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OF THREE DIMENSIONAL SPACES 

IN A UNIMODULAR SIX-DIMENSIONAL 
AFFINE SPACE 
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(Received January 4th# 1985) 

This paper investigates by means of the Cartan method 

some questions concerning the existence of two-parametric 

systems ZL of three-dimensional subspaces in a unimodular six-

-dimensional affine space Ag# There is shown the existence 

of the above elemente both in general and special cases* 

The starting point were the well-known results derived 

in the theory of two-parametric plane systems (briefly called 

congruences) embedded in the five-dimensional projective spa­

ce P 5 (see / ! / ) • The specialization of the frame was suitably 

modified for congruences 21 of three-dimensional spaces in 

Ag for every system Z naturally generating a congruence of 

planes 21 *° in an improper hyperplane N^° adjoint to A 6 # The 

specialization of the frame is carried out exactly with res-

pect to the congruence Z^ . 
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By the frame in Ag is meant the point M and the sixtuple 

of linearly independent vectors e i # i • 1,2, ..., 6, satis­

fying the condition 

(1) [e1 e 2 e 3 e 4 e 5 e6] « 1 . 

The fundamental d i f f e r e n t i a t i o n formulas are 

( 2 ) dM • Co ^ e . , d e i " ^ ^ e . , i , j • 1 , 2 , . . . , 6 , 

where the relative components CO *•, co ? are the linear diffe­
rential forms of the parameters on which the moving frame is 

depending. These forms satisfy the structure equations of an 

affine space 

(3) do) i =U)kACL>l , dcol *COkACdl , i,j,k * 1,2....,6. 

Every non-zero vector direction belonging to the direc­

tion Vg of the space Ag determines in the improper hyperplane 

Ng the unique improper point which is in one and only one 

way determined by an ordered sixtuple of coordinates of the 

vector given. Thus the hyperplane N^° is of a five-dimensional 

projective space character, wherein every sixtuple of linearly 

independent points may be regarded as a frame. 

For short we denote, hereafter, the points of the hyper­

plane Hf° like the vectors in V6, since the point A € N?* 

hae the same coordinates as the vector a € Vg determining the 

point A00 (for instance, we will write a instead of A*° )„ 

From the foregoing wee see that the ordered sixtuple of 

linearly independent points e^ 4sĵ ° , (i • 1,2, ..., 6) for 

which condition (1) is fulfilled, is a frame in N5°° . The 

fundamental differential formula and the structure equations 

are 
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de± =- U) ̂  e , d w j - t O ^ A W ^ , i.j,k = 1,2....,6. 

Performing the differentiation of (1) and substituing the va­
lues from (2) for de^t we get 

(4) ZT w\ = 0 , j « 1,2,...,6. 
J J 

Suppose now 2. is a two-parametric system of three-dimen­
sional spaces S » S(u,v) in Ag, where the pair of principal 
parameters u, v are the analytic functions of variables on 
which moving frame is depending. The Pfaff forms 60 i satisfy 

« •- oo J 

equation (4). Every space S£ 2— has a plane <y in the in m-
00 proper hyperplane Ng , i.e. S^N^° --<T°°# The planes <5 

generate a two-parametric system 2Z°°of planes in N.f° which, 
herafter, will be called the plane congruence in Ng°°. Like­
wise the system 21 of three-dimensional spaces in Ag will be 
called the congruence of three-dimensional spaces. 

If a point M and a triple of linearly independent vectors 
el» e 2 ' e3 °^ tne m o v i n9 frame in Ag are placed into a three-
dimensional subspace S C Ag, S€ 51 , then the vertices e,, e«, 
e3 of the moving frame in Nf*

0 are incident with the current 
plane C of the congruence 2Z°°. Performing the differenti­
ation we obtain 

3 3 

(5) d ^ e ^ ] «^i [Me 1 e 2 e3] + ^ j + 3 [e j + 3e 1 e a e 3 ' ] + 
i « l j - 1 

+ 1 I^khlVn] 
k n 

where k, 1, m are cyclic permutations of the elements 1, 2, 3 

and n » 4*5,6. 
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If the variation is as usually denoted by o , i.e. diffe­

rentiating just by the incidental parameters (8u • Sv • 0) 

and the T forms arising from (A) are written as du • dv s 0 
(ST* • £0 ? ( d ))• then the variation of (5) yields 

3 

£|M 6^283] - 2 - T j M • 1 ^ 3 ] , 
i«i L 

so that Co ̂ + , 60 [J from re la t ion (5 ) i . e . 

(6) C0A
tUp,U)*.to\,C0l$to\9C0\.^ 

are principal forms. There are exactly two independent forms 

among them. Let 

CO * • U)x . (K) 2 • co2 

be such independent forms. The remaining forms of (6) may be 

expressed as their combinations with coefficients generally 

depending both on principal and incidental parameters. 

In what follows we will specialize the moving frame with 

Zoo 
in an improper hyperplane 

Ng0^. By the focus of the planeO*"^ ZL°°, & • (ei-e2*e3) D e~ 

longing to the focal direction determined by (KJ, % Co 2 (given 

f.i. by the relation q, Co ^ + q2 OJ 2 • 0 we mean a point F °° 
of this plane which in moving in the focal direction satis­

fies the relation I eie2e3c3f: J88 °* ** i s well-known, there exist 

three foci in every plane congruence which are supposed not 

to lie in the same line. 

We choose the vectors e1# e2» e 3 of the moving frame in 

Ag so that the corresponding points e^£ N^° , (i • 1,2,3) 
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coincide with the foci of the plane &" belonging to the focal 
directions 

(7) tex « 0 , ^ 2 - 0 , ^ + rd)2 « CO^ m o 

under the assumption that r j* 0. Then 

(8) [e1 e 2 e 3 deiJ * 0 for to m Q , ± • 1,2,3. 

The condition [e, e 2 e 3 d F j • 0 for the focus means with 

respect to (2) that 

oC(Ul + fioo 2 + j-AJ 3 • 0 

(9) <*CA)\ + ft CO 2 + ft-00 | • 0 

OC& J • / o f t ) | + J /̂5u | « 0 . 

If the forros 6/*. &>*, & * . AJ \. CO \ t U)\. CO% in (9) 

are expressed as linear combinations of the forros £/,e C02 

and on taking account of the conditions F. « e, for the fo­

cal directions Co . • 0 , i • 1,2,3, we find that equations 
(8) may be satisfied if 

CO±/\ Oj3^ m o . i,j • 1.2.3. 

By means of the Cartan lemma we get 

(10) 0 ) 4 + 3 • a ' + 3 CO ± ; i , j » 1 ,2 ,3* a* « a§ - 1 . 

In what follows we restrict ourselves to such a case 
where every of the three foci e^ circumscribes a regular 
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focal surface., The tangent planes of the focal surfaces c i r ­
cumscribed by the foc i e . at the point of tangency e. are 

determined by the d i rect ions 

1 2 3 5 fi 
d e l * -X)i«i • ^ i e 2 + ^ l e 3 + ^ l ( e 4 + a l e 5 + a l e 6 ^ 

1 2 3 4 6 
de 2 • Co2

ei^ OJ 2 e 2 + C*J ^e^ + ^ 2 ( a 2 e 4 + e& • a 2 e 6 ) 

de 3 - ^lex-h A ) | e 2 + £0 3 e 3 * ^ 3 ( a * e 4 + a *e 5 + a * e 6 ) . 

We choose a moving frame so that the tangent planes l i e in the 
spaces (e-,, e 2 , e 3 , e 4 ) , ( e^ , e 2 , e 3 , e & ) , (e-^, e 2 , e 3 , a 3 e 6 ) j 
a 3 / 0 , which leads to 

(11) a ' + 3 • 0 , i , j » 1 ,2 ,3 j i / j * 

Relations (10) and (11) y i e l d 

^{+3 « 0 , i . j « 1,2,3 ; i ? j . 

Exterior differentiation of equation (10) for i • j • 3 

gives 

d ^ O | • d ( a | ^ 3 ) = a|d 6J 3 + da 3AO; 3 

which results in 

< V {-•! * -S< Ml * ̂ 6 - ^ 3 - *».-!>} + 

+ ^ 2 A d ( a | r ) + a | r ( w | + <̂  {? - <W | - £-> f ) j " ° 

using the Cartan lemma gives 
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Q Г 6 . _6, ,., 1 . ,., 6 , . 3 ,.A 

( 1 2 ) 

d a 3 + a 3 ^ ^ í * ^ J 6 " ^ J 3 " ^ J 4 ' , s a A ; i + b a > 2 

d f a ^ r ) + a^rt GO \ + 00^ - OA\ - Co\) ~ c Oc> x + too 2 

Differentiating by the incidental parameters gives 

Y 6 6 / <T«-' 1 •r*' 6 <rv 3 <T^ 4* /-. 
a a 3 + a 3(J/ x * . » 6 - . » / 3 - ^ 4 ) - 0 

Aa| r ) • a f r ( . r | + 5T J - 5T| - ST J) - 0 

and w i th respect to our previons assumption a 3 j * Of we may 

without any loss of general i ty choose a 3 • 1 * Exter ior d i f f e ­

ren t ia t ing of the remaining equations of (10) on taking 

account of (11) gives for i ^ j 

CO* A CO 0 + 00 A 0Ob
A « 0 1 2 1 4 

COS A0J3 + COlA CO \ « 0 

(13) 

A J ^ Д fa + w . л ^ 4 

й;^Л Coг * coгл Лi | 

6 J * Л A^ + 6J3Л йJg = 0 

&§A &_ + i^3A <i;5 _ 0 

Which i n app ly ing the Cartan lemma i s reduced t o 
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tof » a\čüx + <^ľ^2 co: *\co2 + ot 2-V3 

ÄГ •/iJtVj - a^AI. «v 2 ^ 2 •fllч 4*3 

(14) 

4 ) | . a 3 ^ + cK.jA/3 

^ 4 " / - í ^ l " • l * ' 3 

&* - a2<V2 • oc I ^ i 

^ 5 " ^ 2 ^ 2 ~ a 2 A ; i 

*>з " " 3 ^ 3 + * 3 ^ 1 

*>iяflìuг- •э*'i 

- y f - «3^3 + ^ 1 ^ 2 

4); •̂ ï̂  a |4 / 2 

3 
3 ь 1 6 

I t can be seen from ( 1 2 ) and ( 1 4 ) that (&/£ + ^ g 

to\, <o\, Co\, Co\, ^ 3 ' * > ! • ^ 4 ' ^ 4 ' ^ 5 ' ^ 5 ' *> 6* ^ 6 ' 

are the pr inc ipa l forms* 
i i+3 

Taking account of the equa l i t i es dco^ » (Co. - ^ 1 i + 3 ) A - ^ ± 

i a 1 , 2 , 3 , resul t ing from the i n t e g r a b i l i t y conditions of (3 ) 
gives on ex ter io r d i f f e r e n t i o n of (14) wi th some modi f icat ion: 

(15) 

^ l A f d a l + a 1 ^ 2 mù0 4^ + ^l] + ^ 2 A f d ( * l + 

+ o^2 (2 (J2 m ̂ 1 m ̂ 6 j m ( r a3 a2 + a3^2 + 

+ *fe<l)Cú j} » O 

^ j Л dt>f • t i j í t v } *A>J - 2W*) + ( r / J 3 ^ * - . f iS j • 

+ a^af) ůò 2 | - tø^Л d a * + a * ( Я > | - Л; 4 ) + 

+ <U 
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<Ҷл £dtз»*+o.3(«*-<a,*) + eo**.ot;at<Jx} +f.o3л jçlu^ + 

• ^ ^ - ^ - ^ Ь - ^ K ч - ^ Ч ^ Л -o 

+aX«s
s-<^ł*)+«.f-/i1

Ła}
î<uf + cцc.fcu. j Ł O 

o, л £*£ ^c^-в í-s^) -(«+«+ ^ŁO"Л + 

4-o^л^da.^+a^C^-ciзJ^ + co* } - O 

^ л £cfe£ + c ? г (ІУ* - C J P +O5 ] ~ o t л {cJ/3! + 

*-^CФs*- 2 ^50 + C l í lЬзV f c Ц + пф>J в o 

<-\л í^0? + a iCч 3- c j p +ùjy + (Ąa^ l +ÍO3 л {.=/ < 3 + 

+ J*(lci-ь>l-"ì) ~c»l^fЧ- c.^V.føi = O 

û^ л ҢЗŁ*+ft$ť>x+<У« "2«/) -A%Ц } -cй3л[<Jaì + 

+ c.г

$C«*-<^iD + <-v*-*? !\4<ч + a^ o ^ l - o 

co, л {ol^ +-^*<чW-«* )-ЧЧ*<Ч ] + <V ./efeaí+ 

f ûJlÁW) +«6' +Q3ЧЧ+ a.M! «* І " ° 

eat, л £вřťЯ..J + aгXol-ot) + Og taţa^J ~a>г л [<=ìßl + 

co._л ^ Ч ^ C Ł < Ч r ö » - » î ) - - í - < Ч i -*злĹcJaî + 

+a\(c>l-cĄ) + йjì-ajafa-<я3V/oг j - o 
л 

w гл^dđ 3
i+a*(íч г-^|) + CÜ* •a3tяí-У1/-Ä>Äл£в/łвtì + 

+ #C^<--2«') -/ЗÍ/i.í-»i-û*^І -O 
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Using the Cartan lemma to (-5). we find that 

dal+aM-at)^; AJ^<(^-^-^) <*&+&(& to*-lc® 

da**a&£-6& •«* cUl * •#-*$-**-<-*) d t f - t * 8 ^ ^ " K ) 

da^a\U-toi) tto\ dUl + t^W-^-ob dfcn>Xul+to*-lc{) 

da\*Ql(ot-coZ) *-fi,» d ^ ^ t C ^ t - ^ M ) c*tJ**/\J(^+«f-2«y 

are the principal forms. The variations of coefficients of the 

forms in (14) are 

&t*a\(T$ -Ti)-T\ tfcf- ̂ *«*T J -ni) ffrfltOnf-Ttt-T,') 

Sb^a^-T^) -It? fo(1
S-o(,WT/-aTs»>) S-fi?*fl?(*fi-tl-V) 

s^.aJCrJO-Tf <r<-^cr^V-2iO J73j-̂ C-T,*-T?-Tr;) 
U6) ̂ = #H 5)-T 5

J W'di&Ti- 2Tt) ^•^C-T.'-TZ-O 

<TCV^C£T4>T< j - ^ . ^ C r ^ r ; - ^ ; ^ . ^ C ^ - ^ - T * ) 

tE£.<Ctf-T,;)-TC jy:> e ^ M / - * * ) ^ . ^ O T ' - ^ - T 5 ) 

We can see from the first column of (16) that the moving frame 

may be further specialized in choosing 

(17) al s al a 4 a 4 a a3 B a3 s ° ' 

whereby A j | . £0^ , U) * , 4J | f ^ £ , 6J | become the p r i n ­
c ipa l forms* 
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As meantioned above, CO t CO , CO are also principal 
forms. Hence, they may be written as 

,5" Ä jҒ,. %
JГ 

(18) *> * <**>< + ^ 

Exterior differentiation of (18) yields 

*$P>\-<£A-<jtrir)a<\ - 0 

(19) 

t-tA(d/5V&),
,-«),J =*° 

Using the Cartan lemma to (19) gives further principal forms 

c/eA --.V - -a" - . M ^ 1 **>**" «5j 

d A J(c£*al-G>*yo£ d/h**fi*(ai*e4-a3,r)"rc^ 

Differentiating by the incidental parameters gives 

cfo^ - - ^ V ; • T* jya*. ^ - ^ - ?;) 
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whence we see that we may choose oc » fb • <x a o# i#e# 

CO , 1 • 1,2,3 are principal forms. Making a formal change 
in notation and setting /b 4 « a4, ot 5 « a5, /36 • a6 

enables us to write with respect to (16) that 

CO4 « a4Mz , CO5 « a 5 ^ x , 6J6 « a 6£j 2 

Since bJ , i « 1,2,3 are principal forms, they may be 
expressed as combinations of £0,, dJ-, i#e# 

(20) oj--<A\+rbzo2 

further extension of the ebove relations gives 

+oxAytf+tf(&*6£-aZ)+efo!!+(»*toli ' ° 

+cozA{dA/iz(^-cjf) +aty+ <*'*>£} - 0 

«, * {«U3+o43C«;-^s
3-to*) **»*>! • (iHV*^>- /A< lMH>J + 

+ ^ A {j/ss+/is(bi * <~>5
8-<->/J) + -c^5 + « V 1 * ° 

next principal forms are 

d U< * S(26>f'vi) ^VW^^'J •«V 

and the variation of coefficients 

&<• **.* (it- **!) r/4-/t'(rf-r,<-rt
l) - 'aft; 
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dV - oбYV -ť-ЧV - Ä V ^.ßXтf-лтï) 

1 .2 /13 
where we see that we may choose [b » oC • fh • 0 , where 

_4 2? *5 

upon &J,« ̂ g , -HJg become the principal forms. To simplify 

our notation we set analogous to the preceding case (i> « a , 

cX,2 = a2, /I3 a a 3 and obtain with respect to (20) that 

CO « a CO^, Co2 • a2£o2, &j3 « a 3 ^ ., 

It is a necessary condition for the existence of the, two-

parametric congruences ZL in the three-dimensional subspaces 

of the space AQ that the system of the Pfaff equations 

(21) 

af-o Ä..a - <^/<^г бif-flҷCЛ, 

«'- o ù)^-olfoь Cjfъßfa 

eл! -o &>! « oi^CO^ o**Ъ4cjt 

cĄ-o */--<.Ч Cìfшfifб>% 

a! -o *V • ̂ >. ve*.Ącjъ 

*>/-.£> ч2-^Ч ф%fъ 
й>í - «Ч *• ^ . . 

4 4 
ЙJ • # ć У 2 

- 5" 5" 

O * acjr 

& 6 . 

<Ł) « <Я <SЛ 
2 
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is in involution. The integrability conditions with respect 

to (13), (15), (19) on taking account of (7) and (17) are 

Ců, A CJ*-CJŽA cof - O 

COІЛ(CJІ-CO^)-^ЛГCJ^O 

eoĄ л CJІ-CO^ЛCJ^ =o 

co^л cj* + ozл (ГCJ*- cjţ) s O 

CJ^ Л(CJ* - cJ3) + oz Л rcja = O 

(22) <Ч Л °í* °í Л (ГC°C- "V*° 

Ц л [oj+ьţ-ej*-aţj *• Цл fs=fr *r(CJ*+CЦ?-cj*-cjgjj > o 

cj1лlu^+<=lo(.f+^
г(Лcjf-co!l-Cjíí)-ø(.i

íU^cjJ + 

*CJгЛr {cśoâĄ*aî(2ul- 6J<- CJІ)}-0 

ыĄ л {dĄ+ot&aJ-бjf- ц*) - ^ Ч Ч Ч j + <vллoţ.0 

aĄлid4+4<*«l-cJІ-cJÏ)}+цл (бìţrr[У^ + 

+*i<*б>\-*>ï-б4) -^M эj - o 

*>i*ІfĄ+cJ^l+<><i(2o4,-Uъ-Ż>ł)-вiІ'tíЦ ì +ÚJlЛ r6Jí" ° 
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04A O*i-O^A {rol**-^*-^*(-&-lt-<-í "*%) ~°^*<f*0<}"° 

tí4A6>}-OtA i*Jfli*-/SÍ(vl*OÍ-26>*) +fl£*i**,Í * O 

o4 A o> -ot A K ^ ^ - -?«£; */-£/-/*# 1 - o 

HlAW.Jfii'fil(*l*€4-S4)-/lfrfcik} -

(22) 
-UL/« r yfli+/*i(ol +rf - 2*1)} - O 

"< * Ů&Í+/*Í(fl +*!" **£>} -*>>•* i*i-r&/g + 

Í-/3, (Of+o*- 2O6')-/5</3SCJJ*0 

&><4Co-ot A {da*+cffat+cý -of )+(<£/$*- afyzZ)co4} - O 

o< A {daFf cffá * or- CJ*J- (&*/%*•+ cř/3*) O1$-CJÍACJ*-~O 

a>4 л cf- oiA(dèř*a(tít+ qІ-oţ~)-rcł'- (cГ/g- *ĄVą}*° 
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The above system (22) contains 16 independent equations 

(the first six equations are dependent on equations 8 through 

19 in the second and third column of (21)). The forms in the 

first six equations of (22) are principal and thus dependent 

on &J-,, CO-, From the remaining 16 independent equations of 

(22) it is necessary to exclude the forms 

6>*+J«**«*(z co\ -<O*4-CJ<) - *f
ao</-ya 

col * r&*<?(2o*- o l -c£ ) -oi^pi*ej4 3 

6>'6 - dfll-fi>t(ui f *>\ - 2o\) - /35
l /3/o2 

<£~ r&/&**/**(a* + cj*-2vt) +/t*A,**, J 

which are dependent on the other forms of ( 2 2 ) . System (22) 
contains 44 forms i n a l l from which we exclude 18 , i . e . there 
remain 26 l i n e a r l y independent forme. We w i l l express these 
independent forms by means of the Cartan lemma to the r e l a ­
tions of ( 2 2 ) : 

cJf •cf&-cj\-Ci\ - /tyy, + Ap^ 

cJr+r(o? + ^-Cj]-cJ5) = Afr i- A^ 

o* *• Aso4 * Aco^ 
(23) . 

ry^^X^i-c^'Cjl)}- A& * A1ocjx 
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4*ì + *l(2o\-6Jt-£ţ) -

Jl • ._.-/* pÿ (2„l _ <y * - t ^ j - ĄU^ -

Ъ>й -

r__/ +<&l+^(K-*l-*>rs)-4<CiA ' 

c=//3/ *#(«,<r6,f. 2*1)+flbfór*Jx -

rcoi * 

(23) ^/ť vť&V-V - J?CO/; vť/3,4 

ÄJ; 

-r^^tf+Afrsdí - 2«-f> /\%**< 

r&*i*/K(*f**r &4)j 

co: 

cJa*+eř(eĄi-йзs

8 -Ą) -(afl>*+ Jл\) _Jг 

__-' 

_-° = 

c^+eífà+cJt-cĄУr-Җcfač-cЃflf) 6_f 

^ Ч f \ й . 

VW_ 

V»«* V* 
V**V>_ 

V<*7WУ-

v^ 

-Vv м^. 
V * '•V0-

**ïíгVV-

VV"**_°_ 

VvVÜ-
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From the Cartan lemma then follow for the coefficients the re­

lations i 

A2 * A3 f A6 * A7* A12 * A13* A18 " A19' A22 " A23' A26 * " A5' 

A28 m "A29» A31 a "A14' A34 * "A35' A42 * ~A43' A46 " ~A47' 

A50 " -A51' A9 m 7(A10 + A30> - ^ 1 ^ 2 ' A16 - rA15 + A33 -*£<*?» 

A37 " T<A38 - A20> + P 3^2' A40 " rA39 " A21 " ^ 3 ^ 1 • 

There are expressed linearly independent forms of (23) by means 

of 52 coefficients from which 16 may be expressed by the re­

maining 36 coefficients* If we let q denote the number of li­

nearly independent forms, a^ the number of linearly indepen­
dent equations, N the number of independent coefficients and 

if s 2 « q - s-̂  and Q » s-̂  + 2s2 is the Cartan number, then 

the condition for the existence is Q « N# In our case q • 26, 

s-̂  s 16, s 2 • 10, Q • 36, N • 36, i«e. Q • N and therefore the 

objects under consideration exist* The general solution of the 

system depends on 10 functions of 2 arguments* 

The condition for the existence was proved in a general 

case in assuming a j* 0, a j** 0, a f 0* Let us however observe 

the question of existence in special cases 

a) a4 • 0, a5 jrf 0, a6 * 0 

(24) 

b) 
4 

a / o. a 5 • 0 . a 6 * 0 

c ) 
4 a * o. a 5 / o. a 6 - 0 

d ) 
4 a s o. a 5 8 0 . a 6 ў 0 

) 
4 

a 
s o. a 5 * o. a 6 - 0 

f ) 
4 

a * o. a 5 
S o. a 6 - 0 

9 ) 
4 

a 
s o. 5 

a s o. a 6 - 0 
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Because of the symmetry there is on need to investigate 

the existence in all cases a) - g) # It suffices to focus our 

attention to one case a) - c), to one case d) * f) and to one 

case g). 

For example, if we consider case (24) a), then the equati­
on U) • a CK) 2 in system (21) changes to the form to « 0, 
whereby the remaining equations of (21) are unaltered. Consequ­
ently the last three equations of (22) turn to the form 

€J4 A cj-<vt A (ctfi^cTfl\)coA - O 

(25) coi [c=laT+ a(^+Cjl-Co\)-afl*0>J -CJZACJZ - O 

ctA ACU%-OXA (ejj*-a(a%+co\-cfs)-t(J-*fl^\*o 

Using the Cartan lemma we get from (25) 

cS* Ak^*-AHxcj% 

cda^a(a\^c/s-cj\)-a*n>lcc^ = At%Ct, +/%4>«*t 

(26) (J- = An^i *• *te°' 

Co* - AifC>< *Aw6ix 

cda+*(*>?+<£- cfs)-rc?-JP>ZoA - Ak9(o4 * ASoCJx 

by which we replace the last six relations in (23)# Then 

A42 * a ^ 2 " fi6^3' A44 m "A45» A48 * "A49 hold for the 

coefficients on the right-hand sides of (26). Hence we have 
q « 25, *1 m 16, s 2 «- 9, Q a 34, N • 34, i#e# Q • N# The same 
values will be obtained in (24) b) and (24) c) on carrying 

out analogous changes in systems (21), (22) and in relatione 

(23). Thus we proved the existence in cases (24) a), (24) b) 
and (24) c), whereby the solution of the system depends on 9 
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functions of 2 arguments. 

In relations (24) d) through (24) f) we will notice only 

the case d ) . In system (21) two equations to • a w 5 , co5 • 
K A K 

• a OJj, will change to A) » 0, A)° m 0, while the others will 
remain unchanged. The last three equations of (22) will change 
t O £ . 4 

CJi A Co4- &>t A CT/\CJA - O 

COjA afi>*Cjx+CoxAOJ - D 

coA A c?-CJZ A{<=Ja + cf(tz£ +co% -CJB
$)-rcj1} *- O 

other equations of system (22) remain unchanged. Applying the 

Cartan lemma we obtain 

coA - AH&4 + A+%CJL 

co% * A*%c>4 ^AHCJ% 

\**>A +A*vz 

c^a^a(col^coi-c>iy^- AhJoA * A^cox 

fi i 
where for the coefficients the relations A 4 2 • -a lt>3» A 4 3 • 
• a fi\, A 4 6 • -A47 hold. Cosequently q • 24, s^ • 16, s 2 « 

• 8, Q • 32, H • 32, i.e. Q « N. The same result will be ob­
tained in case (24) e) and (24) f)« We see that system (21) 

is in involution also in cases (24) d), (24) e), (24) f) and 

the solution depends on 8 functions of 2 variables. 

Finally, if in case (24) g) a • a « a6 • 0, then the 

last three equations of system (21) reduce to 0)$ * 0, 
j » 4,5,6 and the last three equations of system (22) are 

<*? • Aks6jA +• A^ a. 
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<ц л 6J. * D 

cot л co * 0 

coл лco + coz л rco 

Applying the Cartan lemma* we obtain 

COг ' AL2.&>. 

ČO3 - AL%CJ. t- A«, co 

ĄZ^2. 

whereby A^4 « rA 4 3. Consequently q « 2 3 f s - , « 1 6 f S 2 « 7 f 

Q & 30, N « 30, hence Q • N# In this case the solution depends 

on 7 functions of 2 arguments* 

This proves the existence both in a general and in all 

special cases. 
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SOUHRN 

DV03PARAMETRICKÉ SOUSTAVY TROOROZMĚRNÝCH PROSTORO 

V UNIMODULARNIM gESTIROZMĚRNÉM AFINNÍM PROSTORU 

DOSEF SROVNAL 

Práce se zabývá studiem dvojparametrické soustavy Žl 
trojrozměrných podprostorů šestirozměrného unimodulárniho 

afinního prostoru A g # Současně se soustavou 21 se uvažuje 
dvojparametrická soustava nevlastních rovin tvořících pros­

torů soustavy 21 vnořená do nevlastni nadroviny prostoru 

Ag# Užitím Cartanovy metody je ke každému tvořícímu prosto­

ru soustavy 21 přiřazen vhodně zvolený systém pohyblivých 

reperů, odvozena soustava diferenciálních rovnic uvažované 

soustavy ŽZ a nalezeny její podmínky integrability# Hlavni 

výsledky práce spočívají v odvození vztahů jednajících o 

existenci a obecnosti uvažované soustavy 21 , a to jak v 

obecném případě, tak i připadech speciálních* 
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РЕЗЮМЕ 

ДВУХПАРАМЕТРИЧЕСКИЕ СИСТЕМЫ ТРЕХМЕРНЫХ ПРОСТРАНСТВ 

В УНИМОДУЛЯРНОМ ШЕСТИМЕРНОМ АФФИННОМ 

ПРОСТРАНСТВЕ 

ИОСЕФ СРОВНАЛ 

В работе рассмотрен вопрос существования систем -2С трех­

мерных пространств (так называемых конгруэнции)в унимодулярном 

аффинном пространстве А*. С помощью метода Картана приводится 

система дифференциальных уравнений конгруэнции --С и показыва­

ется, что она в инволюции. Доказано существование исследуемых 

объектов в частных и в общем случаях. 
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