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ON THE BOUNDEDNESS OF SOLUTIONS 
OF A CERTAIN FOURTH-ORDER NONLINEAR 

DIFFERENTIAL EQUATION 

VLADIMIR VLeEK 

(Received March 11, 1987) 

Consider a nonlinear differential equation of the fourth 

order of the form 

x I V(t) + ax (t) + bx"(t) + cx'(t) + h[x(t)] = p(t), 

(1) 

where a,b,c£R, a > 0 , b > 0 , a b ^ c ^ O are the given constants 

and the functions h[x(t)] , p(t) with the continuous first 

derivatives are oscillatory on the interval I = (- co , + co ) 

having simple zeros t. , k -= 0f-lf-2f... jj/vith respect to the 

function p(t)J and x (t), m = 0,-1,-2,... [with respect to 

the function h[x(t)]J . All roots x (t) of the function h[x(tj] 

are isolated. 

Let us assume that there exist such constants H >0 and 

P ̂> 0 that the inequalities 

|h[x(t)]| i H 12) 
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and 

|p(t)| = P (3) 

hold for all values x of functions x(t), x £ ( - oo , + co ) and 

for all t € I- a <̂ 0,' + oo ) [we should proceed analogous for 

t £ (- oo , 0̂ >] . First we prove that from the boundedness of 

functions h[x(t)] and p(t) on the interval I,, there then fol­

lows the existence of the constant D,̂  > 0 such that 

lim sup |x*(t)| ^ D1 ; 
t->co 

H + P 

c 
whereby D* 

After making the substitution x'(t) = y(t) we obtain 

from (1) the differential equation 

y'"(t) + ay"(t) + by'(t) + cy(t) = P(t) - h[x(t)], 
(4) 

where x(t) = fy(t)dt. 

For the general solution y(t) of the third order linear 

homogeneous differential equation 

y'"(t) + ay"'(t) + by"'(t) + cy~(t) = 0, (5) 

whose characteristic equation 

XZ + a?f + b/L -t-c = 0 (6) 

has t h e r o o t s X . = <K . + i / S . , whe re o( . , I3 . C R , cX . < 0 
J J j j j j 

(j = 1,2,3), we will distinguish four possible cases. 

I. Let equation (6) have three real roots °< 1, c< oi € R , 

*! t «2 * *3 W *1> ; fli = ° CJ = 1.2.3). 

Then applying the Lagrange's method of variation of 

constants (hereafter referred to as L.m.v.c) C.€ R (j = 1,2,3) 

in the general solution 

Y(t) = ClYl(t) + C2y2(t) + C3y3(t) (7) 
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of the differential equation (5), where y(t) = 
el, t J 
e J (j = 1,2,3) 

r i (°^i+^2+^)t 

w[y1,y2,y3] = (^-^J^-^jfcx^^e 

yields 

Cl(t) = - (o<1-oc2)
1(o<3-o<1)l

e"C<lt[P(t) " h[x(t)]j dt + C, 

C2(t) = - (^-^Kc,!-^)! 6 °C2t[P(t) " h t X ( t ) ] ] d t + C2 

c3 ( t) = " ( c ^ K * , , - ^ ) je"<X3t[p(t) " h[x(t)]] dt + c3 , 

so that the solution y(t) of the differential equation (4) on 
the interval I* = ̂ 0, + oo ) may be written as 

y ( t ) = y ( t ) + y p ( t ) , ( 8 ) 

where 

y
P

(t) - - W^çñ^ JKV[p(t) " h[x(tÜ dt " 

- ғ p % W ^ т Ь " V - p ( t ) " h t x ( t ) Я d t -

• W ^ l i ' ^ [ P > ( t l -h[x(t)]].dt-

1 fг^l(t-' г ' ) 
• ( • Í 1 -^) («2-« 3 ) (»< 3 -І- 1 ) jLe (rtз - ^ 2 ) + 

< * 2 ( t - Г ) « ( , ( t - T ) -, r 

+ e - (oť^ - o < 3 ) + e ó (etj, -o^)] [p(ï) -

- h [xCřjj] dľ . 
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S i n c e 

| Y P ( t ) l - | C i - 0 ^ ) C-<2-̂ S > í ^ - - ! >l J^ 

- Г i ( t - T ) 
( « 3 - o t 2 ) + 

+ e 
f ť 2 ( t - î r ) ^ 3 ( t _ £ ) I „, < 

(°*1 " ^ J f e (*2 - " . O I d r 

H + P 

| íW l-p2)( l X2_ в H ' -«»i)| I 5 7 
°Ć - « -: t 

" ( 1 - e ) + 

c<_- oí-. 
( 1 

« 2  
) + 

oч 
( 1 - e ° ) 

t h e n f o r t —» + CD 

e x i t t x p t o c , t 

y ( t ) = C 1 e + C 2 e * + C-,e J -

C . . 6 R ( j = 1 , 2 , 3 ) a n d 

| v , , J < H + P  

] y p ( t ) | - |Wi-^)(«2-^)(«3-^)l 

0 h o l d s f o r a l l 

CC. •°z . " ľ °S 

__2___l 
+ ~ õ c — 

н + p 

IcVfeJOVVíV-íl 

KV°z)(V^)^3-^>l H + P H + P 
I CX,, C*0 (X. 4^2 л

3 
СХиСХ, 
1 ^ 5 

Thus 

lim sup |x"(t)| 
t-кr> 

< H + P 
c 

II. Let equation (6) have one real root <**i^R~ a
n
d
 t w o 

complex conjugate roots c* - i^_<x"£R""f /} f 0. 

Then applying L.m.v.c. C.6R (j = 1,2,3) in the general 

solution (7) of the differential equation (5), where 

Y i ( t ) = e 1 , y 2 ( t ) = e ° 4 t c o s t 3 t , y 3 ( t ) = e ° t t s i n / 3 t , 

O 91 (°*l + 2pC )t 

"[vi^-vs, - / i [o*-°<ir + /> Je 
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y i e l d s 

•V*) = 1
 2 „ 2 [

 e 1 [ P Í * ) " h l x ( t ) J l d t + ca 

i r _ 0 < t r 
C ( t ) = - — -—-5- \ e ( o ť - ^ ) s i n ^ t + 

+ / J c o s / J t ] [ p ( t ) - h [ x ( t ) j j d t + C2 

1 r -"t-
C 3 ( t } = 77 2 " T i \ e [(»<-«ť 1)co8^t 

- / 3 s i n / * t ] [ p ( t ) - h [ x ( t j j j dt + C3 , 

so t h a t the s o l u t i o n y ( t ) of the d i f f e r e n t i a l e q u a t i o n ( 4 ) on 

the i n t e r v a l I 1 = ^ 0 , + oo) may be w r i t t e n i n the form of ( 8 ) , 

where 

v>--.jr-»J'^V>-l,M*-

. [ p ( t ) - h[x(t)]l dt + 

* ^ ^ ^ ' [ ' ^ " 0 , / " " ' " l n ' ' , ] ' 

. [p( t ) - h[x(t)]] dt. 

On account of the fact that 
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+ 2 g ( e ^ f / S s i n " / ^ + c X c o s / 3 t J - <* J 

+ - ^ | . e « + 

cx +/Г 

H + P 

| " / i c o s / 3 t -o< s i n / 3 t ] ~ / 3 j l 

ыi^õ ñì^l'1-* ) + 

+ -^[^f •-"</»*•/> -<*} л 2 

J й r [ e Ä t cos ^ t + / ) -/*}( • 
where 

:os 'Viv 

\f^J2 

we o b t a i n f o r t —» + oo 

^ t 
y ( t ) = C ^ " 1 + e W t 

f o r a l l C Ć R ( j = 1 , 2 , 3 ) a n d 

V^* ŕ 
s i n УĽ i 

: 2 c o s / 3 1 + C s i n l З t] - * 0 

ly (t ) | < ——£ I ( _ _ _ ! _ _ _ \ / l | 

н + p ( " ^ i ) 2 + Л 2 н + p 

(IX-DCJL)
2+/І2 loťj (.-Л/ì?) " ^ ( « 2 + ^ 2 ) 

H + P 

so t h a t 

l i m sup | x ' ( t ) j í І L ź - Z 
t-*00 c 
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I / - 0 < н + P 
l y P ( t ) l = I.I г,- : ľГ7,: Iŕl [<•<-•_> V J í' 

«i(t-T) 
e át + 

+ (oC-ê ) J e ^ - ^ f s l n ^ t . cos/ír- cos/31 . 

. s i n / П ] d t -/З Г -*(*-*> [C Oв/î 
o 

+ sin/J t . s in/ î t ] d? = 

H + P I Г n в«i(t-T) 

"wнvi V' đг 

o 

t 

+ (rf-c^) f e*^"*) sin/3(t-Г)dГ -
0 

t I 
- /îţ fЧ*-*) cos/3(t-7)dT = 

t . cos/jь + /ăГ 

H + P 

И [(«-•_ )Vl 
rf(t-Г) 

r /? o^itt-nV 
<x. 

+ ^ - ^ ^ 2 . 2 þa in^( t -Г) -/Зcos/3(t-T)J 

a«(t-Г) 11 Y 
" ß^~i _? [/Jsin/3(t-r) +oCcos/3 ( t - t ) ] J 

H + P 

ІЃ|[(C<-І)VJ 
/з -v 

-L_(i - e ) + 

°_ 

III. Let equation (6) have a simple root (X £ R~ and a 

double root oi (= (*2 = C* 3)6R"", <X J- o^ ; /J. = 0, (j = 1,2,3), 
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Then a p p l y i n g the L . m . v . c . C . 6 R ( j = 1 ,2,3) i n the 

g e n e r a l s o l u t i o n ( 7 ) of the d i f f e r e n t i a l e q u a t i o n ( 5 ) , where 

ř X i * <*t ťXt 
У i í t ) = e , y 2 ( t ) = e , y ( t ) = t e , 

Г 1 ^ 2 ("l*2*)* 
WfУľУ2'У J • ( « - * i Г e 

y i e l d s 

5 -<y t 

e 1 [p(t) - h [ x ( t f l ] d t + C% 

C 2 ( t ) = -
(cť-o^ 

-—2" \ [-+("«-•<! )t]e ' [ p í t ) - h[x(t)]Jdt + C. 

C3<*> = S - T - ^ j ^ K ) " h[x(t)]]dt + C3 . 

so that the solution y(t) of the differential equation (4) 

on the interval 1^ = ^0, + oo) is of the form (8), where 

Uл t w l u r - ^ . t «<t r 

{ t ) = - 2 - e r p ( t ) - h[x(t)]j dt e

 2 - \ [ l + 
(*-<*!) J L l J! O*-*^)2 J L 

+ ( c x - ^ t j e - ^ p í t ) - h [x( t ) ] ]d t + - ^ - j e - ^ f p í t 

- h[x(t)]] dt . 
Since 

IVЧ-ŢX ? 
f r ^ ( t - ř ) 

+ (cx-oç^t e ^ í ^ - ^ j f p í Г ) - h [ x ( ï ) ] ] d ř | = 

< JL±Ą ( l . V ^ - e « ( t ^ ) + t*-.«1)<t-T).*<*- î)| dГ =< 
(*-«O il 
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< H + P 

H + P^ I < * " * 

t <i. .*-^. .Aҷi-.-t, - f^L[i .> (cлt.-i).^] 

1 1 1 
C< '"û( ï * " ' 

1 

1 # 1 * e + - i , [((X -oi)oct 
ot -

+ 2tX •0<J * t 

t h e n f o r t — • + co 

y ( t ) = C^e + (C^ + C 2 t ) є 

( j = 1 , 2 , 3 ) and 

o< -oi. 

oCt 
0 h o l d s f o r a l l C € R 

I P I ( o C - i ^ ) -

1 1 1 ~~~ (~г" ~° 
H + P 

Kl*2 
H + P 

o< <* 2 

н + P 

so t h a t 

l i m sup x ' ( t ) [ 
< H + P 

t-xю 

I V . L e t e q u a t i o n ( 6 ) have a t r i p l e r o o t (X ( = ot* = oC =o< ) £ . 

€ R ~ ; /3j = 0, ( j = 1 , 2 , 3 ) . 

Then a p p l y i n g t h e L . m . v . c , C . £ R ( j = 1 , 2 , 3 ) i n t h e 

g e n e r a l s o l u t i o n ( 7 ) o f t h e d i f f e r e n t i a l e q u a t i o n ( 5 ) , where 

/ 4-N **t , „ . . , « t / 4 . x „2 <*t 
y i ( t ) = e , y 2 ( t ) = t e , y 3 ( t ) = t e , 

w[vi'У2'Уз] • 2 e 
ЗoCt 

y i e l d s 

C1(t) = U t V ^ f p t t ) - h[x(t)]] dt + C± 

C2(t) = - J te _ < < 1 :[p(t) - h[x(t)]Jdt + C2 

C3(t) = I j e ^ ^ p í t ) - h [x( t ) j ]d t + C3 , 
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so that the solution y ( t ) of the differential equation (4) 
on the interval I± = <(p, * oo ) may be written in the form of 
(8), where 

yp̂ ) = s?J tV" t-p(t> - h M ] d t -teC<t S^-^t) -
- h[x(t)]]dt . __|_!j e- e < t[p(t) - h[x( t j ]d t . 

Since 

V*) = I ^ ^ - ^ [ p f p j - h l x í r ^ d r - f a r t V ^ í r p m -
- o 

t 

h[x(rj]]dr . j t2e°'(t-r)[p(r) - h[x(r)]] dr| = 
o 

t 

\ (t2 - 2tr v r2) e°'(t-'t)[p(r) - h[x(rjj] dt 

<___̂ J_ j | ( t _T)2.*(t-T)| d t _ 
O 

I ( * 2 t 2 - 2<Xt + 2) e*" - 2 | = 
2 oC 

H + P [(«t - ! ) 2
 + l ] e^ - 2 J 

2 lot3 

t h e n f o r t —*• + oo 

y(t) = (c! + c2
t + c3 t 2^ ^ "~* ° holds for a11 C ^ R 

(j = - - -2 ,3 ) and 

I V 0 Í * ) I 
<£ H + P H + P _ H + P 

~~ k3| <*3 c 
so t h a t 

І i m s u p j x ' ( t ) j 
t-too 

< H + P 

2 8 2 



By this we have proved not only the boundedness of the 

first derivative x'(t) of an arbitrary solution x(t) of the 

differential equation (1) but, besides, it became apparent 

that l.irn sup |x'( t )| may be bounded by the same constant D,, = 

= —(H + P) and this in all four possible cases regarding the 

occurence of the roots in equation (6). 

After making the substitution z(t) = y*(t) [= x"(t)] 

inxthe differential equation (4), we obtain the differential 

equation 

z"(t) + az'(t) + bz(t) = p(t) - h[x(t)] - cy(t), (9) 

where y(t) = x'(t), x(t) = jy(t)dt. 

The author in [l] discussed the boundedness of all so­

lutions Z(t) of the differential equation 

Z"(t) + aZ'(t) + bZ(t) = p(t) - h[x(t)] , (10) 

where X + a ^ + b = 0 is a characteristic equation of the 

linear homogeneous differential equation 

z"(t) + aZ'(t) + bZ(t) = 0 (11) 

and on taking account of Remark [2] it became apparent that 

in all three cases of relations between both coefficients 

a>0, b>0, i.e. if b2j>4a, b 2 = 4a and b 2<4a 

lim sup |z'(t)| = tL^-E-
t-* co 

is true. 

If we denote in the general solution z(t) of (9) by z(t) 

the general solution of the respective linear homogeneous 

equation (11) and by z (t) the particular solution of the non-

homogeneous equation (9) so that z(t) = z(t) + z (t), then 
V P 

on integration from T to t, where T = t is a suitable non-3 x ' x 
-negative number from the interval I* = <0, + oo ) dependent 

on the solution x(t) of the differential equation (1), we 

obtain for t —i> + oo 
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7(t)-*0 and |zp(t)| 4 --ULi-El 

We see that on the interval V # + oo ) = I. 

i • I **/4-v\ *» 2(H + P ) lim sup |x (t)| = - / 

t-* oo b 

is always true. 

It remains to show that also the third derivative 

x*#*(t) of all solutions x(t) of the differential equation 

(1) is bounded on the respective intervals ^T , + oo). After 

making the substitution u(t) = z'(t) [= y"(t) = x"*(tj7 

in the differential equation (9) we obtain the equation 

u'(t) + au(t) = p(t) - h[x(t)] - cy(t) - bz(t), (12) 

where y(t) = x'(t), z(t) = x " ( t ) f x(t) = ] y(t)dt. 

All its solutions u(t) may be written as u(t) = "u( t) + u (t), 

where 

— —a t 
u(t) = Ce , C € R is an arbitrary constant, and 

t 

up(t) = J e - ^ - ^ f p t r ) - h[x(t)] - cy(r) - bz(t)j 6Z . 

Tx 

With respect to assumptions (2) and (3) and with the results 

reached for |x*(t)| and |x"(t)| on the interval ^T x, + co) 

we find that 

|up(t) | =| J e'a^'T^p(t) - h[x(r)] - cy(r) - bz(r)j dfj £ 

x 
t 

= 3(H + P +|MT J + J N T J) ( e " 3 ^ ^ ) dt = 
X x T 

X 

- J ( H + P + |M T | + | N T | ) ( - - . - , < t - T * > ) 
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holds, where both M_ —• 0 and NL. — * 0 for t — * + oo . 
x x 

Since for t —• + GO 

—- —at 

u(t) = Ce * 0 for an arbitrary constant C € R 

and 

|Up(t)|l4 2 1 V - 1 
holds, then 

lim su'p Jx'"(t)j i 3 < H + P) . 
t-* oo a 

Further we may proceed completely analogous to the method 

used in [l] . So, the statements given at the close of this 

article, are also analogous (with the corresponding modifi­

cations of the assumptions and assertions). 

Resulting statements. 

A. Let there exist real positive constants P.H.H* such that 

|h(x)| = H , Jp(t)J = P (A^ 

and 

oo 

|h'(x)| i H 1 . J | p(t)dt|< + GD (A2) 
o 

hold for all x = x(t)£I = (- GO, + G O ) and all t € I* • 
= <0, + oo) . 

Then for every bounded solution x(t) of the differential 

equation (1) on the interval I- = <0, + oo ) either 

lim x(t) = x , where h(x) = 0 
t->oo 

and 

l im x ' ( t ) = l im x " ( t ) = l im x * " ( t ) = 0 
t-*oo t-»oo t->oo 

or x ( t ) - x becomes o s c i l l a t e d . 
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| h ( x ) | = н . | p ( t ) | =<P 

| h ' ( x ) | K. | p ' ( t ) | - Pj. 

t 

Kp(Г)dГ K- l i m sup p( 
t-»co ' 

B. In addition to the assumptions (A
1
), (A

2
), let there 

exist a real positive constant P^ such that on the interval 
x
l
 =
 °̂*

 +
 °° )

 t n e i n e
- q

u
a

l i t i e s 

|p'(t)| = P- and lim sup |p(t)|>0 { B ± ) 
t-̂ co 

hold. 

Then there exists to every bounded solution x(t) of the 

differential equation (1) on the interval I. = <̂ o, + oo) such 

a root x of the function h(x) that x(t) - x becomes oscillated. 

C Let there exist real positive constants H.P-H-.P.j.P 

and R such that the inequalities 

(%) 

(c
2
) 

(C,) 

for |x(t)|^>R on the interval I
1
 = ̂ JD, + oo ) hold and 

-4?(V
lt
i).?lV^)]>T

 (
t
 +
 V

 +
 5>

 +
 T ' 

(c
4
) 

where x „ ,x ,x A are the three consecutive roots of the m-l m m+i __ 

function h(x), whereby h'(x)>0, m = 0,-2,-4,... [ G denotes 
the distance among the roots]. Then all solutions x(t) of the 

differential equation (1) are bounded on the interval I
1
 = 

= <^0, + oo) and to each of them there exists such a root x 

of the function h(x) that x(t) - x becomes oscillated. 
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0 OHRANIČENOSTI ŘEŠENÍ OISTÉ NELINEÁRNÍ DIFERENCIÁLNÍ ROVNICE 

ČTVRTÉHO ŘÁDU 

Souhrn 

V této práci je vyšetřována nelineárni diferenciální 

rovnice 4.řádu tvaru 

x I V (t) + ax'"(t) + bx"(t) + cx'(t) + h[x(t)] = p(t) , 

kde h[x(t)l, p(t) jsou oscilatorické funkce se spojitou 1.de­

rivací na intervalu ^0, + oo) a kde pro reálné kladné kon­

stanty a,b,c platí nerovnost ab>c. 

Ve všech čtyřech možných případech výskytu kořenů cha­

rakteristické rovnice 3.stupně příslušné lineární homogenní 

diferenciální rovnice 3.řádu [zkoumané za účelem důkazu ohra-

ničenosti 1.derivace řešení x(t) uvažované nelineární dif. 

rovnicej vychází, že x'(t) je možno ohraničit vždy toutéž 

kladnou konstantou. Tato okolnost pak umožňuje pomocí získané 

konstanty nalézt též odhady 2. a 3.derivace řešení x(t) stu­

dované nelineární dif.rovnice. Navíc je možno - s příslušný­

mi obměnami - vyslovit všechna tvrzení, týkající se ohraniče-

nosti resp. oscilatoričnosti řešení x(t), která uvedl již 

O.Andres ve své práci o nelin.dif.rovnici třetího řádu analo­

gického typu. 
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ОБ ОГРАНИЧЕННОСТИ РЕШЕНИЙ НЕЛИНЕЙНОГО ДИФФЕРЕНЦИАЛЬНОГО 

УРАВНЕНИЯ 4-ГО ПОРЯДКА ОПРЕДЕЛЕННОГО ТИПА 

Резюме 

В работе изучается нелинейное дифференциальное уравне­

ние 4-го порядка типа 

х
1У
(и) + ах'"(1:) + Ьх"(1г) + сх'(г.) + и[х(И)] - р{*), 

где у колеблющихся функций Ь[х(*)] , р(*) на интервале < 0 , + оо) 

первая производная предполагается непрерывна и где веществен­

ные положительные коэффициенты а, Ь, с исполняют неравенст­

во аЬ > с. 

У всех четырех возможных типов корней характеристичес­
кого уравнения 3-ьей степени /отвечающего для 1-ой производ­
ной х'С1-) вспомогательному линейному однородному дифферен­
циальному уравнению 3-го порядка/ показывается, что эту 
производную возможно всегда ограничить той же самой положи­
тельной постоянной. Этот факт позволяет - при помощи получен­
ной постоянной - разыскать надлежащие постоянные также для 
ограничения высших /2-ой и 3-ьей/ производных всех решений 
х ( * ) изученного нелинейного дифференциального уравнения. 
Сверх того, с соответствующим обменом и высказать те же самые 
утверждения, касающиеся ограниченности и колебания решений 

х ( *)» достигнутые уже Я. Андресом в его работе о нелинейном 
дифференциальном уравнении 3-го порядка аналогического типа. 
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