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A NOTE TO THE LAPLACE TRANSFORMATION

JAROSLAV HANCL

(Received March 25, 1987)

The Laplace method in partial differential equations is
a problem of the last century. Combinating this method with
a linear transformation enables us to solve a greater class
of partial second order differential equations.

We will study the following equation

2
al(t)gt; + az(t)%lf + a3(t)u =

(1)
92y du

=b —_— b — + b + t,

1(Y) 272 + by(y) By 3(y) q(t,y)

for teJl, where Jl = €0, w), yéJz, where 32 = <y1,y2> ,
y, and y, are real numbers, y1_< Yo with boundary conditions

u(t,yg) = 99(t), u(t,yp) = 9p(t) (2)
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u(0,y) = by(y), = u(e.y) = Fa(y), 3 (3)

there a;(t)€ c2(J;), ay(t) € (Iy), gu(t), gy(t)€c(Iy),
by (y)s by(y), by(y)€C(J,), g(t,y)€C(J;%],) and a,(t)>0
for téJl. Let us denote

x(t) = [ —92— (4)

and t(x) as the inversion function of x(t), and further

X
1 1 _.
P(Xx) = — t) - = t d 5
J T (3,(t) - £ a7 (t)) dx (5)

Ay(X) = ay(t(x)) —2— - a;(t(x)) f—g-’(i)’(—) (6)

t7(x)

"

Ag(x) = ag(t(x)) | (7)

Suppose lim x(t) = @ and there exist Laplace images of
function§®®

P (X) P(x)

aCt(x).y), e ) gy (e(x)), " Mg, (t(x))

for every y€J,. Let us denote them Q( A,y), G,(2,y,) and
Gy ( 2.,y,). Denote next that

S(A,y) = f1(y)(P7(0) - A - A,(0)) - fy(y) - Q(R,y).

On the other hand we will be interested in the equation
(co*AZ) Vv (R,y) + S(r,y) = b (y)razv + by ()Y 4 by(yv (8)
o 1 y2 2 ay 3

with boundary conditions

308



V(l'yl) = Gl(“’lYl)l V(A!YZ) = Gz(AJYZ) (9)

where A € (0, ), yé]2 and c, is a real number. Let

1
2

_ 1 az(t) - —ai(t)
ag(t) = ¢ + & \By(t)( ETI

* 4"‘_a11(t') (ap(t) - % aj(t))® (10)
hold.

Definition: We call u(t,y) a solution of equation (1), where
teJl’ yéJ2 if u(t,y) satisfies equation (1) everywhere and
besides u(t,y)€ C2(JyxJ,).

Theorem: Let v(2a,y) be

1) the Laplace image of the function ef (X)u(t(x),y),

2) the solution of the differential equation (8) with
boundary conditions (9).

Suppose for every A€ (0, w), yéJz and for k = 1,2 we
have

P(x)-Ax _0 3, P(x)-Ax

e T MECLY) = T o (e 0y
= Lim Ay(x)e” )™ y(e(x),y) = o, (11)
X=» @D

and

~

@ @
k k
— J " (X)X 4y (e(x),y)dx f B0 (PO (e (x), y)dx.
dy 2 Ay

o

Let us assume u(t(x),y)€ CZ(Jlx 32) and that there exist the
Laplace images of the functions

(x) .,

Pix) %u P(x) du Ag(x) o
X

—-a-;i . Az(x) e

309



If the function u(t,y) satisfies conditions (3), then it is
a solution of the partial differential equation (1) with
boundary conditions (2) and (3).

Proof. The proof is based on the classical method of the
Laplace transformation. We have

Qu _ du 1
ot dx Tt (x)

a_zu - 2%y . 1 _ Qu t"(x) .
dt? 3x2 t'z(x) Ix t'3(x)

On substituting these identities in equation (1), then

multiplying out by eP(x)-Zx' integrating with respect to x

from zero to infinity and using (4) we obtain

(x) ._3.2_ 7 P(x)-2x _d
P(x)-2AX U gx + A X)=Ax u dx +
Je x° * g 2(x)e dx

+

® ® )2
I A:,,(x)ep(x)-nx u dx = bl(y)J~e—AX+P(x) —5;§ dx +
) )

@ 0o
bz(Y) j"e—hx+P(x) —%5 dx + b3(Y)J e—2X+P(x)u dx +
o

+
o)
@
o [P0 qreex)y) ax (12)
(o]

Integrating by parts and using assumptions (11), (3) and (4)
yields
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@ 2
J‘ P (X)-2x 3 ; dx =

x
o

-ax du x=cn_[_- P(Xx)=-Ax ]X=°°
=[9P(x) x_s_;])(:o ‘(e yu w0 +

+ T%;(e”x""x) udx = - fo(y) + Fy(Y)(PT(0)RA) +
o

@
x=@ P AX -
= [A (x) P (X)X L]x=o - E[. "(%); (A, (x)e" M)y dx
i 2
X
= - Ay(0) Fi(¥) —I =5 (A0 P (X)7A%y 1y dx
[e}

On substituting these identities in equation (12) gives

¢ 2 - 3 P(x)=-AX
J’ (_%)_(_z (ep(x) 2X) _ x (AZ(X) e ( ) +
o

P(x)-AX 32v
+ Ag(x) e ) udx + S(2,y) = by(y) oy

+

13
+ by(y) —%% + bg(y)V (13)

We want to show equation (13) to be equivalent to (8) which
is true if and only if the equations

n



P'Z(X) + PU(x) = AZ(X) - Ay(x) P7(x) + Ag(x) = ¢,

- 2P (x) + Ay(x) =0

are fulfilled. These equations follow from (4), (5), (6), (7)
and (10). Thus equation (1) is equivalent to (8) under the
above assumptions,From here and from the properties of the
Laplace transformation it then follows that u(t,y) is a so-
lution of equation (1) under the boundary conditions (2) and

(3).

Example: Let us solve the equation

92 1
(t+1) atg + (-2 Vel v gy % -

3%y du 1
= +2 + 3 — - -2 1 - = -
(y+2) _—?})y Yy u Vel (y-1) + 5 (y-1) +
*(t+1) (- 4ftel 4t o+ y) (14)

with boundary conditions

u(t,O) = t2 + t U(t,l) = t + 12 (15)
u(o,y) =y —%% (O,y) =y + 1 (16)

with the help of (2) - (11) we find that

x(t) =2ft + 1 - 2
N .. '
t(x) = 7 X tx é P(x) = x , cy = -1
q(t,y) = -4(t+1)2_2Wt+1(y—1)+% (y—1)+(t+1)(t+l+y-1)
_3 1 1 7 1 1
UAy) =5 ——5 *+ (5y - 5)——= - -
2 (as1)> 27 2)(/\+1)3 ¢ (r+1)2

1 5 1
-Gy A
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3 1 1 7 1
S(Ay) = -Ay -1 -5 ——-(3y -3 —=3*
2 (a+1)° 2 z (A+1)3
1 1 5 1
t 4t (37 + 3) ——
(A +1)2 27 20 g
Equation (8) becomes the following form
2 1 1 1
(A-1)v(y) -Ay -1 -3 —— - 5y - L) ——5 +
(r+1) (A+1)
2
P L - s JRUE N L e o)
(A+1) 2 2741 dy dy

with the boundary conditions

31 1 5 1 1
v(A,0) = = + + = +
( 2 a+1)°> (A1)t 2 (as1) (Ae1)?
V(7\,1) = % 1 + 3 + 3 + 2 + ...1_. .

(M+1)°  (A+1)? @as1) (Aa+1)2 Aa

Seeking for v(A,y) in a polynomial form, we find

31 3 1 .5 1
Ay) = 1,,3
V( Y) 7 (2+1)\5 + (A+1)4 + (Zy + 2) (A+1)3 +
1 1
1
Py (A+1)2 Y A

and

u(t,y) = (t + 1)(t + vy)

On substituting u(t,y) in (14), (15) and (16), we find that
u(t,y) satisfies equation (14) with the boundary conditions
(15) and (16).

Remark 1: The boundary conditions (2) may be changed, but it
is necessary to invert them to boundary conditions of equa-
tion (8).
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Remark 2: In some cases it is suitable to interchange the

Laplace transformation for a general integral from Xy to X,.

Then it is also necessary to change some assumptions in our
Theorem,

Remark 3: Putting a,(t) = az(t) = by(y) = b3(y) = 0, a,(t) =
= b;(y) = 1 and g(t,y) = O in equation (1) we obtain the
well-known wave equation.

Remark 4: It

is better sometimes to prove the existence of

the solution with boundary conditions in using some other

method. Then we can make use of the Laplace transformation
as described above.

(B
[2]
(3]

4]
(s

This paper was suggested by Professor M.Laitoch.
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POZNAMKA K LAPLACEOVE TRANSFORMACI

Souhrn

tlanek se zabyva Fedenim parcidlni diferencidlni rovni-

ce druhého radu typu

2
a,(t) %t; + as(t) —%% + a3(t)u =

2
= by (y) ¥+ by(y) —Ab—; + by(y)u + a(t,y)

dy

za predpokladu, Ze

a,(t)- zaj(t) L

. 1
a5(t) = 5 + 5 Yar (1) oI S

(ay(t) -

- 2 8 (6))?

Pri reSeni se pouzivé metoda Laplaceovy transformace, ktera

se kombinuje s Kummerovou transformaci.

Pouziti metody je ukazano na prikladé.

3AMEYAHUE K [PEOBPASOBAHMD JIAILJIACA

PespuMe

B crarre pemaercs AuddepernmasrHoe ypaBHEHMEe B UACTHHX

NPOMBBOAHHX BTOpPOI'o nopaike Tuna
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$u du :
al(t) 3:5 + az(t) —;: + a3(t)u =
b oy 22u du
= by (y) 1,2 + by(y) Yy + bg(y)u + a(t,y)

npy npennonoxeHuu

1 o, 220t za1(t) 1
az(t) = c, + 5 a, (t)( ) + (ay(t) -

Vai(t) 4a1(t)

1 . 2
- = a t
S 2 (£))
Jicmoaxbayerca MeTol npeobpasoBaHus Jlansaca BMecTe ¢ npeobpaso-
BaHueM Hymmepa.
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