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Consider a nonlinear differential equation of the fourth

order of the form

xIV(t) + ax"77(t) + bx 7(t) + ox (t) + h[x(t)] = p(t),

(1)

where a,b,c €R, a>0, b>0, ab>c >0 are the given constants
and the functions h[x(t)] , p(t) with tre continuous first
derivatives are oscillatory on the interval I = (- o, + )
K? k = O,tl,t2,... [with respect to the
function p(t)] and xm(t), m = O,il,tZ,... [with respect to
the function h[x(t)]] . All roots X () of the function h[x(t)]

are isolated.

having simple zeros t

Let us assume that there exist such constants H >0 and
P >0 that the inequalities

‘h[x(t)]l $w ' (2)
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and

le(t)] $e (3)
of functions x(t), x €(- oo, + o) and
00 ) [we should proceed analogous for

we prove that from the boundedness of

hold for all values x
for all t €1, = (o, +
t€(- oo, O] . First
functions h[x(t)] and

p(t) on the interval I, there then fol-
lows the existence of

the constant D1>O such that

lim sup \x'(t)\ § D,

t-»c0
whereby D, = h+P
After making the substitution x“(t) = y(t) we obtain

from (1) the differential equation

Yy TT(E) + ay T (t) + by () + cy(t) = p(t) - h[x(t)],
(4)
where x(t) =Sy(t)dt.

For the general solution y(t) of the third order linear
homogeneous differential equation

YOOT(t) £ ay” () + by(t) + cy(t) = O, (5)
whose characteristic equation

;\‘3

+ aA° + bA + ¢ =0

()

has the roots A’j = ij + i/.‘)j, whereO(j, ﬂjéR, o<j<0

(j =1,2,3), we will distinguish four possible cases.
I. Let equation (6) have three real roots 0(1, 0(2, X, ER”
Xy F X, F X (FXyg) ﬂj =0 (j=1,2,3).

Then applying the Lagrange’s method of variation of
constants (hereafter referred to as L.m.v.c) C.€R (]
in the general solution

V(t) = Cl‘/l(t) + CzYz(t) * C3Y3(t) (7)
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of the differential equation (5), where yj(t) =
o, €
=ed (j=1,2,3)

(o +X el ) T
wvievoivs] = () (o) gy ye T

yields

-X, t
Cl(t) = - (?1-_72)1?:’-’——0(1—)-56 1 [p(t) - h[x(t)]} dt

-X, t
CZ(t) = - Wyl@(l—_“zyge 2 [p(t) - h[x(t)]] dt

1 -—0(3t
C5(t) = - (T je [p(t) - h[x(r)]] dt

so that the solution y(t) of the differential equation
the interval I, = <o, + ® ) may be written as
Y(t) = (£) + y () .

where
dlt

e -Ollt
yp(t) = - WEG [p(t) - h[X(t)]] dt
' "t —,t
2
-mse [p(t) - h[X(t)]]dt
Lot
3 -t
3
- _______(“3_31)(“2_“3) Se [p(t) - h [x(t)]] dt

t ~

(4) on

(8)

1 Ly (t-T
T ) () (o) S[e (A3 =x2) *
[e]

d,(t=-T « =T
e 2( )(o(1 -o(s) + e 3(t ’

+

h[x(=]] a7 .
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Since
t

¢ H P €1 (t7)
lyP(t), (o ) (X meg ) (%45 )] So : s me)

d,(t-T (L (t=-T
e 2 )(°‘1 mXg) * ek3( b)(“z ’“1)’ av £

< H+ P l"%“"z(i_e’ﬁt .
TR (F =) (5= T |~ g )
0(1'9( oot K= X xzt

+ ——;-—2—-:2 (1 - e 2 ) + —;T—l- (1 - e 3 )

then for t — + ®

- ot xot | gt
y(t) = Cye + Cye + Cge — 0 holds for all

C,€R (j = 1,2,3) and

J
X, - X=X
5' H + P 3 OE 1 3
lyp(t)l = T &) oy =05) (G- )] % % '
. Xo-04 _ H+P
Ky | (g m2R) (=% ) (%594 )]
| (%4-9%) (%5-0%) (R5-% )| =-H*tP _H+P
EPC & 105 ©
Thus

lim sup Ix’(t)l ¢ H ; P
t-»0

II. Let equation (6) have one real root o(léR' and two
complex conjugate roots ® < i3 ,l ER™, 5 # O.

Then applying L.m.v.c. C.€R (j = 1,2,3) in the general
solution (7) of the differential equation (5), where

&, t
1 ot Xt .
vi(t) = e ", y,(t) = e cosfBt, yz(t) = e "sinfBt,

(o, +2¢X) t
Wvaevaivs] = plle-x)? +p¥e v
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yields

. _ _—-1—_— —o(lt B
C,(t) e Se [p(t) h[x(r)]] dt + c,

-
co(t) = - —2— | t[(o(—o&)sinﬂt +
° Pl -#)%+]

+ ﬂcosﬂt] [p(t) - h[X(t)H dt + C,

ol t

Cy(t) = [(d-xl)cos(3t -

Ble-2 )% p?]

- ﬂsinﬁt][p(t) - h[x(t]] dt + c5

so that the solution y(t) of the differential equation (4) on
the interval I, = {o, + 00 ) may be written in the form of (8),
where
4t e
Yp(t) = __8"—2_"553 t [p(t) - h[x(t)]] dt -
(%= )%+

Kkt
) ﬂ[f«-:?—ﬁ't/rzjge'“t[<°‘-°a>si"ﬂ e+ foosfie] .

. [p(t) - h[x(t)]] dt +

ot .
ot [ “fwsronps -ponpd

. [p(t) - h[x(tﬂ] dt.

On account of the fact that
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N { e [poinppe +orcos pe] - )

[} +ﬁ

A - X
+ 0(2+/5; {e“t[/&cosﬁt —o(sin/}t] —ﬂ}) =
- H+ P -——(1—e0(1t)+

o] [@-0)%+p7]

+ lo(zib/bz {e”‘tm sin(fitsp) -dJ +

5 [ o cpeom 4]

where

/A

. 24
—_——— = CO0S y =—————— = sin
‘&2+ ﬁ2 )m o(2+ PZ )”

we obtain for t — + o
y(t) = C,e + “t[? osfAt + C,sin t] —> 0
v(t) =G e 2cos fb 3sinp

for all CjéR (i =1,2,3) and

2d—d
< H + P 1

Y (t)] = —_— - )
}p } ‘ﬁl[("‘""l)z”ﬁz] = <24 2

- H + P (dﬂ“1)2+f%2 - H+ P -

R L N S N
. H+P
C ?
so that

lim sup lx'(t)[ § HrP
t-»00

c
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¢ H+ P %1 (t-7)
y (t)] = ‘ d7v
\ P ‘ l(sl [(o(-o(l)z+[52] & o
t
+ (=%, ) S e“(t"’)[sin /51‘ . cos/&’(‘.’— cosﬂt .
°

t
. sinﬂ’l’] d7 -/5S &(t-7) [003(5t . cosﬂf +
o

+

sin/&t . sin/ﬁ.’] d'i” =

1 (t-T)

H+ P dt +

H(£-7)

+

sinf (t-7)d? -

t
(o«—oﬁ)j
[
t

- (55 S(t-7) cos/}(t-'l’)d"cl =

(o}

H + P

o] [cd-v‘i >2+/?]

]

{_(s_edg(r-r) ’

o]

t
+ (-0t ) & 2 [?(smp(t-r) -ﬂcos/”t 'r)] -
B X +{5 }l =
. H+p Lo e“l") .
lo [(#-20)%+4"]

III. Let equation (6) have a simple root O(1€R' and a
double root & (=, =X ;) ER™, X £0,; ; /53 =0, (j=1,2,3).
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Then applying the L.m.v.c. CjéR (j =1,2,3) in the
general solution (7) of the differential equation (5), where

otlt ot &t
Yl(t) = e ’ Yz(t) =€ , Y3(t) = te ,
(%, +20¢) t
wlyivarvs] = (X %) et
yields
-t
1 1
C,(t) = — Se [p(t) - h[x(t)]]dt T
At
C,(t) = - S1+(o(- )t]e p(t) - hfx(t)l[dt + C
2 )2 [ % ] [ [ ” 2

cy(t) = 0(_-'10(_1759—&[‘)(” - h[x(t)” dt + C; ,

so that the solution y(t) of the differential equation (4)
on the interval fl = <O, + 00) is of the form (8), where

ot

e -o(lt eo(t
Yp(t) (“_dl)zje [pco) - h[x(t)]] dt - — §[1

+

(ot-oty )t]e ™" [p(t) - h[x(t)” dt + %je—dt[p(t) -

h [x(t)]] dt .

Since

1

(%-o%)

b (et )t ed(t_T)] [p(?’) - h[x(?.')]] dt'} ¢

t o ~
(t-7) -
S{e 1 -[1 + (*-0¢)7] &(t=T)

(o}

lvo(0] = 5

t ~
$ H+P ”eul(t—b)- H(t-7), (o(-o(l)(t-t)e"‘(t'?), ar £
[o]
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A, t A -
< _H__‘“LZ i—(l-e 1 )- _1_(1_3“") - :1[1 + (o(t_1)e°‘t]] =
(O('dl) 1 x* o
K - xqt .
=_H_i_‘_’5 o(l(;j(‘_—?o%—)__}—elJ'LZ[(o‘l_a)MJf
(*®-24) 1 % %

ot
+ 2 ~ot,] e l ,

then for t — + o

— ot ol t
y(t) = Cye + (€ + Cyt) e = —>»0 holds for all CJ.GR

(j =1,2,3) and

< H=+P Xy g 1 H+P _  _H+P _
e & Et | ——= - ] - i - -
""1) o 1 Il'o( 1
so that
+ P

(e}

lim sup lx'(t)‘
t—=0

IV. Let equation (6) have a triple root o((:o(l =t
R™; A, =0, (j =1,2,3).
e (J )
Then applying the L.m.v.c, CjéR (j =1,2,3) in the
general solution (7) of the differential equation (5), where

2 =%3)&

ya(t) = &5, yy(e) = ety () = 127,
W[V1'Y2'Y3] - 23t
yields
C,(t) = %Stze “t[p(t) - h[x(t)]] dt + C,
Cy(t) = j [p(t) - h[x(t)]] dt + c,
Cy(t) = %J Flpce) = hlx(e)]]de o+ ey,
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so that the solution y(t) of the differential equation (4)
on the interval I, = 0, + ®) may be written in the form of
(8), where

Xt
yp(t) = %Stze—“t[p(t) - h[x(t]] ar - ee*" Ste""t [pce) -

- h[x(t)]) dt + t22‘,(tje_°(t[p(t) - h[x(t)]]dt .

Since

R t _ t B
A5 %-H [r2e D ey nxr)] av - [eere D oz -
[o)

o

t

- h[x('l')]]d'i’ + S :Ze“(t"‘v)[p(?) - h[x(‘t)]] d?} =

o

3

1
N

t
§ (7 - 2t v 2% SNy - h[x(7))] ¢

t

‘hip Sl(t - )Ze"‘(t‘"‘)} v
o
H+pP |, 22 At
=21;3, («%t? - 2at + 2) &' - 2] =

Rl ICEEENE T

then for t —» + 00

t

y(t) = (Cy + Cot + C3t2) e*' — 0 holds for all CJ.éR

(j =1,2,3) and

< H+ P H+ P H+P
Yo(t)] = = - =
I p I l“3‘ 0(3 c !
so that )
lim sup lx'(t)‘ ¢ : e
t=-»00
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By this we have proved not only the boundedness of the
first derivative x“(t) of an arbitrary solution x(t) of the
differential equation (1) but, besides, it became apparent
that %ggosuplx'(t)l may be bounded by the same constant D; =
= Z(H +P) and this in all four possible cases regarding the

occurence of the roots in equation (6).
After making the substitution z(t) = y’(t) [= x""(t)]
in_the differential equation (4), we obtain the differential

equation
z°7(t) + az’(t) + bz(t) = p(t) - h[x(t)] - ey(t),  (9)

where y(t) = x“(t), x(t) = Sy(t)dt.
The author in [1] discussed the boundedness of all so-
lutions Z(t) of the differential equation

z°7(t) + az’(t) + bZ(t) = p(t) - h[x(t)] , (10)

where ‘12 + alb + b = 0 is a characteristic equation of the

linear homogeneous differential equation

Z°(t) + aZ"(t) + bZ(t) = O (11)

and on taking account of Remark [2] it became apparent that
in all three cases of relations between both coefficients

a>0, b>0, i.e. if b2>4a, b2 = 4a and b2<4a

lim sup |Z27(t)] ] ﬂ—%—ﬁ
t—» 00

is true.

If we denote in the general solution z(t) of (9) by z(t)
the general solution of the respective linear homogeneous
equation (11) and by zp(t) the particular solution of the non-

homogeneous equation (9) so that z(t) = zZ(t) + z _(t), then

A n

t is a suitable non-
{0, + o) dependent

on integration from T, to t, where Ty

-negative number from the interval I,
on the solution x(t) of the differential equation (1), we
obtain for t —»+ o
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Z(t) =0 and |z, (1) £S 21531—51

. [
We see that on the interval <Tx' + ) = I,

lim sup ,x”(t)l ¢2(H+P)
t=> 00 b

is always true.

It remains to show that also the third derivative
x““7(t) of all solutions x(t) of the differential equation
(1) is bounded on the respective intervals <TX, + o). After
making the substitution u(t) = z"(t) [= y""(t) = x"'(tﬂ
in the differential equation (9) we obtain the equation

u”(t) + au(t) = p(t) - h[x(t)] - ey(t) - bz(t), (12)

where y(t) = x“(t), z(t) = x"°(t), x(t) = | y(t)dt.
All its solutions u(t) may be written as u(t) = U(t) + up(t),
where

U(t) = ce”® t  CeR is an arbitrary constant, and
t

up(t) = g (Do) - h[x(m)] - ey(r) - bz(n)} @ .
X

With respect to assumptions (2) and (3) and with the results
reached for |x“(t)] and |x"°(t)] on the interval <Tx' + )
we find that

t
’up(t)l =’ S e'a(t'T){p(T) - h[x(‘t)] - cy(%) - bz('l’)} dt‘, $
Tx
< : (t-%) <
SaepafmJen )| et gz £
db |

% (H'+ P +|MTXI+INTXI)(1 - e—a(t—Tx))
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holds, where both M.r —> 0 and N. — 0 for t —»+ 00 .

X rx

Since for t — + ®

at

U(t) = Ce”?" —> 0 for an arbitrary constant CER

and

a

Iup(t)l < 3(H+P)

holds, then
lim su‘p ]x"‘(t)l é M

t—» 00 a

Further we may proceed completely analogous to the method
used in [1] . So, the statements given at the close of this
article, are also analogous (with the corresponding modifi-
cations of the assumptions and assertions).

Resulting statements.

A. Let there exist real positive constants P,H,Hl such that

[neal €0, eco] e (Ay)

and

a
[heool $ng | f pt)dt[< + @ (A,)
o

hold for all x = x(t)€I = (- @, + @) and all t€I, =
= {0, + ) .
Then for every bounded solution x(t) of the differential

equation (1) on the interval I, = {0, + o) either

lim x(t) = X , where h(X) =0
t->0

and

oo

lim x“(t) = lim x“°(t) = lim x""°(t) = O
t-»00

t-»00 t-»00

or x(t) - X becomes oscillated.
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B. 1In addition to the assumptions (Al)' (A2), let there
exist a real positive constant P, such that on the interval
I, = {0, + ) the inequalities

lp“(t)] $ P, and 1im sup |p(t)| >0 (8,)
t-»0

hold.

Then there exists to every bounded solution x(t) of the
differential equation (1) on the interval I, = <p, + 00) such
a root X of the function h(x) that x(t) - X becomes oscillated.

C. Let there exist real positive constants H,P,Hl,Pl,P0
and R such that the inequalities

lheoyl $n, feoy] S (cy)
[ ol $np, o) ey ' (c,)
t .
ip(?)d? l 4 Por lim sup lp(t)]} o] (C3)
t->00
for lx(t)l> R on the interval I, = <b, + ) hold and
_ P
min [@ (XpiXp,a)s @ (RpeXp )] > BB (2 22, 8y, o,
(c,)

where ;m-l';m';m+l are the three consecutive roots of the
function h(x), whereby h'(X)>0, m = 0,%2,%4,... [9 denotes
the distance among the roots]. Then all solutions x(t) of the
differential equation (1) are bounded on the interval I, =

= <0, + 00) and to each of them there exists such a root X
of the function h(x) that x(t) - X becomes oscillated.
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0 OHRANICENOSTI RESENf JISTE NELINEARNT DIFERENCIALNf ROVNICE
CTVRTEHO RADU

Souhrn

V této praci je vySetrfovana nelinearni diferencidlni

rovnice 4.radu tvaru

e e

xTV(t) + ax" 7(t) + bx““(t) + cx (t) + h[x(t)] = p(t) ,

kde h[x(t)], p(t) jsou oscilatorické funkce se spojitou 1l.de-
rivaci na intervalu <0, + 00) a kde pro realné kladné kon-
stanty a,b,c plati nerovnost ab >c.

Ve vSech &tyrech moznych pripadech vyskytu kofend cha-
rakteristické rovnice 3.stupné prislusné linearni homogenni
diferencidlni rovnice 3.tadu [zkoumané za uéelem dtkazu ohra-
nidenosti 1.derivace feSeni x(t) uvaZované nelinedrni dif.
rovnice] vychéazi, Ze x“(t) je moZno ohranidit vzdy touté#
kladnou konstantou. Tato okolnost pak umoZnuje pomoci ziskané
konstanty nalézt téz odhady 2. a 3.derivace reSeni x(t) stu-
dované nelineédrni dif.rovnice. Navic je moZno - s prislusny-
mi obménami - vyslovit vSechna tvrzeni, tykajici se ohranide-
nosti resp. oscilatoriénosti rfeSeni x(t), kterd uvedl jiz
J.Andres ve své préci o nelin.dif.rovnici tretiho ra&du analo-
gického typu.
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OB OI'PAHMYEHHOCTY PENEHU/ HEMMHEAHOIO IM$PEPEHIMAJILHOIO

VPABHEHUA 4-I'0 NOPALKA ONPEAEJEHHOI'O THIIA

Pespue

B palGorTe uayusercs HeauHeliHoe aumddepeHnunanrHoe ypabBHe-
HMe 4-ro nopsiaka Tuna

xIV(t) + ax”""7(t) + bx"7(t) + cx(t) + h[x(t)] = p{t),

rie y kxoaebGaomuxca QyHkumuit h[x(t)],p(t) Ha uHTepBase {0,+ ®)
nepBas [NpOM8BOLHAS NpeAnoJaraeTcs HempepHBMA ¥ Tje BellecTBeH-
HHe noJoxuTeabHHe kospPunuerTH a, b, ¢ MCHONHADT HepaBeHCT-
Bo ab>c.

Y Bcex ueTHpeX BOSMOXHHX THUIOB KOpHeil xapaKTepucrmyec-—

' KOTO ypaBHeHus 3-belf crTeneHu /oTBeyapmmero Axasf 1-odi MpousBoL-
Ho#t x’ (t) BenoMoraTeabHOMy JMHENHOMy OXAHOpoZHoMy Aubdepen—
OMaNBHOMY YPOBHEHHMD 3-r0 mopsiike/ NOKE3HBEETCH, UYTO 3Ty
NpoMSBOAHYD BOSMOXHO BCerja OI'PaGHMUMTH TON Xe caMoii moJoxu-
TeabHO# nocrosHHON#., JToT PaKT NOBBOJSET - IpM NOMOMM MOJyyeH-
HO NMOCTOSHHO}# - pa3sHCKATH HalJexalue NOCTOSHHHE Takxe LIS
orpaHMuyeHus BHcmux /2-olf m 3-bell/ npousBoIHHX Bcex pemeHui
x(t) usyueHHoro HexuHelHoro ZuddepeHnuasbpHOro ypaBHEHHS .
CBepx TOro, C COOTBETCTByDMUM OOMEHOM M BHCK838Th TE Xe caMHe
yTBepxieHus, KacaNmuecs OTpPaHUUEHHOCTH M KoaeOeHuA pemeHui
xktL HoCTUTEYTHe yXe fl, AHJpecoM B ero paforTe o HeJuHejiHOM
nudpdepennuarbHOM ypeBHeHuMM 3-Io NOpPAJKE BHAJOTHMYECKOTO THUNA.
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