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In this paper we shall construct a non-trivial example
of an epimorphism for projective planes of a very general
type.

In [3], generalized formal Laurent series were inves-
tigated. It was proved that a set of all Laurent series with
coefficients in a given commutative Cartesian group T and
exponents in an ordered loop L endowed with suitable addition
and multiplication is again a commutative Cartesian group.
We shall show here that there is a place of D(T,L) onto an
original Cartesian group T. According to the general theory,
this place induces an epimorphism of correspon@ing non-de-

sarquesian planes over Cartesian groups.

Let T be a Cartesian group with commutative addition.
Let (L, %) be an ordered loop with unit element denoted by e.
Let us recall that D(T,L) consists of all mappings f:L — T
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with support spt(f) well ordered by the linear ordering 2 of
L. This set forms a commutative Cartesian group provided we
define

(f+g)(x)
(f.9)(x)

f(x) + g(x),
Z_ f(y).9(2)

y+2z=X

for all x&€L. Now let us define a mapping ?J:D(T,L)-» TU{OO}
where oo¢T, in the following way:

()
@

n

f(e) if f(x) = 0 for all x ( e,x€lL,

oo if there exists xo<e,xo€L with f(xo) # 0.

1)

Proposition..The mapping ? is a place of commutative

Cartesian groups.

Proof. Let, Sﬂ(f) Fo0o , ?(g) #00 . Then f(x) = g(x) =
= 0 for all x £ e. Thus (f-g)(x) = 0 for all x < e. Hence

@ (f-g) #oo . This gives @(f-g) = (f-g)(0) = f(0) - g(0) =
= @(f) - @(9). since (f.g)(x) = p f(f‘).g(/y) =0 for

+H=X
every x { e, it must be sﬂ(f.g) # 0o . A simple computation

shows that ~¢(f.g) = ?(f). ?(g).

1) A place of a Cartesian group T onto a Cartesian group T

is a mapping @:T - '_l'.'u{oo} , oo & T, such that

(1) 1f ?(f)- @(9) # oo then @(f-9) = ¢(f) - P(9),
p(f.g) = @(f). @(9).

(2) If @(f) £ 0 and ?(g) =oo then @ (f.g) = ?(g.f) =

=00 .

(3) If @(-f.g+h.g) £ and @(g) =00 then @(f) =
= ?(h).

(4) If @(f.g-f.k) #oo and @(f) =00 then @(g) =
= @k).

(5) 1f h.g+f.k = f.g and (/(f) = ?(g) = @(h.g9)
= ¢(f.k) =09 then either @(h) = oo or
?(k) = oo
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Now suppose @(f) # O, p(g) =0 - Denote x, = min
spt(f) and x, = min spt(g). In our case, Xq <Le, X5 < e.
Since min spt(f.g) = min spt(f) + min spt(g9) = x5 + x, L e
and similarly for g.f, we obtain ?(f.g) = ?’(g.f- = oo .
Assume @ (-f.g+h.g) # oo and ?(g) =00 . Let x, and
x. be as above. Then x, { e. First let ?(f) =00 , We have
2 : 2
x, < e and x; + x, < e because of @ (f.g) = oo . Fu-ther,
0 = (-f.g+h.g)(x4¥x;5) = -f(xq).9(x5) + Zh(f )-9(y ), where
fé Xq3 Xy €7 and §+ 7 = xqg+Xpe This yle}ds min spt(h) <
< Xq4 and ?(h) = oo . Similarly, ?(h) =oo implies ?(f) =
= oo . Consequently, ¢(f) =oo if and only if p(h) = oo .
Now assume & (f) # oo - 1f @(f) = f(e) # 0, that is, Xy = e,
then 0 = (-f.g+h.g)(x;) = -f(e).g(x,) + h(e).g(xz), where
f £ = x,, f £ e and X5 £ . From g(x,) # 0 it follows
f(e) = h(e) = O, ?(f) = ?(h). Thus the equality holds in

both cases.

Let h.g+f.k = f.g and let @(f) = @(g) = @(h.g) =
= ?(f.k) =00 . Let xq and x, be as above and Xz = min spt(h),
X, = min spt(k). It holds _min(x3+x2,x1+x4) £ Xg+X,. Let us
suppose that e £ X4 and e £ x_ . Then the unequalities

<e £&£x

4
Xy z and x; < e £ X, imply Xp+X, & Xg+X5, Xg+X, < Xq+X 4o
This gives Xq +Xo < min (x3+x2,x1+x4), a contradiction. Hence
either x3< e or x4< e, that is, either ?(h) = oo or
¢(k) =00 . This proves that ¢ is a place of commutative
Cartesian groups.

Corollary. Let T be a commutative Cartesian group but not

a skew-field. Then ¢ induces an epimorphism of the corres-
ponding non-desarguesian plane over D(T,L) onto the non-desar-
guesian projective plane over T.

Remark. Let T be a (non-associative) ring without divisors of
zero. Then D(T,L) is a ring with the same properties and the
above mapping ?9 is a place of a ring D(T,L) to T. Moreover,
a function V:D(T,L)- {0} —>» L given by
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V(f) = min spt(f)

is a valuation on D(T,L) with a value loop L.

(4]

(2]
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KONSTRUKCE JEDNOHO EPIMORFISMU PROJEKTIVNCH
ROVIN NAD KARTEZSKYMI GRUPAMI '

Souhrn

V &lanku je pouzito komutativni kartézské grupy formal-

nich mocninnych (Laurentovych) ad s koeficienty v libovolné

komutativni kartézské grupé& a exponenty v usporadané lupé

ke konstrukci netrividlnich epimorfisml projektivnich rovin

velmi obecného typu.
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KOHCTPYKIMA OJHOT'O SMNUMOP®K3MA IMPOEKTVMBHHX
IJIOCKOCTEN HAL HAPTESMAHCKMMM TPYNIAMA

Peaboue

B crarpe npuMeHfieTcs KOHCTPYKUMS OO6OOMEHHHX CTerneHHHX
pALOB C BSKCIOHEHTaMu B ynopaloueHHol ayne u xoaddunueHTaMu
B KOMMyTATUBHO! Ka8pTEe3u8HCKO! rpynne K NOCTPOEHUD HeTpH-
BMAJIBHOTO snuMoppuaMa NPOEKTUBHHX NJIOCKOCTEH Hal kapre-
3UBHCKUMU TDYNITaMH .
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