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1 . Problem 

A d i f f e r e n t i a l equa t ion 

y " = Q ( t ) y , Im 0 ( t ) f 0, (0) 

is investigated, where Q is a continuous and If- periodic 

complex function on R.* From the Floquet theory (see for 

instance [VJ ) it then follows that there exist independent 

solutions u, v of (Q) such that 

either 

u(t+3T) = 0.u(t), v(t+5T) = Cp"1.v(t), t€R, 

0 / § c C (1) 

or 

u(t+jT) =^.u(t) + v(t), v(t+jT) = <£. v(t), 

t£R, (?2 = 1. (2) 
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Generally complex numbers Q , $) ~ are called characteristic 

(or Floquet's) multipliers of (Q). 

In [2] - [6], [8] , [9], [ll] , [12] the values of the cha­

racteristic multipliers of (q): y " = q(t)y, q being a 

continuous ^-periodic real function on R, where expressed 

by a phase and the (1st kind) central dispersion of (q). 

The present article offers a new look at the Floquet 

theory of (Q) based on the phase theory point of view. 

2. Basic notations, relations and preparatory lemmas 

The symbol Cn(R) (Cn(R)), where n=0,l,2,... , will 

refer to a set of real (complex) functions with continuous 

derivatives (on R) up to and including the order n. Trivial 

solutions of linear equations will not be considered. 

In analogy with [l3l a function ©<.£ C (R) will be said 

to be a £h£S£ £f_a£ £q£ati£n 

= P(t)y. P*гc°(R), Im P(t) / 0. (P) 

exactly if there exist independent solutions u, v of this 

equation such that h 

a) u
2
(t) + v

2
(t) / 0 for t£R, 

b) <*'(t) 

If moreover 

u2(t) + v2(t) 
for t€R, where w:=uv' - u'v. 

^(to) tqcX(t ) = —7-7—r at a point t £ R, where y v o y v(t) r o ' v o' 

v(t ) ̂  0, then <X is said to be a phase of the basis (u,v) 

of (P). In such a case u(t) = c si_r><^(t)j v ( t ) = c
 cQg„c<(t:.i 

V '̂(t) K T O 
for t£R, where 0 / c €.C 

A function tX is a phase of (P) exactly if it is a 

solution (on R) of a nonlinear 3rd order differential 

equation 

• { ч . t j -* ' 2 (ť) = p(t). 
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f 1 *t ( t) 3 / o<M/1 i\ 
where j(X,tt : = „ - ' - — I—• •- l ) denotes the Schwarzian 

t •> 2cX ( f ) 4 K { t ) / 
d e r i v a t i v e ofc< at the p o i n t t . 

I f c< i s a phase of ( P ) , then every s o l u t i o n of (P) may 

be w r i t t e n e i t h e r as 

s i n ( < * ( t ) + c9\ 
c l n r = r = ~ ' (3) 

VoC ( t ) 

/ i * « * ( t ) 
C-y ...^...^.^.^ ( 4 ] 

where ^ = 1, C-, Cp, C-€ C, c- /* 0 /- c.,. The converse is valid, 

too: For arbitrary complex numbers c^, c~, c^, c. ^ 0 / c_ , 

and a number •? , v = 1, the functions defined by (3) and (4) 

are solutions of (P). Hereby YoC*(t) means a continuous and 

single-valued branch of the square root of the f unction <x/( t ). 

If u is a solution of (P), u(t) ^ 0 for t£R, then there 

exists a phase oC of (P) and a number c€C, c / 0, such that 

u(t) 
^ic* (t) 

téR. 

All 'the above properties have been presented and proved in 

( p ( t ) ) 

Lemma 1. Let oC be a phase of (P). Then 

) = (!«*.'( t) - * ! { • } ) ' * (-«'(t) -
2oc (t) 

2й'{t) 
t Є R. 

<fi* (t) 
Proo£. Setting u(t):= — - (/- 0) for t£R, then u 

K(t) 
is a solution of (P). From the equalities ioť. 

2вł' 
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and (-(<*.tj -oC'2(t) = ) P(t) = (^y-)' + (^jf^y1)2 then 

there follows the assertion of Lemma 1. 

In analogy with I 1.4-J a function X will be said to be 
a (complete) t f a n s f£rmatO£ of (P) if 

(i) X € C 3 ( R ) , X'(t) £ 0 for t £ R , X(R) = R; 

(ii) for every solution y of *(P) the function ¥ > » -j... 
MJX (t)| 

is again a solution of this equation. 

The set of increasing transformators of (P) constitutes 

a group L relative to the composition of functions. We will 

say t ha t L i s a p lana regroup, i f to every ( t , x ) € R X R 

there exists exactly one function X€L_. such that X(t ) = x . ' P x o' o 

A transformator X of (P), x'(t)>0 for t € R , will be 

called a £ent£al> transrf£rmatp£ of (P) if 

l&LžJ for t í R , 

where ^ = 1 , for every solution y of (P). The set of all 

central transformators of (P) constitutes a group relative to 

the composition of functions, which we will write as L p; 

L £ < . L £ (see ["])• 

Lemma 2. Let o< be a phase of (P). Then P is a JI -periodic 
function exactly if the function <K(t+Jt') is a phase of (P), 

too. 

Lr£°i.' ( zss&) Suppose P is a 'JT*-periodic function and 
set /b(t) ; = oC(t+5r ) f t £ R , Then 

- { /3 , t } -fi'2(t) = -{oC.t+y} -oC2(t+T) = 

= p ( t + y ) - p ( t ) , 

so tha t 

{л.t}-/. -2 ( t ) = P ( t ) , t € R, 
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whence it follows that /lis a phase of (P). 

(<==-.) Suppose (b (defined analogous to the first part 
of the proof) is a phase of (P). Then (5) is true and con­
sequently 

-ío<,t+TJ -c<'2(t+:ľ ) = P(t), tCR. 

It follows from this and from the equality -1 oL ,t \ - oC (t) • 
= P(t), t£R, that P(t +0T) = P(t) for t£R. 

Lemma 3. Let a€.R, Re P(t) + a.Im P(t) £ q(t) for t€R, 

where q€C°(R) and (q):y" = q(t)y be not oscillatory (i.e. 

any solution of (q) has at most a finite number of zeros on 

R). Then any solution of (P) has at most a finite number of 

zeros on R. 

P_roo£. Suppose, there exists a solution z of (P) with 

an infinite number of zeros, and co is their cluster point. 

Let u be a solution of (q), u(t)>0 for t = b and z(t-) = 

= z(t2) = 0 for b = t1<t2, z(t) /- 0 for t^(t1,t2). Since 

(z'(t)z(t))' - P(t)|z(t)|2 + |z'(t)|2 , 

then 

\ í]z'(s)]2 + (Re P(s) + i.lm P(s)) |z(s)| 2J ds = 0. 

It then follows 

\ l|z'(s)|2 + Re P(s)|z(s))2J ds = 0, 

\ Im P(s) )z(s)|2 ds = 0 

so that 
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ft2 
J [|z'(s)j2 + q(s)]z(s)|2Jds £ 0. 

Since |z(t)| '2 = Jz'(t)|2 for t€ (tlft2), we obtain 

J ( r'2(s) + q(s)r2(s)J ds = 0, 

where r( t) : = |z( t )|, t(R. Then, by Lemma 1.3 ( [l5J p.3), the 

solution u has a zero on (t--t«)- which is a contradiction. 

3. Main results 

In what follows we will investigate equations of the 
type 

y" = Q(t)y, Q£c°(R), Im Q(t) f 0, Q(t+jT) = Q(t) 

for t£R. (0) 

Lemma 4 . There e x i s t s a phase c< of (Q) such tha t the 

t i o n 

u of (Q) 

u ( t + y ) » p . u ( t ) , u ( t ) / 0 f o r t 6 R (6) 

is valid, where 0 £ Q 6 C 

Proof_. ( -=-==>) Suppose there exists a phase °< of (0) 
ex11 ^ 

such that the function ipC - —-r is J. -periodic. If we set 
2<x r 

/ i * ( t ) 
u ( t ) : = 7= .. .r- (^ 0 ) , t £ R , then u i s a s o l u t i o n of (Q) and 

y*'(t) 

— =xo< - i s r (:=p)-
so tha t -—- i s a T f - p e r i o d i c f u n c t i o n . Fu r the r u ( t ) = u ( 0 ) . 
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3X
P( \ p(s)ds) which yields 

o 

u(t+jT) = (0 .u(t), where (̂  = exp( } p(s)ds), 
У 

(<=-===) Let (6) hold for a solution u of (Q), where 

0 / ^ c , Since u(t) / 0 for t € R, there exists a phasecx, 

£loL (t) 
of (Q) and a c £ C such that u(t) = c .... - . On account 

Km 
of the fact that — is a X-periodic function and ~ -= 

u K u 

= 10»v 

with a period li 

o< - o< 
-r it is clear that ioC - - is also a function 

2 <* 2 c< 

Remark 1. If (6) holds for a solution u of (Q)f where 

0 /- Q £ c, then P is a characteristic multiplier of (Q). 

Remark 2. If fi> is a phase of (P) and i /h ' - J ,.. ts a 

# -periodic function, then the coefficient P of (P) is also 

a ^-periodic function, as it readily follows from Lemma 1. 

Remark 3. In the terminology of transformators equation 

(P) t + .3T€ L exactly if P is a ^-periodic function. 

that i(X 

Corollary 1. Suppose there exists a phase c* of (0) such 

2ot 
is a ^-periodic function. Then 

Vo(*(0 Ш exp fi(<*(ЈГ) -*(0))|, - - Ш e x p í i ( c < ( 0 ) -oC (7î)l 

are characteristic multipliers of (Q). 

Proof_. It follows from Remark 2 that the coefficient 0 

of (Q) is a IT-periodic function. Besides we obtain from the 
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n 

proof ( -==-=>) of Lemma 4 and Remark 1 that exp( \p(s)ds) 

o 

f , ex" 
exp(- p(s)ds), where p:= i oC ' - , are characteristic, 

J 2©< 
o 

multipliers of (Q). From this and from the equality 

\p(s)ds = i(oC(7T) - c< (0)) + In <oC*(°) immediately 

follows the assertion of Corollary 1. 

Lemma 5. Suppose there exists a phase c< of (Q) such 
o^ " (t \ 

that io('(t) j*—-• (=:p(t), t € R) is a ^-periodic 

function. Then for a phase /i of (Q) 

iij'(t) Qlill . p(t) for t€ R (7) 
1 2 fl> (t) 

is fulfilled exactly if there exist k, k1 4. C, ke ' t ' /- 1 

for t 6 R such that 

/3(t) = oC(t) + | ln(l-ke2ioC(t)) + k1 , t£ R. ^8) 

Proof^. ( -=>) Suppose /$ is such a phase of (Q) that 

!• /i" 

(p(t) = ) ioC'(t) - (*> = i /T(t) - -r-rf-j . t€R. (9) 
2 <* (t) 2 /5 (t) 

Then from Theorem 4 L13J there follows the equality /J (t) = 

= c [*<*>]• 
c'(z) = 

2 2 
(Cл cos z + c

2
 sin z) + ( c, cos z -f c . sin z) 

(10) 

o 

for all z6C, where (c
1
 cos z + c

2
 sin z) + (c, cos z + 

+ c
4
 sin z )

2
 j- 0 and c

1
, c^, c , c

4
 £ C, c2c - c1c4 = 1. Then 

/J'(t) = c'[o((t)]. c*'(t), /S"(t) = c"[oC(t)]. c*'2(t) + 

+ c'|p<(t)] . ̂ *(t) and on substituting in (9) we get 

156 



[°<m1 i = i.c-tt (t)l - є"^.*) 

Г* 'J 2c k(t) 

All solutions of the above equation are of the form c* fo( (t)j 
1 

B
 , ™ — ~ — _ _ _ ^ ,

 f
 where k €-C is an arbitrary number such that 

1-ke " ^ l * ' 

ke * ' 7- 1 for t 6R. There is an infinite number of such k 

and if we proceed in the same manner as in [l3j we may prove 

the Lebesque measure (the complex number is taken as a point 

in Gauss plane) of the set of such numbers k is equals to 

infinity. Here c*(z) has the form (10). In the case of k j- 1 

it suffices to put c- = 0. c0 = — ~ s s , c^ = l/T̂ TT. cA = •i 1 2 Jl-k 3 ' 4 
1 k . . , ¥ -w - K 

= ™ • ' ' ". while in l 

i l-k 

the case of k = 1 we put c- = - -^—, c« = 0, c = - i —J-—, 

c. = y2* Hence A"(t) = —•—--i-r47TT a'ncf integrating the latte 
4 f l-k @

 0 ( ( t ) 

equality from 0 to t gives 

t 

/ i ( t ) . /i(0) + | ^ | ^ T , / jco) + K ( t ) * 

+ | l n ( l ^ k e 2 i e t ^ ) ) - (X(Q) - | l n ( l - k e 2 i < < ( 0 ) ) . 

= c * ( t ) + | l n ( l - k e 2 i * ( t > ) + k v 

where k1 := fi> (0) - -K (0) - | l n ( l ~ » e 2 : u X v ^ ) * 

(<̂ ====s) Suppose /3 i s the f u n c t i o n de f i ned by ( 8 ) , where 

k, l<1 € C, ke H ^ ^ 1 f o r t £ R, By a d i r e c t computat ion i t rnax 

be v e r i f i e d t ha t /3 i s a phase of (0) and (7) i s t r u e . 

Lemma 6. Let a l l s o l u t i o n s of (Q) not be j r - p e r i o d i c or 

ST -ha l f pe r i od i c and l e t there e x i s t a phase oC of (Q) such 
- t< 8 f 

t ha t the f u n c t i o n ic< - — — (sszn„) i s ^ - p e r i o d i c . Then 
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there exists at most one ..F-periodic function p?, p1 ^ p 

such that p2 = i/1 ' - ' for a phase (b of (Q). 

Pr£of_. Following Remark 2, it suffices to prove that 

the Riccati equation 

u' + u2 = Q(t) (11) 

has at most two different I?'-periodic, solutions (defined on 

R) under the assumption that all solutions of (Q) are not 
^-periodic or Jî -halfperiodic. First, the function p1 is a 

^-periodic solution of (11). We assume that there exist 

further two 'JT'-periodic solutions p2, p of (11), Pl / pp, 

p1 /• p-,, p2 f D,. Integreting the equalities 

(p - p 2 ) ' ( P 3 - P І ) 

P - P2
 P _ P

l 

(P
2
 " P )' _ (P

2
 - Pl) 

P
2
 " Pl 

(Pҙ - P_i 

P
2
 " PІ 

Pi " P
2
. 

Pl " P ' 

- p3 - p_. 

from 0 to A yields 

J(Pl(t)-P
2
(t))dt = 2ím%, j (Pl(t)-p_(t))dt = 2-ÍO* . 

( (P1(t) + p3(t))dt = 2±rJT , 

where m, n, s are integers, whence 

(Pl(t)dt = i(n+r)? , \
P2
(t)dt=i(n+r-2m)У , l p ( t)dts*i( r-n)Г 
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y£( t ) y^ ( t ) 
Since p1(t) = r-j-r , p2(t) = rpr , where y..̂ , y2 are suitable 

independent solutions of (Q), y1(t) / 0, y2(t) £ 0 for t«tR, 

t 

there exist l<1, k2 £ C such that y.(t) = k.exp( ( p.(s)ds), 

o 

i = 1,2, t£R. Naturally, then 

t T 

y.(t+T) = k.exp( JPjL(s)ds)exp( J p.(s)ds) = (-l)
n+ry±(t) 

o o 

(i=l,2, t £ R ) , hence all solutions of (Q) are "^-periodic or 

3T~-halfperiodic, which is a contradiction. 

Remark 4. In assuming that all solutions of (0) are 

'^-periodic or T-halfperiodic, the Riccati equation (11) has 

infinitely many ^"-periodic solutions. All these solutions 

are of form Y r t \ * where y is a solution of (Q), y(t) /- 0 for 

t6R (see Example 1). Here the main difference is in the 

number of periodic solutions of the Riccati equation in a 

real case, when even there the equation has at most two 

T-periodic solution (see [lOJ ) . 

Example 1. The Riccati equation 

2 . ЛCL 8it 
u + u = -4 + lбe 

has jf-periodic solutions, say 

u = -2i + 4ie
4 l t

cotg(e
4 l t

+c), 

'V 

with c G C being an arbitrary number such that sin(e
 x
 +c)/0 

for t 6R. This condition is fulfilled for c = c
1
 + ic

Q
 such 

2 2 
that (c.j+k'iT ) + c

2
 /-• 1 for all integer k. 

It becomes obvious that the investigation of y-perio-
«<" 

dicity of the function ic\' - -r w, where (X is a phase of 7
 2 (X

 r 

(Q), is essential. The remain part of this text is deviden 

into three cases: 

159 



Case 1 - there exists a phase o< of (Q) such that its deri-

vative is a ^ -periodic function (and then the 

function icA 

Casc. 2 

Case 3 

2vL 
7 , toos is Å -periodic)j 

there exists such a phase c< of (0) that its de­

rivative cL" is not a /T-periodic function and 

1 CЛ 
2 c* т i s a ^-periodic function! 

there exists no such phase c< of (Q) that ±oi" -
ot¥ ^ . .. -

- ——-w is a A-periodic function* 

Case 1 

Theorem 1. Suppose P is a characteristic multiplier of 

(Q), /pi - 1- Thena there exist independent solutions us v of 

(Q), u(t)v(t) f 0 for t € R satisfying (1) exactly if there 

exists a phase pC of (0), k±l k p € R , 0 I k1 -S (1 + sigr 

k̂  /. 2̂ T } k2 = 0 and an integer n such that 

Lk2, t £ Rs o ( ( t + ? ) =crt(t) + (k
г
+2n1ř') + ik 2. 

k^) У/ i 

(12) 

ч k
0
-ikл and 

V e 2 1 

L r £ 0 L o ( ====v>) Let P be a characteristic multiplier of 

(Q)» l<? I = -- a n d u, v be independent solutions of (Q) satisfy­

ing (1), u(t)v(t) / 0 for t € R . Setting U:= ~ (u+v), V: = 

:= ~ (v-u) yilds that U,V are independent solutions of (Q) 

and U 2(t) + V 2(t) / 0 for t £ R . Let oL be a phase of the 

basis (U.V) of (Q). Then there exists a c £ Cs c /- 0. such that 

U(t) 
sin o< ш. 

( sєc [ l 3 ] ) . Since 

V(t) 

sin o< { t) 1 , ,
 %
 , .

 % 

—-J===±=^' -= ~( U ( t ) + V { t ) ) . 
Vo< ( t) 2 

C Q S ^ ( t , 

±ш 

t € R 

(13) 

\joc'(t) 

Ҷv(t)-u(t)), 

t € R (14) 
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then 

c< (t+1Ѓ 
|(^.u(t) + <?

_1
.v(t))

2
 - |(<5>

_1
.v(t) 

P.u(t))
2
 . u(t)v(t) - - ^ 4 — 

tí (t) 

Naturally, then 6i(t+lf) = ©('(t) a n d therefore for an a € C 

we get 

ot(t+1?" ) • c< (t) + a, t4 R. (15) 

Let 9= •• Evidently, y is either equal to 1 or 

Vx(t) 
equal to -1. From the definition of U,V and from (1), (13) -

(15) it follows from one side 

V(t+T) * i.U(t+») - %>c e xP - («(t)+ql 

pro 
and from the o ther s ide 

V ( t + ^ ) + L U f t + f ) = ~ ( ^ - 1 . v ( t ) - <p . u ( t ) ) + 

+ | ( (j>.u(t) + ( ? - 1 , v ( t ) ) = i t V ^ . v f t ) • 

• ^ . ( V ^ t ) + i .U(t)) • cf1 **2J^dSl . 
^ > V7(t) 

Thus § • ^ e " 1 3 and if a • a1 + ia? is fe| f - ea2 • 1, whence 

a2 • 0. Next let a* = k-+2nT , where 0 =" k±< 2 5T and n is an 

integer, Setting k?j=a? (=• 0), we get from (15) formula'(12) 

and © = $ .exp(-i( k..+2nT ) + k?) = 9 .exp( k^-ik* ). 

It remains to prove that in case of a,. • 0, i.e. where 

l<3 | • 1, the number k- may be chosen to that 0 = k* = 5?" . 

In case of k K k,<l 2iT" we consider the phase /& := -04 in 

place of the phase e< of (Q). Then it follows from (15) 
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k
±
 - 2nУ = A(t+TГ) = /3(t) - a = /î(t) 

= /î(t) + (2Ï- Iҷ) - 2(n+l)* 

and in place of the integer n in (12) we put the integer 

-(n+1) and in place of the number k* we put 2 ^ - k* . 

Evidently 0^ 2? - k±* 7 . 

(<=-) Let <* be a phase of (Q), k^k^R, 0 = k± = 

= (1 + sign k2)r, k̂  j- 2*r, k2 = 0 and n be an integer such 

that (12) is true. Let ^= ** (t+» J. a n d set ^ . _ v ,exp(k0-

^<Tt) ^ 2 

-ik ), U(t):=
 S^_llif) , V(t):= £ ° ^ y i , u(t):= -iU(t) + 
Y« (t) YoT(7) 

+ V(t), v(t):= iU(t) + V(t) for t6R. 

Then l̂ | = 1, u, v are independent solutions of (Q), u(t)v(t) 

= U2(t) + V*(t) f 0, 

ü{t+1Ґ 
. _ cos°<( t+T ) _ . sino<-( t+ g | ) _ exp(-i o<(t+T)) 

. V=t(t+ fr) ÍoC(t+V) |/o<.'(t+í-) 

= (? [ c o « t ( t ) . ± e l n K ( t ) ] , « . u ( t ) . 

* i fnj) f[(j) J s 

v( t+ T ) - c o s 0 < (t+*") + t sino<( t+/T ) _ exp(io<.( t+T)) _ 
Vo<'(t+T) Vot'(t+ í -) / « * ( t + r ) 

, t ÉR, -l[co___tJ , t s ino<(t ) - | = < ? - l . v ( t ) 

-1 and <P f Q are characteristic multipliers of (Q). 

Corollary 2. Let <-< be a phase of (Q). All solutions of 

(Q) are T-periodic or r-halfperiodic exactly if 

oV(t+^) = *(t) + kf , t€R, (16) 

where k = 2n + | » ( l - £ ) or k = 2n + |-(1 + 6 ) , n € Z and € = 

» J _ 2 2 I ( . l l for t<R). 
Vo t ( t ) 
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Proof^. ( » Suppose all solutions of (Q) are T-pe­

riodic or T-halfperiodic. The functions 

are independent solutions of (Q) and 

i*(t) e-i°<(t) 

' ^ot( ( t ) 

e i « * ( t * y ) 

^<* (t+5T) 

e-i°<(t) 

= 1? 
, i * ( t ) 

oť(t) 

,-i»t(t) 

|*'(t) 

(17) 

téR, 

where V = 1 . Here all solutions for $ = 1 ( \? = -1) are 
^-periodic ( S"-half periodic). On multiplying out both sides 

of (17) we get ^'(t+TT) = pc'(t), thus for any a £ C we have 

(X(t+^) = cx(t) + a for t€R. Then from (17) there follows 

*£, , e-ia . Vfi.- with £ . - ^ ( 

VoTít) 
If a = a1 + ia2 

we have a0 = 0, for i)£ = 1 we get cos a1 = 1 and for $€, = -1 
1 

we get cos a- = -1. In this way a* = (2n + •=•(! -£ ) ) ^ for 

^ = 1 and a1 = (2n + ---(1 + £ )) f for T) = -1, where n is an 

appropriate integer. 

«:—a) Suppose c< is a phase of (Q) satisfying (16), 

ye</(t+^F) 1 
where n is an integer, £= — - —-- and k = 2n + --*(l-6 )(k = 

Km 2 

= 2n + i-(l+£)). Let us put u(t):= , v(t): = 
2 K(T) Voc'(t) 

for t6 R. Then u, v are independent solutions of (Q), 

u(t)v(t) / 0, u(t + ̂ ) = u(t), v(t+T) = v(t) (u(t + ̂ ) = 

= -u(t), v(t+T) = -v(t)), t£R. It immediately follows from 

this that all solutions of (Q) are ^-periodic ( .T'-halfperi­

odic) . 

Remark 5. In the terminology of central transformators 

of (Q) all solutions of (Q) are ^-periodic or 1^-halfperiodic 

exactly if t+T is a central transformator of (Q). 
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Remark 6. If all solutions of (Q) are ^-periodic or 

It -halfperiodic, then the value of the number k in Corollary 

2 will generally depend on the choice of the phase of (Q) -

as it becomes apparent from Example 1 [J--4J. 

In the following theorem we present certain sufficient 

conditions for the derivative &L* of a phase oC of (Q) to be 

7T -periodic. 

Theorem 2, Suppose there exists a number a€R such that 

Re Q(t) + a.lm Q(t) £ q(t) for t£R, where q€C°(R) and 

y** a q(t)y is a nonoscillatory equation. Then one of the 

- following two mutualy excluding situations arises: 

(i) there exist independent solutions of (Q) such that 
u(t)v(t) / ° f o r t ^ R and C1) holds, where © 2 f 1; 

(ii) there exist independent solutions u, v of (Q) such 

that v(t) / 0 for t£R and (2) holds,, 

Proo£. From Lemma 3 there follows that every solution of 

(Q) has at most a finite number of zeros. Consequently, every 

solution u of (Q) satisfying the equality u(t+T") = O.u(t) 

on R, where 0 / P€ Cs has no zeros on Rg i.e. u(t) f 0 for 

t£Ra Especially from this there follows that all solutions 

of (Q) cannot be J^-periodic or $P"™halfperiodic* The statement 

of the Theorem readily follows from the results of the Floquet 

theory. 

Lemma 7. Suppose all solutions of (Q) are not 2F-periodic 

or $"-half periodic. Let ©< , /I be such phases of (Q) that 

c?c(t+y ) a oC(t) + a , t€R, (18) 

/l(t+yN - /»(t) + b , t£R, (19) 

where a, b£C, Then either a a b (in this case °< (t) - oi (0) ~ 

• S(i) - ft (0) for t€R) or a a -b (in this case < (t) -

- oi (0) » -[#(t) - /I (0)] for tCR). 
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Proof_. We may assume without loss of generality oi (0) = 

• /J(0). In the contrary case we assume instead of phases ^( t) and 

/} (t), the phases <*(t) -c<(0) and /3 (t) - /S (0), respective­

ly. By Corollary 2 the numbers a,b cannot be equal to an in­

tegral multiple of £". Next, from Theorem 4 \J-Z\ there follows 

the existence of k*, k2, k_, k. £c, L k . - k2k_ f 0 such that 

(k k - k.k ) oc'(t) 

A (t) - • - ^ — V — — — — — — — g . 
(k̂ coŝ X. (t) + k2sino<(t)) + (k3coso<.(t) + k sino<(t) 

t€R. (20) 

Placing t instead of t + jj" in (20) then from (18) and (19) we 
obtain 

/3'(t) -
(k2k3 - k ^ p T t t )  

- _ , p 2* 
(k1cos(c<(t) + a) + k2sin(c<( t) + a)) + (k3cos(o<( t ) + a) ) + k4sin(o<( t ) + a)) 

t€R. (21) 

Since a is not equal to a integral multiple of ̂  , there 
2 

follows from (20) and (21) that (k1coso<(t) + k2sino<(t)) + 

(k^cosc<(t) + k.sin^(t))2 is a constant function on R, thus 

/3'(t) = c.c<'(t), where c € C is an appropriate number, c / 0. 

From the equality (Q(t)=) - [<X , t } - *' 2(t) = - [$,t] - /T2(t) 

we obtain c = 1. If c = 1, then /3'(t) = e*/(t) and therefore 

/3(t) = c<(t) for t €.R and a = b. If c = -1, then /3*(t) • 

= -cx/(t) and therefore A (t) = - oc (t) for t£R and a • -b. 

Corollary 3. Let all solutions of (Q) not be ^-periodic 

or ST-halfperiodic. If for any phase c< of (Q) relation (12) 

holds, where 0 = k1 • (1 + sign kz)T , k± ? 2T, k£ = 0, then 

the value of the integer n in this formula does not depend on 

the choice of the phase oC of (Q) and it is defined uniquely 

by (Q). 
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ProojN Suppose oC , fl are the phases of (Q) such that 

oi(t+r) = U(t) + *(k1+2n?') + i k 2 , t £ R , 

/i(t+7r) = /J(t-) + ( s ^ m . ? ' ) + i s 2 , t £ R , 

where 0 = k1 = (1 + sign k2)T , 0 = 3 . . ^ = (1 + sign s2)!T , k1 /-

£ 2T f s«t k2 = 0, s2»0 and m, n are integers. By Lemma 6 

there is either oC (t) - cK (0) = ft (t) - (i (0) or c* (t) -

- c*(0) = -[/J(t) - (i (0)]. If c*(t.) - *(0) = /3(t) - /9(0), 

then k1 = s1, k2 = s2 and m = n. If cK (t) - ex (0) = -[#(t) -

- fl (0)},.then k1 + 2nT+ ik2 = -(s1 + 2 m ^ + is2), whence 

k2 = -s2 and from the assumptions to k2, s2 we obtain k2 = 

= Sp = 0. Then by Theorem l\o\ m 1, where Q is one of the 

characteristic multipliers of (Q). Then, however, 0 / k« / 

f OT /* s^ /- 0, because in the contrary case (by Corollary 2) 

all solutions of.(Q) would be y-periodic or ^-halfperiodic. 

Hence k^, s1 £ (0, IT ), whence we get 0 < k± + s^< 2T . From the 

other side it holds k± + s± = -2(m + r\)T , which is a contra­

diction. 

Theorem 3. Suppose (X be a phase of (Q) and 

U(t+T) = t*(t) + a, t€R, (22) 

where 0 /- a €C. Then a function //̂  is a phase of (Q±), 

fi ( t+ £*) = /I (t) + a, t £P (23) 

and 

(24) </*•'( t + f ) - ^ t t + У " ) ( , í i ) , 
V * ( t ) V/»'(t) 

exactly i f 

/ ł ( t ) 
c ( t ) 

k + d ţ e i Г ( s ) o<.'(s)ds, t í R , (25) 
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where k£C, T6C2(R), c£C 3(R), 7 (t + JP ) = 7" (t) + 4nF(n6Z), 

c (t+ЗҐ) = c(t) + 7Ґ , c'(t)>0 for t£R and 

(/) d = ar[ei^(s)o<,(s)ds]" 

Proof_. (<-===.) Let k, d, c, f satisfy the assumptions 

of Theorem 3 and the function/$ be defined by formula (25). 

Then 
^t) +9r _ 

C(t] 

? ( * ) . CCV:)*5'.--
^ 3 ( t + . f ) = k + d | eir(8)ot'(8)ds + d \ elt(9)0<'(s)( 

= /J(t) + a, 

since the function e L^ 'cx'(t) is ^-periodic and 

d \eir(s)c*'(s)ds = a. Next/S € C3(R) and /J'(t) = 

o 

= delt'(C^t:) )(tX(c( t))' / 0 for t£R. Thus /5 is a phase of any 

(Q1). We denote f̂ . (t) (f/j'(t)) a continuous single-valued 

branch of the argument of the function ot'(/J') on R. Then for 

an integer m there is f^'(t+y) = f-x'ft) + 2m$" . From the 

equality/}' = de1 (c' (<*( c))' 'there follows the existence of an 

integer j such that 

f/3'(
t) =T(c(t)) + V (c(t)) + 2-jF + Arg d, 

whence we get 

ffliit+1?) = T(c(t)+^) + foC.(c(t)+y) + 2 j ^ + Arg d = 

= T(c(t)) + f0(1(c(t)) + 2(j + m+2n)^ + Arg d = 

= ĵ.(t) + 2(m+2n)^ , 

i.e. (24) is true, whereby 

te(t+7) m i/^(t + y) m m 

/oc(t) |f^ t) 
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( ==-^) Let /] be a phase of (Q1) satisfying (23), where 

0 ^ a £ C We put 

t t 

A(t):= £|o<'(9)|ds, B(t):= ^|/}'(s)|ds, t 6 R. 
o o 

Then A, B are increasing functions on R, A,B£C (R). Because 

of jV(t+1T)| = |**(t)[f |fl'(t+1T)| = |/i'(t)J we have 

A(t+T) = A(t) + alf B(t+7) = B(t) + b±, t6R, 

^ al 
where a± = A(^) >0, b1 = B(* )>0. Setting C(t):= -j- B(t), 

c(t):= A"1(C(t))f t€R, yields 

C(t+^) = C(t) + alf X€R, 

and c(t+y ) = A'"1(C(t) + a1) = A"
1(C(t)) +f = c(t) +T f 

sign c' = 1, c(0) = 0 . t 
From the equality C(t) = A(c(t)) it follows that \|/£(s)Jds = 

b CW ° 
= — I I o4#(s)(ds whence 

o 

l̂ 'Ct:) | = ̂  c'(t) j*'(c(t))| f t£R. (26) 

Let* us put 0>(t):= *-*) f t € R. Then lf(t)J = -—• , 
T (*£c(t)))' ai 

(f(t+jt) = <p(t), <Jp£c2(R).. Let f* denote a continuous and 

single-valued branch of the argument of the function Cf> and 

£/>t f/j' be defined analogous to the proof (<=====.) above. Then 

for some integers k, j there holds 

t y ( t ) = f ^ ( t ) - t e ( c ( t ) ) + 2 jSr, 

f * ' ( t + * ) - &•(*) + 2 k T • 

and from (24) there follows the existence of an integer n: 

f{V(t+*) - fy(t) = ^(t+?) - frf(t) + 4nT. 
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Furthermore 

ff(t+?) • £•(*•**) - f f(c(t)+7) + 2j/7- = y ( t ) + 

+ $f{t+T) - f>(t) + 4n;7- £,(c(t)) ~ 2kT + 

+ 2jfr = ^.(t) - f̂ ,(c(t)) + 2jT + 4n.y = 

- fy(t) + 4nT . 

Therefore there exist an integer n and a function T , T<£c (R), 

^(t+jf) = T(t) + 4n>' such that the function f may be written 
as CP(t) = d e 1 6 ^ ", where d:= — . From the definition of I ai 

functions f, T and from (26) we obtain /V(t) = de1*" (c(t)). 
. (oC(c(t)))'. Integrating the last equality from 0 to t we get 

/î(t) -/J(0) + djVГ
(
c
(
s
)>oc'(c(s))c'(s)ds -fì(0) 

c(t) 

d \ eiř(s)0<'(S)dS 

From this and from (23) it follows 

/J(0) + d f e1(,ts)

c:<'(s)ds + a = 
o 
c(t)+S-

= (I (0) + d \ e-*<8>«.'(8)d8 

and consequently 

c(t)+S- fr 

a = d j e i r( sV(s)ds = djeir(s)ot'(s)d S. 

:f we put d:= a M e l Г ( s > o c / ( s ) d s ] _ 1 and 
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:=/J(0) + d I e1(''sV(s)ds, then the phase fi may be written 

c(0) 

in the form of (25). 

Remark 7. Let all solutions of (Q) not to be ^-periodic 

or JT-halfperiodic. It follows from Corollary 3 that a phase 

06 of (Q), for which (12) holds - where 0 = k1 = (1 + sign k^)** , 

k± £ 2T , k? = 0 and n is an integer - is uniquely determined 

up to an additive constant. 

Remark 7 justifies us to the following 

Definition 1. Let all solutions of (Q) not be ^-periodic 

or Jf-halfperiodic, n being an integer, and v* = 1. We say 

that the pair of numbers (n,0) (it this order) is a signi­

ficant pair of numbers of (Q) if there exists a phase <?C of 

(Q) such that (12) holds, where 0 = k± * (1 + sign k2) V, 

k±* Z1T, k2 = Oand V = ^iil) (, S ^ ) for t«R). 
¥oc'(0) v Z ( V ) 

Theorem 4. Let (n,\>) be the significant pair of numbers 

of (Q) and oC be such a phase of (Q) that (12) holds, where 

0 * k± £ (1+ sign k )£\ L / 2 ^ , k9 £ 0, V= - B S . 
ffllO) 

Then (n,9) is the significant pair of numbers of (Q1) and the 

equations (Q) and (Q1) have equal characteristic multipliers 

exactly if 

Qi(t) = Q(c(t))c'2(t) - [e,t] + (*(c(t)))'
2
(l-d

2
e

2i
'

г
'<

c
(

t
>>) + 

•-1 Ггiť(c(t)) -Ą^Ц - 2iť ( C(t)) - r ' 2 (c(t))] , 
- <* c(t 

+ £fL 
(c(t)) 

tćR (27) 

where t £ C ( R ) , c £ C 3 ( R ) , T ( t + J T ) = 7{t) + 4 n . r ( n 6 Z ) , 

c ( t + f ) = c ( t ) + r , c ' ( t ) > 0 f o r t € R and 

7 

d = ( j e i r < 8 > o C , ( 8 ) d s ) " 1 . ( k 1 + 2nJT + i k 2 ) . 
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Proof_. ( =r=^) Let (n,$) be significant numbers of (Q-) 

and let the equations (Q) and (Q-) have equal characteristic 

multipliers. From Theorem 1, Corollary 3 and from its proof 

then there follows the existence of such a phase /3 of (Q-) 

that 

(Ht+X) = ft(t) + (k± + 2nT ) + i k 2 , t € R , 

J/J * / <% \ 
and T? = f l V L . By Theorem 3 natural ly (b ( t ) = h + 

c ( t ) r 
+ 6 f e1 ̂ s V ( s ) d s , where h £ C and d, c, If satisfying 

o 

the assumptions stated in the Theorem. From the equality 

Qi(t) = " l/ii* 1 " /S' (*) w e 9et with some modification the 

form of (27) for the coefficient Q^ of (Q1). 

(<===-:) Let the function Q̂ ^ be -defined by (27), where 

d, c, ?T satisfy the assumptions of the Theorem. A direct cal-

culation shows that the function fl (t):= d i e 1 ^s'c*'(s)ds, 

o 

t€ R, is a phase of (Q1). By Theorem 3 there hold (23) and 

(24), thus from Theorem 1 it follows that (n,tf) is the signi­

ficant pair of numbers of (Q) and (Q-) and both equations 

have equal characteristic multipliers. 

Corollary 4. Suppose the group of increasing transfor-

mators LQ of (Q) is planar. Then there exist independent so­

lutions u, v of (Q), u(t)v(t) ̂  0 for t£R satisfying (1). 

Proof_. By Corollary 1 [l4j there exists a function 

Y6C 3(R), Y(R) = R, Y'(t)>0 for t€R and a number c€C, 

c £ C - R such that the function K (t): = c.Y(t) for t€R f 

is a phase of (Q). Let c = c« + ic2. Then c-Cp /- 0 and it 

follows from the equality - f <* »t] -oC [t) = Q(t) that 

-2C..C Y'2(t) = Im Q(t), hence Y'(t) = V If ~Im Q ^ ) for t£R, 

V 2 cl c2 
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p 

where *\? = 1. Naturally, then Y* and thus also c< * are 

^-periodic functions and from Theorem 1 there immediately 

follows the assertion of the Corollary. 

Remark 8. If there exist a function Y£C 3(R), Y(R) = R, 1 P 

Y'(t)>0 for t€.R and a number c£C, c £ C - R such that the 

function c< (t):= c.Y is a phase of (Q), i.e. the group of 

increasing transformators of (Q) is planar (see Corollary 1 

|14J), then it follows from Corollary 1 that 

|lliiil exp[ic(Y(S') - Y(0))] , ||^J|j- exp[ic(Y(0) - Y(J-))] 

are characteristic multipliers of (Q). 

Case 2 

Theorem 5. There exist independent solutions u, v of (0) 

such that u(t) jf 0 for t€ R, v has a zero at a point of R 

satisfying (1) exactly if there exist a phase oi of (Q), an 

integer n, and x€ R so that c<' (t) is not.a ^-periodic 

function, the function ioC'(t) - —-4—*—• is j^-periodic and 
x ' 2CK (t) r 

oi(x+T) = oL (x) + nJ/" . 

Proof_. (•=======.>) Suppose there exist independent solutions 

u, v of (Q) for which (1) holds, u(t) f 0 for t€R, v having 

a zero on R. Then, by Lemma 4, there exists a phase 06 of (Q) 

such that function ioC * - — — - is .J'-periodic and on acconnt 

2oC Y 

of the fact that v has a zero on R, then by Theorem 1, the 

function OL' is not ^-periodic. It next follows from Theorem 
8 and Theorem 5 [l3j that there exist numbers c,, , cp<£C? 

sin(<*(t) + c2) 
* j- 0: v(t) = c1 p,,, i a — for t6R. For an x £ R let v(x) = 

K(t) 
= 0. Then it follows from (1) that v(x+T) = v(x) = 0 i.e. 

there exist such integers n,, , n? that ot (x) = -c? + n«T , 
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oi(x+T) = - c 2 + njy , whence ot(x+T) = ot (x) + n ; f , 

n(:= n ? - n.) being an integer. 

(<- •) Suppose there exists a phase cXof (Q) such that 

©c is not ^-periodic, the function ix - ,r is -•' -periodic 

and there exist an integer n and an x £ R : c < ( x + X ) =<X(x) + njT. 

From Lemma 4 there then follows the existence of a solution 

u of (Q), u(t) /- 0 for t £ R , satisfying (6), where 0 / <j> £ C 

If we put v(t):= s i n( o <( t)~ 0 C( x)) for t £ R , then v is a solution 
K(t) 

of (Q), v(x) = 0. Thus u, v are independent solutions of (Q) 

and v(x+3T) = sin(«(x+r)-oC(x)) = sin^T^ = Q> T h e r e f o r e v( 

R(x+^) y^T^) 
= v(x+X) = 0 and thus v(t+J*) =T«v(t) for -*- 4i R* w h e r e T s C 
is a suitable number, f # 0. From the Floquet theory we have 
/N-» - 1 

/ = p . W e see that the solutions u, v of (Q) satisfy (1). 

Remark 9. If there exist such independent solutions u, v 

of (Q) that u(t) / 0 for t < R , v having a zero on R and (1) 

is valid, then the Riccati equation (11) has exactly one 

T-periodic solution. 

Corollary 5. Let oc be such a phase of (Q) that c<' is 

not a T-periodic function, ioC - 7 is a Jr -periodic 

function and for an x € R we have o\. (x+T ) = ex. (x) + nT, 
n being an integer. Then 

(o7(x) )o<(x+7r ) 

are the values of the characteristic multipliers of (Q). 

ProojN From Corollary 1 and from i t s proof we find that 

x+T X+JT 

f f o\" 
p( s ) d s ) , e x p ( - I p ( s ) d s ) , where p := i o C ' - 7 t are 
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the characteristic multipliers of (Q). Since 

x+fi* 
f p ( s ) d s = ±[c*(x+K) - c * ( x ) ] - - f l n o ^ x + j T 

Ln * w ' ( x ) l i n Ji + 1 n 

then 

x+н 
exp( f p ( s ) d s ) = ( - 1 ) ' 

X 

where 1* 

íl-i x l 
Voílx+У ) 

Remark 10. The result of Corollary 5 may be proved also 

in other way. If we put fi (t): = o( (t) - -<(x), v(t): infijt] 

t 6 R , then [ l i s a phase of (Q) and v i s a s o l u t i o n of t h i s 
e q u a t i o n , v ( x ) = v ( x + i r ) = 0. Hence, the e q u a l i t y v(t+T ) = 

1 -1 
= Q ,v(t) hold's for t £ R , where O is one of the characte­
ristic multipliers of (Q). By differentiating the equality 
sin/l(t + fr) -1 sin/»(t) a n d s e t t i n g n o w in t h e resulting 

/* '(t+n > if^Tt) 
equality x instead of t, we obtain (with some modification) 

the equality y CX + * I cos/i(x+^) = <? -1 /(x) . cos/3(x) , 
p ^ x + T ) jr^Tx) ( 

whence Q = ( - l ) n y M x ) - , thus ( - l ) n V , ( x ) and 
} fft>'{x+V) yoC(x+7r) 

(_l)n "^ (x+;i—1 are the characteristic multipliers of (Q). 
f<*(x)~ 

Remark 11. Let a phase c< of (Q) satisfy the assumptions 

of Corollary 5. Let further p:= ioc -
2<*' 

From Lemma 5 

there follows that then for every phase /3 of (0) for which 
A" ^ 

i/i ' T7 = P» w e h a v e P> (x+lT ) = A (x) + njf. 
' 2/V ' ' 
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Theorem 6. There exist independent solutions u, v of (Q), 

v(t) ^ 0 for t€R for which (2) is valid exactly if the 

function 

oЦt) = | ln[p(t) - | i f ^ J , tć (28) 

* 3 , i s a phase of ( Q ) , where 0 / a £ C , P £ C (R) i s a * - p e r i o d i c 

f u n c t i o n , P ( t ) / f L i l l , p ' ( t ) ? 
a7 

= <P \ / i P ' ( t ) + -=-£- f o r t £ F 

$.fiťi Іll 
a 

t + T ) + | î 

Proo£. ( ==>) Let (2) hold, where u, v are independent 

solutions of (Q), v(t). / 0 for t£R. Then there exists such 

a phase c< of (Q) that 

v ( t ) 
,--ҷt) 

Rľõ 
t ĆR. 

p t 
Every s o l u t i o n of (Q) may be w r i t t e n as y ( t ) = v ( t ) J a \ 

i ° 
+ b , where a,b€c. An easy calculation shows that the 

function u satisfies (2) exactly if 

ds 

v2(s) 

u(t) = v(t) и ds v
2
(s) 

+ b 

t+л 

where b 6C is an arbitrary constant and a© 1 — 5 ^ — = 1 (with 

> K v (••) 
t+> 

respect to the T-periodicity of v we see that j 

constant). Then 

ds 

(• v
2
(s) 
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t + л t+Jl 

ш f ? f 4 2 _ = ? f o c ' ( s ) e - 2 W ( s ) d s = 
* { v 2 (s) > { 

m Lf [ e - 2 i ^ t + T ) - e-210*^)] , 

hence 

-2itx(t + ?) = e-2i<<(t) __ 2ij 

From the latter equality then follows the existence of a such 

R ) , P(1 

2i*(t) 

a T-periodic function P<£C 3(R), P(t) / ^p-, P*(t) 7- ^Z-
ah a J. 

for t £ R that the function e may be written as 

3-2i«qt) m p ( t ) _ 2i£t f o r t € R j 

aTf 

whence oC(t) = - ln(P(t) 

from the equality v(t) = 

- x^ ). From the last relation and 

<x(t) 
(with some modification) we 

obtain 

v(t) = <J- VГ 
for t 6 R, where (T

2
 = 1, 

It the follows from the assumption v^+CJY) = £>.v(t) that 

\]iP'(t+T ) + ||r = ? ̂ iP'(t) + Jfr for t€R. 

(4/-=-=.;) Let the function oC defined by (28) be a phase of 

(Q) where the function P and the number a satisfy the assumpt­

ions of the Theorem. Putting v(t): 

v(t) . <o -

,-«(*) 
yields v( t) j- 0, 

Voc'(t) 

v ( t + ^ ) = <P.v(t) for t £ R , where 

Cj = 1 . Let us put further u(t):= v( t 
L I v2(s) 
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-2ix<(0) f o r t £ R # T n e n u i s a so lution of (Q) and 

u(t) = ™ v í t ) . -2«( - ) = -II--2 1P(t) + t£ Consequently 

l-P'(t)+ Чr 
a )t 

u(t+5T) = (p ,u(t) + v(t). So, we have proved that there exist 

independent solutions u, v of (Q), v(t) ? 0 for t£R, sa­

tisfying (2). 

Corollary 6. There exist independent solutions u, v of 

(Q), v(t) / 0 for t£ R, for which (2) is valid exactly if 

o( t ) - - i . p , l , ( t k + i ( . p , ( t w T fort€R 

2 p (*)-!¥- lp( t)-2r^L- l a -ч 

where 0 j- at£C, P^C (R) is a y-per;Lodic function , P ( t ) ? 

/ - - -£ . p-(t) ^ s i i - , ViP'(t+») +
 2-|r= ?yip'(t) T I E 

aA a ) / ' a IT > ' a.JT' 

for t £ R. 

Proof^. This immediately follows from the preceding 

Theorem and from the fact that oC is a phase of (Q) exactly 

if it is a solution (on R) the equation Q(t) = -fo<, ti -

- * ' 2 ( t ) . 

Example 2. Consider the equation 

y ~ = 4 e
2 i * ( l - e 2 i t ) y m 

(1 + 2 e 2 i t ) 2 

{T t ie 2 i t 

The functions v ( t ) = J IJII and u(t) = - = — i " • • mm* 

pVze2^ W )jl + 2e*ir 

are its independ solutions for which v ( t + 7 ) = v( t ) , u(t+Ti) 

= u(t) + v(t) for 1 6 R. 
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Case 3 

Theorem 7. An equation (Q) has independent solutions u, 

v satisfying 

u(t+7T) = ̂  .u(t), v(t+lT) = <3.v(t), t € R, Q 2 7- 1, (29) 

where u, v have zeros on R exactly if there exists such a 

phase c* of (Q) that oc' is not a ST-periodic function and 

oi.[t±) = nJt , (Mt2) = - ~ + nV , 
(30) 

<* (t1 + J ) * k±7 , u (t2 + fr ) * -|- + k 2^ , 

where t 1 # t 2 € [ O - T ) , t 1 /5 t 2 and k^, k 2 , n 1 , n 2 a r e i n t e g e r s . 

k -n \G7TVY) k - Jot M 
i n t h i s c a s e - ( - l ) k l n l V < * 1 — , (-l)kl nl Y 1 — 

Voc' ( t ± ) |pTvFl 

k - n Vc* ( t 2 + i r ) k - n l f o < ' ( t 2 ) 
( o r a l s o ( - l ) k 2 n 2 f I - , ( - l )k2 n2 / £ - ) are 

y«( t 2 ) y^ ( t 2 + i r ) 

the characteristic multipliers of (Q). 

Proof\ ( ===>) Let there exist independent solutions u, v 

of (Q) satisfying (29), both having zeros on R. Without loss 
2 2 of generality we may assume u (t) + v (t) £ 0 for t£ R. From 

(29) there follows that u, v have zeros on \0,V ). Suppose 

now u(t1) = v(t2) = 0f where t±, t^ [o,T ), t± ? t2. L e t ^ 

be a phase of the basis (u,v) of (Q). Then u(t) = c S3"n ; ----, 
yoc'(t) 

v(t) = c CG;s0<(t) for t£R, where c£C, c ̂  0. Since 

Km 
u ( t 1 + y ) = u ( t 1 ) = 0 , v ( t 2 + T ) = v ( t 2 ) = 0 , we have 

0 C ( t 1 + 5 T ) = k . jT , < X ( t 1 ) = n ^ , oi{t2+7 ) = - ^ - + k 2 ^ , 
o C ( t

2 ) = -p— + rufr , where n - , n 2 , k - . k 2 a r e i n t e g e r s . W i t h 
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2 * 
respect to (D / 1, it follows from Corollary 2 that pC is not 
a .f-periodic function. 

(< •) Let there exist such a phase oC of (Q) that oC 

is not a j^-periodic function and (30) is valid, where t*, 

t2^ (O,-̂  ), t1 ^ t2 with n1# n2, k1, k2 being integers. 

Setting u(t):= si,nJf(t)< v(t):= CQ8.*(t) (t£R), then u, v 
K^) foC(t) 

are independent solutions of (Q), u(t1) = u(t 1 +T) = 0, 

v(t2) = v(t2+7f ) - 0. Thus (29) holds for a^e C, <J> j- 0 and 

since o\' is not a T-periodic function, then - by Corollary 
p 

2 - we get O / 1. Writing now t2 and t* for t in the 

equations 

s inp* ( t+ f f ) _ ^ s i n * ( t ) coso^. (t+7) m - 1 cos * ( t ) 

^ / ( t + T T ) ' ^foC(t) ' ^oc'(t+5T) * ^ o c ( t ) 

t € R, 

respectively, we obtain 

g . (-i)k2 n2 , 2
 ( ( - i ) k i - n i JLp-v i : , . ) , 

/oT(t2+or) /oOV * 

k -n ^*'<t2) k _n /^VT) 
thus (-1)2 n2 , ^ =r, (-1)2 n2 , = (or also 

^oC(t2+T ) fcc(t2) 

(-1)1 1 ; , (-1) 1 1 —• ) are the cha-

racteristic multipliers of (Q). 

Theorem 8. Suppose cX is a phase of (Q). This equation 

has independent solutions u, v satisfying (2), where v has a 

zero on R exactly if ot' is not a T-periodic function and 

o<(t 1 +y) = oC(t1) + kt , (-l)k ^oc'(t1+^T ) = P||c^'(t1), where 

t1£ [b, fr ), k being an integer. 

Proo£. ( ••» Let (Q) have independent solutions u, v 

satisfying (2) where v has a zero on R. It follows from (2) 
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that there may be assumed wi thou t any loss on genera l i t y 

v ( t 1 ) = 0 f o r t 1 £ \o,0r ) . I f we put ft ( t ) : = oC ( t ) - oc ( t 1 ) 

f o r t £ R , then ft i s a phase of (Q) , (!> ( t 1 ) = 0 and v ( t ) = 

= c S 1 . !?*v*) f o r t £ R , where 0 7- c £ C Since v ( t 1 + T ) = 0 , 
P^t) 

we have ft (t„+T ) = k T , k being an in teger , hence 

/ 3 ( t 1 + T ) - /a ( t 1 ) = * ( t 1 + : r ) - ^ ( t l ) = kx . 

sin(oC(t+*3g-o<(t1)) 
Differentiating the equality ============ = 

^'(t+T) 

8in(p((t)--«(t1) 
= © ; and inserting t„ in place of t in the 

> fCjT) k J 
resulting equality, we obtain (-1) y©<,(t1+ 37) = © yoC(t«). 

Since it follows from (2) that every solution of (Q) is not 

a ^-periodic or Jl -half periodic, then by Corollary 2, oKj 

is not a ^-periodic function, too. 

(<====) Let oc not to be a y-periodic function and 

o6(t 1 +m = *-(t±) + kT . (-l)k ycx'(t1 + T ) =(0^(x'(t1), where 

t*£ \0,Tf), k being an integer, and 0 = 1 . Without any loss 

on generality there may be assumed oC (t1) = 0. Putting v(t):= 

= s^ n *(t) for t£R, then v is a solution of (Q), 
K(t) 

v{t±) = v(t1 + ̂ T) = 0, thus v(t+^) = V.v(t) for t £ R, 

where T € C is an appropriate number and from the equality 

(-1)k |r//T(t1+^)* = (O/ZT^) there follows fi = T* - 1. Since 

^' is not a ^-periodic function, it follows from Corollary 

2 that every solution of (Q) is not ^-periodic or CT^-half-

periodic. Consequently it follows for (Q) from the Floquet 

theory that there exist such a solution u of (Q) that u, v 

are independent solutions of this equation and (2) holds. 

Remark 12. If the assumptions of Theorem 7 or of Theorem 

8 are satisfied, then there do not exist any ^-periodic so­

lutions of the Riccati equation (11). 

180 



l-l 
[-] 

[з] 

w 
и 
м 

[7] 

Í9] 

[10] 

Іl] l 

и 
м 
[14] 

REFERENCES 

B o r û v k a, 0.: Lineare Differential Transformations 
of the Second Order. The English Univ.Press, London 1971. 

B o r û v k a, 0.: On central dispersions of the diffe­
rential equation y " = q ( t ) y with periodic coefficients. 
Lecture Notes in Mathematics, 415 (1974 ) , 47-60. 

B o r û v k a,̂  0. : Sur les blocs des équations diffé­
rentielles y " = q ( t ) y aux coefficients périodiques. Rend, 
di Mat. ( 2 ) , 8 (1975 ) , 519-532. 

B o r û v k a, 0.: Sur quelques compléments à la théorie 
de Floquet pour les équations différentielles du deuxièma 
ordre. Ann.Mat.Pura Appl. S.IV, Cil (1975 ) , 71-77. 

B o p y B K a , 0.: Teopwfl rvioÔajibHHx CBOÎÎCTB oÔNKHOBeH-
HHX jiKHefôHHx fln$$epeHUHBJi.bHHx ypBBHeHnft BToporo nopHflKe. 
£K$$epeHUKajibHHe ypaBHeHiin, T. XII 1976 , 1347-1383. 

B o r û v k a, 0.: Sur les blocs des équations diffé­
rentielles linéaires du deuxième ordre et leurs trans­
formations. Ôasopis pro pëstovàni matematiky, 111 (1986 ) , 
78-88. 

M a g n u s, W. and W i n k l e r, S.: Hill's Equation. 
Interscience Publishers, New York, 1966. 

N e u m a n, F.: Note on bounded non-periodic solutions 
of second-order linear differential equations with 
oeriodic coefficients. Math.Nach. 39 (1969 ) , 217-222. 

N e u m a n, F. and S t a n ë k, S.: On the structure 
of second-order periodic differential equations with 
given characteristic multipliers. Arch.Math. ( B r n o ) , 
XIII (1977 ) , 149-157. 

0 JI M c , B.A.: HejioKajibHHe npoCneMH Teopww KOJieÔaHiift. 
MsAaTejibCTBo HayKa, 1964. 

S t a n ë k, S.: A note on the disconjugate linear dif­
ferential equations of the second order with periodic 
coefficients. Acta Univ.Palackianae Olomucensis, F.R.N., 
Vol.61. 1979, 93-101. 

S t a n ë k, S.: On limit properties of phases and of 
central dispersions in the oscillatory equation y " = 
= q(t)y with a periodic coefficient. Acta Univ.Palac-
kiane Olomucensis, F.R.N., Vol.69. 1981, 85-92. 

S t a n ë k, S.: A phase of the differential equation 
y " = Q(t)y with a complex coefficient Q of a real 
variable. Acta Univ.Palackianae Olomucensis, F.R.N., 
Mathematica XXV, vol.85, 1986, 57-73. 

S t a n ë k, S.: On a transformation of solutions of the 
differential equation y " = 0(t)y with a complex coeffi­
cient 0 of a real variable. Acta Univ.Palackianae Olo­
mucensis. Math. XXVI., Vol. 88, 1987 

181 



[15] S w a n s o n, C.A.: Comparison and Oscillation Theory 
of Linear Differential Equations. Academic Press, New 
York and London, 1968. 

FLOQUETOVA TEORIE DIFERENCIÁLNÍCH ROVNIC y " = Q(t)y 
S KOMPLEXNÍM KOEFICIENTEM REÁLNÉ PROMĚNNÉ. 

Souhrn 

Ge vyšetřována diferenciální rovnice 

y " = Q(t)y, Q(t+5T) = Q(t), Im Q(t) ý 0 pro t<R, (Q) 

kde Q je spojitá komplexní funkce na R. Z Floquetovy teorie 
plyne, že ke každé rovnici (Q) lze přiřadit čísla >̂ , <p , 
která se nazývají charakteristické multiplikátory rovnice (Q). 
Tato čísla jsou důležitá při vyšetřování kvalitativních vlast­
ností řešení rovnice (Q). V práci je dán nový pohled na Flo-
quetovu teorii rovnic typu (Q) z hlediska teorie fází. Zejmé­
na je dokázáno, jak lze hodnoty charakteristických multipli­
kátorů vyjádřit pomocí nějaké fáze rovnice (Q). 

ТЕОРИЯ ФЛОКЕ ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 

С КОМПЛЕКСНЫМ К0ЭФФИШ4ЕНТОМ ВЕЩЕСТВЕННОЙ ПЕРЕМЕННОЙ 

Резюме 

Изучается дифференциальное уравнение 

У " = <-К*)У, ^{*+Ъ) = 0 ( * ) . 1т 0(г .) | О, ИСК, ( 0 ) 
где 0 непрерывная комплексная функция на в . И з теории 
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Флоке следует, что к каждому уравнению ^ ) присоединяют­

ся числа ^ , (Г , которые называются характеристические 

мультипликаторы уравнения {О). Эти числа важные при ис­

следовании квалитативных свойств решений уравнения ^ ) . 

В этой работе приводится новый взгляд на теорию Фло­

ке уравнений типа (0) с точки зрения теории фае. В особен­

ности доказывается как значения характеристик мультиплика­

торов уравнения (О) представить с помощью некоторой фазы 

уравнения (О). 
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