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1. Introduction

Academician O0.Bor@vka introduced the concept of the
n-th (n=1,2,...) associated equation to a given differential
equation and was the first who studied it especially for n=1
(see f.i. [1] p.8). Its significance has been largely proved
in the theory of global properties of solutions of ordinary
linear second-order differential equations built up by 0.Bo-
rivka and his research school. M.Laitoch [2] introduced the

concept of the first associated equation

y' o= Qu(t)y Q)

to a homogeneous linear second-order differential equation

of the Jacobian form

y' = q(t)y, qe€c®(j), a(t)< 0 for te&j, (a)
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of the basis (o(,ﬂ)), where j = (a,b)(-0 £ a<b%w),
X, BER(=(-0, ©)), *° +pZ>0.

Let the symbol (q) resp. (Q,) resp. [Rl] refer conve-
niently either to the given differential equation or to the
set of solutions of that equation. Trivial solutions of ho-
mogeneous equations (q) resp. Q) will be left out of our
consideration.

We know from [2] that the carrier Ql(t) of the associated

equation (Q,) is of the form
< ‘ 2 1 "
Q1=q+—7—(‘)’—9‘T+Vw - pPa ( ()
x“ - Pq QO( - fq
and if u€ (q), then

-1/2 :
U= (u+pu’)(x? -p2a) € (9)) (2)

2. Basic concepts and lemmas

Definition 1. By an associate equation to the nonhomoge-

neous linear differential equation

y'-a(t)y = r(t), q€Cc%(j), aq(t)< 0 for t€3j,
rect(iy,  [r]

N

of the basis («,3), where j=(a,b)(-® a<b % w), 0(,/5€R,

(X2 +/52> 0, we mean the equation

y' = Qu(t)y = Ry(t) , (r,]
where Qi is defined by (1) and

_ﬁi_*_ér_’.+2ﬂ,(___1___)‘r, tej. (3)

Rl(t) = > 5
\]oaz— Fa - (g

Lemma 1. Suppose y§& [r] Then the function

Y(t) = @y + py )@ - PPy 2 elR ] (4)
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Proof. This will be carried out by a direct calculation.

Lemma 2. Suppose Yg [Rl]‘ Then there exists exactly one

solution y¢ [r] such that

M:y, (5)

2 2
Vo“= Ay
“. To prove the

Proof. Let t €3, Y(t ) = Y, Yi(ty) = Y]
above Lemma it will suffice to show the existence of exactly

one solution yo,y; of the system of equations

Yo * BV _y
2 2 T o
VOK - Aa(ty) .
. (6)
Alacervorr(e )] +oy? 1

* ARyt py N )y =
\/ocz- A2a(t,) Jo2- p2ace)  °

If yo,y; is the solution of system (6), then for the solution

y € [r] satisfying the initial conditions
y(ty) = vor Y (t)) =y,

there holds (5) and from the uniqueness of the solution of
system (6) being equivalent to the system of nonhomogeneous

linear equations

Ly, + bys =¥, Voﬁz- Fa(t,)
palty)y, * oy ={-/5r(t0) Vo= 02ace) [vg -
- Y 5}0«2- {52<1(to)(——'z—l'—z——);=t ”
\/cx - Facr)y °

(7)

we obtain the uniqueness of the solution yé{}i satisfying
(5). System (7) has exactly one.solution yo,y; for the de-
terminant of this system is o@- ﬁ?q(to)>(x
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3., Main results

Theorem 1. There exists a one-to-one mapping between the
set of all solutions of the equation [r] and the set of all
solutions of the equation [R1] given by relation (5).

Proof. This immediately follows from the foregoing two
Lemmas.

Remark 1. If we specially consider the basis (0,1) but
with g(t) # O in the interval j, q éCZ(j), we then obtain the
differential equation

act) + la(ol—)"]y = —L) .
I la(t)] ] lact)
1 .

T

which from another aspect has been considered by S.Stan&k in

[4]-

the differential equation [(] is coinciding with its asso-

+ 2r(t)(

In what follows we will investigate a problem in which

ciated equation.

If we consider a special basis (X,0), where > 0, then
the equation [r] is assigned to itself by this basis, because
as we know from (1), Q1 = q and by (3) Ry = r. Therefore this
case is of no interest for us.

M.Laitoch has shown in [3] that the differential equation
(q),(xz— ﬁzq(t) # 0, in the interval j is assigned to itself
by the basis (X ,[}) exactly if the carrier g assumes the

following expressions:

1) q (u k#0,  m#O
2) q (« - 1647 [exp( - “2pt+A) - 2/48] 2 ufo
3) a=m° + 164 [exp( —2ut+A) - 2u8] 2 W g0
4) g=-(At +B)2 AgoO

5) q= (At + B)7? A#O,

2514



where A,BE€ R, /b;é 0, M= . If /AB>O, then in the above
expressions 2 and 3 there is naturally assumed that

IR

A-(S 248 & j and in expressions 4 and 5 then -B/A ¢ j. It
next follows from [3] that expressions 1, 2 and 3 occur by
K # 0 and expressions 4 and 5 by K= 0.

Bacause of our assumption q(t)< O, we can consider only
the first (with k>(uz), second and fourth case.

Theorem 2. Suppose A,B,C, ,[56 R, C# O, o&2+{5270,
pFA O, M= % . We set for M# 0, UBE(-2,00)(uBE(0,0); BE(2,c

that t% & = A-n(2 uB+4) (T:= A-Ln(2u B) . ¢, A—(n(2£B—4)).
2M 24 2pM

The differential equation [r] coincides with its associated

equation [-R:L] by the basis (o(,/b) exactly if the functions
q,r assume in the open interval j the following expressions:
There is either

(I) q = (4.2—k , |<e((u2, ©), M#o0,

Cc exp[( ﬁ sgn/b -/u )t] (8)

(II) aq=-(At+8)2  Ago0, -2¢j,

r

or

and then for the function r exactly one of the following
possibilities exists:

either
sgné
+ 2)

A B

r = clatsg| Lif (- @ - D) (9)
or A g
r=C,At+Bl(s,X| "8, if je(- 2, o) (10)

or

(111)  q = u®-16p° [exp(-2ut+A) - 2u8] 7% for uB€(-2, ),

ME Ot ],
and then:
(1) if B = 0, we get
r=cC exp[S‘ut + 2sgne exp(2ut - A)]; (11)
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(2) if {uBé(Z, ® ), we get

either

r = Glexp(-2u t+A) - 2u8]°7? exp[(ZD-l)(ut], (12)
if j is a part of the interval with the end-
points t*, T

or

r= C‘exp(—Z/At+A)-2[ABI'(D+2)exp[}(20+1)54t] . (13)
if j is a part of the interval with the end-
points T, t’*%,

where

D:= - s_gé%)(__ H (14)
(3) if éABé(U,Z) , then the function r is given either by
(12) or by (13) according as j is or is not a part of
the interval with the éndpoints %, T .

(4) if &Bé(—Z,O), then the function r is given by (12).

Proof. The identity R,(t) 2 r(t) in (3) is fulfilled
exactly if the-function satisfies the differential equation

_ mr + r’ q’r
"o et [(@Z-q)l/z ' ((«Z-q)w} '

which is a first order differential equation with separable

variables. Here the function g assumes one of the three ad-
missible forms given prior the theorem. This equation may be
modified to the form

.

r- - h(t)r=0, (15)

where we set

2 -1 - 2 1/2
h(t) = -(uZ-a)7"a" + sgnf(u®-a)/? - u . (16)
The general solution of equation (155 may then be written in
the form ’
ro= C'exp[fh(t)dt] , CER, C # 0, (17)



where in proving this theorem we use the symbol fh(t)dt to
denote an arbitrary but a fixed of the primitive functions to
the function h(t).

By the admissible forms of the function g we separate
the remaining part of the proof in three parts:
2 2
(1) If 9 = m" -k, where ké((u , ), then h(t) =
= \l? sgn b -M , whence from (17) we obtain (8).

(11) 1If q = —(At+B)—2, A# 0, - %¢j, i.e. the case in
which by [3] « = 0, then

. A
h(t):-g-—+ sgnﬂF:—%i—%.

Analyzing the values sgn(A) and sgn(At+B) yields

h(t) = -sgn A(sgn/ + 2A sgn A) A—t1+_B
for t€jcC (-0, —/%) and

1
h(t) = sgn A (sgnﬂ—ZA sgn A) X

for t€ jC (- %, ©) ,

which yields upon integration (9) and (10).

(II1) Let now

a = mo-16u° [exp(-2ut+A)-2uB] 2, T & 3 . (18).
Denoting
E(t):= exp(-2(44t+A), €e(t):= sgn(E(t)-Z(uB), tER, (19)
gives
q° = -64[43 __..ELE.L__3
(E(t)-248B)
h(t) =é’-ﬁ-‘§—£—£})‘—§+4e(t)sgn0( QTF(:C«_B"“ . (20) .

It can be deduced very simply from (18) that the assumption
q<0 on j is satisfied exactly if the condition
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2uB - 4<E(t)<2uB + 4, t€j (21)
is fulfilled.

As can be seen from (20) it is necessary to distinguish
two cases at the function h(t) according as & =1 or £€ = -1.
The case £ = 0 does not occur. (t¢j). Evidently

e(t) =1, t€Rr, uB<O, (22)
1 foru>0At{TVMLOAL>T, MB>O,
g(t) = (23)
-1 foru>0At>TVALOALLT, MB>0.
Condition (21) is fulfilled if either
2MB - 4 £ OAOKE(t)<2uB + 4, tEj (P)
or
0<2 uB - 4<E(1)<2uB + 4, tej . (Q)
It then follows from (P) that (lABé(—Z,2> .
Let  uB€(-2,0> . (Pi)
If. 4 >0, then t>t%, di.e. jC(t¥, o),
if #40, then t£t*, i.e. jC (-, t*);
Let c4,.85(0,2‘} . . (Pii)
Now besides t”*¢ j, also 't‘¢j.
If w>0, then X< T, < t, i.e. either jC (t*,T) or
ic(t, o),
if M0, then T, t¢t™, i.e. either j< (-, t)or
Je (Tt%);
Let uB€ (2, ®). i (Q)

If (u>0((u<0), then
g, T, TN

("¢ tt®, T<t®, T,
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From this we get:
If w>0, then either jc (t*,T) or jc(T,t™);
if u<0, then either JC (1) or jo (T,t).

Taking into consideration the values & given by (22) and
(23), then integrating the function h(t) and on using (17)
we obtain the respective forms of the function r in the as-

sertion (III) of our theorem.
For ‘uB = O(Z“ # 0) we have namely
Jh(t)dt = 3 Mt + 25gno . exp(2Mt - A)

and for (uBé(-Z,O)U(O,oo) we obtain successively

Jh(t)de = 444(-2—[;)(”15(”-2/‘51+4539“"(' ?18')("11'21“85-1“)' o
) -2(nlE(t)-2{ABl-5sfan; /n lE(é()ﬁ,uB! - pt

(e0-2)fnle(t) - 2u8| - €D(-2utea) - Mr =

(eo-2)lnle(t) - 2/15,+ (2€D-1)ut - EAD,

where the constant D is defined in (14).

Conversely, the proof of the fact that the functions q,r
are assuming the forms of (I), or (II) or (III), and then
R(t) 2 r(t) in (3), is quite evident and is thus omitted.

This completes the proof.

Remark 2. In using the same notation as in the foregoing
theorem enables us to express formulas (9) and (10) for the
corresponding (aB and j by one formula, i.e.

39-2-@— sgn(At+B)-2

r = C’At + B! ) ’
and analogous, formulas (12) and (13) may be expressed for
the corresponding (MB and j by the formula

r = Clexp(-2 pt+a) - 2 us| 7 exp[(2F-1) ut] ,
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where
sgn

F = - —QJT;L sgn[exp(—2(ut+A) - ZC‘B] .

Example. Choosing a special basis (0,1), i.e. if o= 0,
then there arises the case (II) of the foregoing theorem.
Choosing moreover A = 1, B = 0, then we obtain the Euler dif-
ferential equation

1
y'+ =5y =0
t2 )
whose fundamental system of solutions in the interval (0, )
is formed by the functions u = |t sin({3/4 (nt), v =
= V; cos(\3/4 ent) (see [5], p.279). Then, according to (10),
exactly all differential equations

y"+ti2y= . CER, cC#o0,

L (9]

will be in the interval (0, ) associated to themselves, by
the basis (0,1).
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0 SPLYNUTI DIFERENCIALNEI ROVNICE y" - q(t)y = r(t)
se svou prOvobNnE rovnICE

Souhrn

Privodni rovnici k nehomogenni diferencidlni rovnici

y" - a(t)y = r(t), q€c®(j), q<0 na j, r€c (j) (]

[N

pii bazi (ok,4), kde j = (a,b)(-0 £ a<b £ ®),
o<,/5€(-00. ©), «x° +3°>0, nazveme rovnici

y' - Q(t)y = Ry(t) ,

Q =q —ﬁqucx M(V’—_—“-M

cx(&q

kde

Je ukdzana existence vzéjemné jednoznaéného zobrazeni
mezi reSenimi diferencidlnich rovnic [r} a [Rl] a dokazéano,
ve kterych pripadech splyne rovnice [r] se svou pravodni rov-
nici.
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O COBIAJLEHMM [M$®PEPEHIMAJEHOI'O YPABHEHMA
y" - a(t)y = r(t) CO CBOMM CONPOBOIMTEJBHHM
YPABHEHVEM

Peapue

CompoBoAuTenbHEM ypaBHeHueM npu Gasuce (o, f) rue
o(,/Zc R(=(-00, m)), 0(2 + (32 > 0, x audpbepeHumasrHOMy ypeB-
HEHUD pas

y" - a(t)y = r(t), qec%(3), q(t)< 0 &8 t &3, rec (j),[r]
j = (a,b)(-a)é alb % ),un HasuBaem guddepeHLMaNbBHOE

ypaBHeHue
Y - Qq(t)y = Ry(t) [R1]
0(‘ .
TA® Q= a ""E"Zgﬂﬁ— + V&2 - £%a 2 - =
A - ARA - p<d

lloka3aHo cymecTBOBaHME B3BMMHOOLHOBHAUHOTO OTOOpaXeHMS MeXAy
pemeHusMyu nuddepeHunasbHEX ypaBHeHu [r] n [R1] M HokasaHo,
B KAKUX CayuasX COBNaiyT ypaBHeHue [r] M ero CONpOBOIMTENb-
HOoe ypaBHeHMe [Ri]'
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