C(e,h) the maximal commutative
subalgebra of A containing elements e,h. Then clearly

o'((exp(ih))} - exp(-ih)) = {F((exp(in))¥ - exp(-ih))
feftn.C(C(e,h))} .

Since the algebra A is Hermitian, then also is C(e,h) which

means that the spectrum G’A(g) =GC(e g)(g) is real for each
g€ H(A). Suppose fe"_c(C(e,h)). Then f(x*) = f(x) for each
x €C(e,h). Thus

f((exp(ih))*) = F(exp(ih)) = exp(if(h)) = exp(-if(h)) =

f(exp(~ih))

(the second and the fourth equality are due to the continuity
of f while the third equality follows from the fact that the
value f(h) is real). Now it can be easily seen that

&((exp(ih))¥ - exp(-ih)) =G ((exp(ih)}* -

- (exp(ih)™ = {o}
. - Q.E.D.

Theorem 2.3.: Let A be a complete lmc~-star algebra with the

unit element e and let {q*}“ez be the corresponding directed
set of seminorms on A. Then the following statements are
equivalent:

(i) A is Hermitian
(ii) For each h €H(A) there is lG“(exp(ih))l =1
(iii) There exists a positive number M>O0 such that for

each hé& H(A) we have lG’(exp(ih))l Y

Proof : (i) = (ii)

Suppose h €H(A). Using the completeness of C(e,h) we easily
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get both exp(ih) and (exp(j_h))‘ﬂl belong to C(e,h). It imme-
diately follows that they commute and hence they are normal.
By 1.7. and 1.9, we have exp(ih) being regular in A and thus
by the precceding two lemmas we obtain lG%exp(ih))[ =1

(ii) =—» (3ii) : being trivisl we prove the last implication

(iii) —» (1)

Suppose now conversely that i€ G (h) is valid for some

h €H(A). Then by 1.9. expT e & (exp(-iTh)) for any positive

. Obviously -T h€H(A) and by our assumption there exists

a positive M such that !GT(exp(—iT’h))l £ M for each T >0.

For each? >0 the above inequality immediately implies that

lexp®| ¥ M. This contradiction proves the last implication.
Q.e.D.
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O STEJNE OHRANIZENOSTI PRVKO TYPU exp(ih) v HERMITOVSKE
1mc-ALGEBRE

Souhrn

V préaci je dokazano, Ze uplna lokalné m-konvexni al-
gebra s involuci je Hermiteovska, pravé kdyZz jsou spektra
vSech prvkd tvaru exp(ih) (kde h je samoadjungovany) stejné
omezena. Nepredpoklada se pfitom spojitost uvazZované invo-
luce.

0B PABHOMEPHO!# OI'PAHMYEHHOCT) OJIEMEHTOB THIIA

exp/ / B NOJNYHOPMMPOBAHHHX KOJELAX C MHBOJOLMER

PesnMe

B HacTosiieii cTaThe NOKa3HBEETCA, UTO MOJHOE MOJYHOp-
MMpPOBSHHOE KOJBLO C MHBOJKIMEH# SBASeTCH BIOJHE CUMMETDU-
YEeCKMM TOrje M TOJbKO TOrA8, €cCJM CIeKTPH BCEX BJJEeMEeHTOB
BMIZa exp/ih/, rie h-cuMMmeTpuyeckoe, PABHOMEDHO OrpPaHU-.
yeHH, TIpM 9TOM HENpPEpPHBHOCTH MHBOJOINM HENpeIlNoJaraeTcs .,
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