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AFFINE SPACE

JOSEF SROVNAL
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This paper investigates by means of the Cartan method
some questions concerning the existence of two-parametric
systems}i,of three~dimensional subspaces in a unimodular six-
~dimensional affine space As. There is shown the existence
of the above elements both in general and special cases,

The starting point were the well-known results derived
in the theory of two-parametric plane systems (briefly called
congruences) embedded in the five-dimensional projective spa-
ce Pg (see /1/). The specialization of the frame was suitably
modified for congruences 2. of three-dimensional spaces in

for every system Z naturally generating a congruence of
planes > in an improper hyperplane N£” adjoint to AB‘ The
specialization of the frame is carried out exactly with res-
pect to the congruence Z:co.
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By the frame in Ag is meant the point M and the sixtuple
of linearly independent vectors e;, i = 1,2, ..., 6, satis-
fying the condition

(1) [;1 e, 63 84 65 °6] =1,

The fundamental differentiation formulas are

= i AR =
(2) ‘dM we dei éc)ieJ . 1,3 1,2, 4e0, 6,

J .
where the relative components a)J. A)g are the linear diffe-
rential forms of the parameters on which the moving frame is

depending. These forms satisfy the structure equations of an

affine space

(3) de Ekawa » dwi =w§/\w'j( ? i;j:k = 1:2:000161

Every non-zero vector direction belonging to the direc=
tion v6 of the space A6 determines in the improper hyperplane
N5°athe unique improper point which is in one and only one
way determined by an ordered sixtuple of coordinates of the
vector given., Thus the hyperplane N;' is of a five-dimensional
projective space character, wherein every sixtuple of linearly
independent points may be regarded as a frame.

For short we denote, hereafter, thé points of the hyper-
plane Ng~ like the vectors in Vg, since the point A”€ ng
has the same coordinates as the vector a € Vg determining the
point A” (for instance, we will write a instead of A™ ),

From the foregoing wee see that the ordered sixtuple of
linearly independent points eié-N;° . (1 =1,2, ,.,., 6) for
which condition (1) is fulfilled, is a frame in Ng” . The
fundamental differential formula and the structure equations
are
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- X

Aw].j( . i:Jnk = 1,2,000.6,

Performing the differentiation of (1) and substituing the va-
lues from (2) for de;, we get

(4) Z w:;l =0 » j = 1.2:.--.6.
J .

Suppose now 2 is a two-parametric system of three-dimen-
sional spaces S = S(u,v) in AG' where the pair of principal
parameters u, v are the analytic functions of variables on
which moving frame is depending. The Pfaff forms W J satisfy
equation (4). Every space S€ 2: has a plane s> 1thhe im=
proper hyperplane N;° , .60 SANZT =3, The planes G=
generate a two-parametric system > . of planes in Ng~ which,
herafter, will be called the plane congruence in N5°°. Like=~
wise the system 2. of three-dimensional spaces in Ag will be
called the congruence of three-dimensional spaces.

If a point M and a triple of linearly independent vectors
e1: 65, 5 of the moving frame in A6 are placed into a three-
dimensional subspace S C As. S€ >, then the vertices e ey,
e3 of the moving frame in Ng” are incident with the current
plane O~ of the congruence >.°°. Performing the differenti-
ation we obtain

3 3
(5) d[Mejese;] “Z“’i[mlez"s]* ij+3[°;|+3°1°z°3] +
i=1 j=1 :

+ Zk Z' w: [M °1°m°n]

where k, 1, m are cyclic permutations of the elements 1, 2, 3
and n = 4,5,6,
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If the variation is as usually denoted by 5\, i.e, diffe-
rentiating just by the incidental parameters ( Suwdlvs 0)
and the 7 forms arising from w are written as du = dv = 0O
(?Ti = a)i (6)). then the variation of (5) yields

S egeges] « 278 [wesnses]

i=1

so that Q)J+3 ’ “’2 from relation (5) i.e.

(6) w4, ws, wl 0wt w0l wh w3, WS, wh, w5, w8
are principal forms., There are exactly two independent forms
among them, Let

4 » 5

Wy =Wy . Wz = W

be such independent forms. The remaining forms of (6) may be
expressed as their combinations with coefficients generally
depending both on principal and incidental parameters.

In what follows we will specialize the moving frame with
respect to the plane congruence zzqoin an improper hyperplane
Nsw. By the focus of the planeG ¢ =%, 6™ = (e;.e,.05) be-
longing to the focal direction determined by wy ¢ a;z (given
f.i. by the relation q, aJl + Qq, W, = 0 we mean a point F
of this plane which in moving in the focal direction satis=-
fies the relation elezeadF“ﬂa O, As is well-known, there exist
three foci in every plane congruence which are supposed not
to lie in the same line.

We choose the vectors e;, e,, eg of the moving frame in
Ag so that the corresponding points e, € Ng° , (i = 1,2,3)
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coincide with the foci of the plane O belonging to the focel
directions

(7) wl.o, Na.o, wl+rw2= ws.o

under the assumption that r ¥ O, Then
(8) [el e, €5 dei] =0 for W; =0, 1i=1,23,

The condition [el e, €5 dF°°] = O for the focus means with
respect to (2) that

AWy + fw G+ rwG =0

(9) Xwd s w, s fpw3=o
6 6 6

AWy +hwy+ fpwg=0.

If the forms wg, w;, wf, wg, w‘i’, wbs, Ng in (9)

are expressed as linear combinations of the forms afl. ajz
and on taking account of the conditions F;" = e, for the fo=-
cal directions a;i =0, 4i=1,2,3, we find that equations

(8) may be satisfied if

j+3
WA W e 0, 1,3 =1,2,3.
By means of the Cartan lemma we get
(10)  wi*®-ad®¥w, 11,3=1,2,3; e} =ea=1.

In what follows we restrict ourselves to such a case
where every of the three foci e; circumscribes a regular
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focal surface. The tangent planes of the focal surfaces cir-
cumscribed by the foci e, at the point of tangency e
determined by the directions

i are

del = “’iel + ajiez + a)iea + wl(e4 + afe5 + a?es)

1 2 3 4 6
de, = Woeyt Woe,+ Woey + Wylaze, + g + 850¢)

4
de, = &Jae + w 2t OJ 383 + Wi(agze, + ages + agee).

We choose a moving frame so that the tangent planes lie in the
spaces (Ql, 92, 93. 34), (31; ezn 33; 65)' (el' 821

3¢ ages)‘
53 # 0, which leads to

(11) =0, i,j =1,2,3 ;3 i #3 .

Relations (10) and (1ll) yield
wi¥ a0, 4,3=1,23; 143.

Exterior differentiation of équation (10) for i = j = 3
gives

6 6 6 6
dwy = dlagwy) = aydw ;3 +dajAwg,

which results in

3
w, A {dag vaS(wly wg-w3-w4)} +

+ a)zA{d(agr) + egr(wg + ﬁ)g -wg -A)g)} = 0

using the Cartan lemma gives
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3

daS +ay(W i+ WS- wd-whHheaw,+bw,

(12)

6 6 2 6 3 4
d(a3r) +a3r(c«)2+w6-w3-(d4)=cwl+dw 2

Differentiating by the incidental parameters gives

and with respect to our previons assumption ag ¥ 0, we may
without any loss of generality choose ag = 1, Exterior diffe-
rentiating of the remaining equations of (10) on taking
account of (11) gives for i ¢ j

2 5
a)l/\ W, o+ &Jl/\ Wy = 0

(13)

1 4
wa/\w1+w3/\w = 0
2 5
ws/\w2+w3/\w6 = 0

Which in applying the Cartan lemma is reduced to
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2 2 2 3 3 3
wl-alw].#(xlwz w2-32w2+0(.2w3
5 2 2 6 43 3
g =piw - ejw, Wg =(ha%W, - 23,
3 _ 3 3 11 1
ﬁ)l = alajl + m,lazs h)a = aaa)3 + a.3a)l
(14) ) .
6 43 3 4
Wa=(Arly - ejws We =(b3W3 - azw;
1.1 1 2 2 2
w2=52w2+<>£2w1 w3=33w3+0(314)2
4 41 1 5 42 2
Wy =By, - axwW, Wg =30y - a3w,

It can be seen from (12) and (14) that (CUi + wg —wg - :).

2 3 1 3 1 2 5 6 4 6 4 5
wllwl'wzlwzl wav 4)3' w‘l w4l wsl &)5' wea wsl
are the principal forms,

i i+3
Taking account of the equalities dwy = (W, - W AW, ,

i =1,2,3, resulting from the integrability conditions of (3)
gives on exterior differention of (14) with some modification:

2 2 2 4 2 2
wll\{dal +aj(wy -wy) + w4} + WA {ddl +
+°§§(2w§ - wi - wg) - (ra?ag + a?‘xg +
(15)
2 2,1 5 4. 3p2 2,3
wl/\{dﬂl shilwy +wg = 2wy + (rpyAG - 0387 +
vafed o ) - o nfud e dwgond s

+ W) f} = 0
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WA {dog+a (W3- 0 ) v @) raiatw, Tw,a fdud +
+ L0 wof-0f YA, - ke, = 0
@, A 83(543*' ﬂds(w:+ué’ - ZG;) - :ﬂfc.)z} X [daff-
+a, (W) ra-plale, v alataw, b= ©
@, A fl] v (2e-ao-ao}) - @2al ol red 2l )} +
re,Afdaivay (@i~ +wit =0
@ A {da) ca) (@] -w3drag I~ o, 4 {1+
k0 (s 0} - 2008 )+ (B -+ o Do Jo
@, A {é’af ray (ool vl valale, ! e, A (ot} +
¥ 043(20:—4322-&3‘6) —aldfo,: o(;o(fw,g =D
@, A {dﬁ3+[bf(mf+g: - 20%) NN “a,A {da? +

3 3n1 1.3
+todw-wf) ral-alRo,+ralale, 1 =0

(15)

1
@ afd "31 *oly (20,00, )<totw, § + anfda, +
oG- vl valalen s allle =0

1
g —03 A id ﬂ’s +

2 1 =
kﬂ’;((‘)j'*a‘:' Zw:) By A@, - flagef =0

1 2 1

@, A ic/a; +a;(a),1-€7¢‘) t @ raa, @,
2 2 .3 5\_ 1 ,2 . 2

@, A ety r oly 2oy = 005005 ) el @, § ~eoy a fHa +
212 1,2 -

ral@-0f)+a; ~alale,-~alllo, f =0

2

¢ 2 1 _2 — - ¥
w:./\ida:"'a:(wzz—a’é) + Qo *03Q1Q1f ws’\i ﬂs

1,2 21 =
+ [551(‘0:*63;_'—2&’:) By 3@ -a B, g o
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Using the Cartan lemma to (15)., we find that

1 4 4 5 . 4
da, NCRIDPRLN
5 3

da+ aXa;-wg) + s
L4 ¢ 1

da; +*Qa, ((‘)4 —G‘JG) +@,

2 .6
Cja:+q;<a5~a%;)raf

Aol Q-0 -c))
ot roly (205000
ol r oy (20 -0k~ a)
ol + 43203 co;- a;)
ot} + ok Qeof-0o-cop)

2 2 3 5
ool 31 r oy (20,0},

a3 @i )= 2)

B2+ ey +ef - 263)
3+ (o (©F ok - 20)
s
i@ 1)
o Al @+ 005-26%)

:(CJ: + G.Jé ‘2&):)

are the principal forms, The variations of coefficients of the

forms in (14) are

2 2
Sal-aiTy-T)-,
53+ Gi}-T2) - T}

5o~ GiTET) - Ty
(16)

) e
§a= al(Te-T)-Ts
¢ 4
3o, <oy (T-T,')-T¢
6 — 2
Sot-apr (Tg-Ty)-T,

J‘,(:. LTS -2,
Sol = oL 2 (TS - 2T3)
Jolyl g/ (R - 2T)
Fok <l (T4 T - 2T))
5] = o (T T} - 2T
Jely = oy (T2eT - 21)

5‘[5:. prEE-T-TS)

5. A2 -TE)
zm; - 3, (25 T
51y~ AT 2T
S AT T TY)
It L QTE-T-T))

We can see from the first column of (16) that the moving frame
may be further specialized in choosing

(17)

3

whereby a)f, cu4,

cipal forms,

wé. &)3, wl, w?

6’ 6

-
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As meantioned above, w‘, ws, we are also principal

forms, Hence, they may be written as
y 4
wll - 0< an + ﬂ (\)7_
L 5,
(18) w Lw, + /36602
w® = Lo, + W,

Exterior differentiation of (18) yields
G A {A&‘ﬁ» o&"w:-w'} +ou, A {dﬁ“*/&" (@) -wi )t
+(f56/5;- o(b;(:_-o(éﬂ;l‘)wqj =0
@, A el L@fra -l ) + (LB PR A7) § *
() O, A {d ﬂ:sf/z,%o:'— (ozj =0
w, A {d oL oL (0 a0} )-wz’} +Q, A & Arbat-wf)+
(P L8 )@, - ras*f =0

Using the Cartan lemma to (19) gives further principal forms

]
Aot L0 - e’ dphpi @l rof-of)
2
ot Fr L 05-04) drrpe; - @
é L4 3
A L8+ L@+ 0f-wf)-o’ A% B (@ a5 - w5 )-re>

Differentiating by the incidental parameters gives

gutte - LT T It AT T,)
got” = L%(M-TETY) IR T, T
ITrE = L(Th-1t-1E) +1° I = AT TE )4,
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whence we see that we may choose o = Vi 5. xb. 0, i.e,
a)i ,1=1,2,3 are principal forms, Making a formal change
in notation and setting /b at, x%aa A° a g8

enables us to write with respect to (18) that

w =etw, ., wfeoabw;, wbaaby,

Since wi. i=1,2,3 are principal forms, they may be

expressed as combinations of ldl, Wo, e,
1
w‘ - 0(46.)4 +ﬂ @,
2, 42 2
(20) - °(:"4 +ﬂsa)2
3
=l W, rw,

further extension of the above relations gives
o 4 fedells L2651 0 )= (481 + 4B @, +a5 |+

+G,A id/b‘i-/é‘@): +a):'—-m5’> +a"a)‘r +a’w! j =0

A id"42* L@+ 2-}f) rawl + (< z, 0-430(;)02 3+

+00, A {d/‘}’z*/?’z(zwzz’wss—) "'al'a"‘,z + a‘ws"} =0

@, A L+ (] + R0 ) ra@E + (L Aol 3- 80 3+

+63, A jdn s roi-of) r @, +a&)4} o

next principal forms are

d L1 LT (20)-w)) (@ o o) va'n,!
doltte L2 (Of 0} 0y ey, B2 )

3 3 2 3 3
o3+ A @ + - arf) e sie) ra,- of) +a')]

and the variation of coefficients

dt (T~ 25) AT ) e
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oroél = v\’/l 7":

Ju’= L(T)-T-T;)

4 2 52
-7 -

$at= a7 -27)

3
OB = g (Ti-TH- T,)-a'7}

where we see that we may choose ﬂl = O(.z a /53 = 0, where

upon w;. w?2 wg become the principal forms. To simplify
our notation we set analogous to the preceding case /51

*? = a2, /33 = a3 and obtain with respect to (20) that

5

= al,

1 1, 2 _ 2 3 _ .3,
a)=akl,k)—aw2,m adul.

It is a necessary condition for the existence of the two-
parametric congruences > in the three-dimensional subspaces
of the space A6 that the system of the Pfaff equations

5—1
@, =0

[

y = ©

()

4y
@l =0

6

wé -0
(21)

4

[A)

5 =0

5!-
@, =0

Wf -, »rw

2 2
6)1 - 0‘4 wz
w13‘°l1303

1 1
W, =k @,

3 3
Q= oy

1 1
@l = 0,

2 z
DF = oy @y

o aw,
&’ do,

é
w = de,
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is in involution. The integrability conditions with respect
to (13), (15), (19) on taking account of (7) and (17) are

w,Aa15~w Aa),z = 0

4 =%y

@, A(w,f— wf) -, 4 re?=0
QA Gy @, AW =0

o @y A(rwd-wf) =0

¢ 1 S
&qu\@‘ —y)+ @, Ao, =0

5 & 2.
(22) WA A (Tal - @ )0

@, A [0,’+ 4}“—4/;’- w;f *ay A fr R waj—a/;>} =0
Wy A “@2*401'“224’52*°§262‘éf‘*4%‘"415L)" ogéxézaﬁ.; =0
QA fdrdn P e }205-00)- 0 ) - k[ e, 7+
4&5Ar£d«f+xftﬁw;-a4—4;)}=o
w Al oLl ol (Raf-wof-aof ) - ret )@, pra,A0f =0
w, A fdolP e o203 o )F rasn {0l v [Holy +
o (203~ 0f ) o4, 'ot 0, 1 f = 0

1 1 L4 1 3 4 2 1 1.
@Al v lely ) 2af-wd-0f ) -t S o]0, franara=o
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2 3 5 f /,2 =
w,aay a1 ] Paog rlely+ot st (26w - g ) - o, < f=0

@A z’d/!f + /54‘(@#@6’_ - _24,:) "ﬁfﬂ:’@z $-a,A GJ;' =0
AW [—w; +d/-5,z/5,5(0,'*w‘f—ﬂo:) +/473%, f-ayn rwf =0
QA Qg -Gy A Al Bl @l ol -20f )+ 30, § =0
Oy A G 0, A f-raspefS Nl 0 - 2005 )+ B, | =0
Y LI NN CHYEE ARV R
(22) - @A {p @3 vesf - 205 ) f = 0
0, A oAl 2 vaf-2a00) Janafag-r [Ha2+
R P
G, 4 @@, A {Ha*ra (g +af ~wf) +@73- a3 Dy, f=0
Wy Al O (@] + 07wy @l a%d ) ay §- yaata 0
Gy A @'~ ?zf\ ida5+ a‘( “):.z* G{-m?) -ra-(a 73> ‘7‘/‘3 2y f=0
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The above system (22) conteins 16 independent equations
(the first six equations are dependent on equations 8 through
19 in the second and third column of (21)). The forms in the
first six equations of (22) are principal and thus dependent
on wl,wz. From the remaining 16 independent equations of
(22) it is necessary to exclude the forms

2
Yy
3 1 2 ,2
W Al e, (26 -0~ af ) - KK @,

4
‘

I3
5
WP+ r [ (2003 -ag) ~o4led Pa,
@l -dpI-ri(wd vy - 207 ) - /333 @,
O VN G 2050 #3301

which are dependent on the other forms of (22). System (22)
contains 44 forms in all from which we exclude 18, i.e. there
remain 26 linearly independent forms, We will express these
independent forms by means of the Cartan lemma to the rela-
tions of (22):

G+ Qg @3- el = Ay + A,
Artr (@t wi-ai-ag)= A+ Ayl
w: = Agly + A0,
(23) 2 2 a1 Y-l = AG + A
do("vl‘,(zoz"’f":) 'l 3“’4 1 8&‘&
r i e (2003 -] = Aoty + A0,
d“;*"(:(‘za“:"’i"’; )_’."{ta"{;‘)r. = Ay + A, 9,

4
ws = /1-13‘4 + 4"’6),_
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At kP20 00 ) = A @rALG,
ay + <l v oy (20 - )3 - & )t w, ~ A A @,
R, = AWt A%,
@f = Ay, ~ AL G,
r'c\)6 +odol, ol 2(2&) -G -6)5)"9{;014104 = ’4'13&)4+ }"'1?02
A (@l wf- 20) e300, = A Gy AL O,
_wl’s +=lf3 * ENCH - 20;) * 42/’;.3":. = 70+ 4,59,
ra); - 4‘904 4.9,
(23) dﬂ;”*/-’;_"@.‘*";," 2‘,;) "ﬂ:ﬂ;@

3
wpf = A0, *A,,@z

1

As1@y 7,9,

3 3, p3,t 6 2 4%,
—rw5+d/%- +/51(ddzﬁa)6-2<)5)+/31/% G)4 = A-s’q *AJ‘O:.

rHA A @) 2000 ] = A+ A0,
g - zo:> - Ao, +Ayfo,
= A0 rA,,0,

clatet (G-l )+ @A) oy = Aoty
a*s o (@fr @] ~aof ) ~(arie aRy) @, = AL, ,4“4,2
= Ayt A,

3
= ’1’49 fﬁs‘o 2
6 é 2 3 5y 3 5 5_ $,2 =
oa +a (6-),_ +G)C’6J5) "‘tJ'(aﬁz a/?,w' ) GJ, /’TS’U, +A.5‘zw’-
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From the Cartan lemma then follow for the coefficients the re-
lations

Ay = Ags Ag = Ajy Ajp = Aygs Mg = Ajgr Agp = Apgr Apg = -Ag

= A

= -A 43°

A A = =A

Axg = 46 47

28 = ~A2g¢ A3} 14 A34 = ~A3s: Ag2

1

1 2.3 3
Agg = =Ag1e Ag = FlAjg * Agg) =X X Ajg = TAjg + Agg =X 13

1 2,1 1 .2
A37-?(A38-A20)+/53{.} v Agpm Ay = Ay - /53(31 .

There are expressed linearly independent forms of (23) by means
of 52 coefficients from which 16 may be expressed by the re-
maining 36 coefficients, If we let q denote the number of li-
nearly independent forms, 3 the number of linearly indepen-
dent equations, N the number of independent coefficients and

if S, =q -8 and Q= 8) + 252 is the Cartan number, then
the condition for the existence is Q = N, 1In our case q = 26,
8 = 16, S, = 10, Q = 36, N = 36, i,e, Q = N and therefore the
objects under consideration exist. The general solution of the
system depends on 10 functions of 2 arguments.

The condition for the existence was proved in a general
case in assuming a4 ¥ 0, ad ¥ O, a® ¥ 0, Let us however observe
the question of existence in special cases

a) a4-0.85)‘0.36;l0

b) a4 £ O, as = 0, aG #$£ 0
c) a*po0,a° 40, a%=0
(24) d) e*=0,8°=0,e 50

e) a =0,8 #0,a =0

. g) @a@a =0,a8 =0,a =0
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Because of the symmetry there is on need to investigate
the existence in all cases a) - g). It suffices to focus our
attention to one case &) - c), to one case d) - f) and to one
case g).

For example, if we consider case (24) a), then the equati-
on 4)4 = a‘tc.)2 in system (21) changes to the form k)‘ = 0,
whereby the remaining equations of (21) are unaltered. Consequ-
ently the last three equations of (22) turn to the form

4 é 1 5,1
@ AG —eo, A @r~anr, o, = O
s é, 2 2
(28) @, {da”a’(@ra]-w})-ania, f~o,aat < 0
3 6 ¢, 2 6 5 3 5.3 =
Wy AW =D, A IHa + O (@, + 6o - 05T )-res- alse, § = O
Using the Cartan lemma we get from (25)
&'= A4 *71'1116”2
s S A 5 4 6,2
da'ra’ (@ rai-w])-aBle, = At +AL,©,
2
(26) W =A@ + @,
w? = Ap@, + A g,
¢ 6/ .2 _6 5 3 ¥,3 ALl + A W
da+a(wz+a‘-wb-)—rw-a/5,_®4 = Myoy 50002
by which we replace the last six relations in (23). Then
A42 = 35/32 - 36/3%. A44 = -A45, A48 = -A49 hold for the
coefficients on the right-hand sides of (26). Hence we have
q = 25, 8 = 16, s, = 9, Q =34, N= 34, i,e., Q = N, The same
values will be obtained in (24) b) and (24) c) on carrying
out analogous changes in systems (2l1), (22) and in relations

(23), Thus we proved the existence in cases (24) a), (24) b)
and (24) c), whereby the solution of the system depends on 9
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functions of 2 arguments,

In relations (24) d) through (24) f) we will notice only
the case d). In system (21) two equations w* s a4a)2, wS =
= asw1 will change to aJ4 = 0, w3 o 0, while the othsrs will
remain unchanged, The last three equations of {22) will change

to 4
Q’Aw'—wz/\a‘ﬂ,m,, = O
6,2 2
yralfo,+o,aw = O
3 6 ¢, 2 é £y_, 37 =
c..)q/\a.:-wz/\z'da+a(o,,+w6—os) re3f =0
other equations of system (22) remain unchanged. Applying the
Cartan lemma we obtain
1
W = Ayt Ay,
2
w = A'.oz-aj»v "’A’l,l,; Wa
3
W= Ayl + A @,
3 e/ 2 € 1 3.
da +a(w,_+&-16 —625)""60 A’;,?a)q + Ayswz
where for the coefficients the relations Ago = -a8{5%, Az =
= as/ﬁg. A46 = =Ayq hold. Cosequently q = 24, 8 = 16, s, =
=8, Q= 32, N= 32, i,e, Q = N, The same result will be ob-
tained in case (24) e) and (24) f). We see that system (21)

is in involution also in cases (24) d), (24) e), (24) f)
the solution depends on 8 functions of 2 variables,

and
4 5 6
Finally, if in case (24) g) @ = a = a = 0, then the

last three equations of system (21) reduce to wd = 0,
j = 4,5,6 and the last three equations of system (22) are
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6)4/\&).4 =0
2
w, A =0

3 3
QAW+ G, Are = (]

Applying the Cartan lemma, we obtain
w'= A, @
41 7T
Guz = /491‘25
w? = /+,3£U4 + /4‘,,,,&)z

whereby A44 = rA43. Consequently q = 23, sy = 16, s, = 7.
Q = 30, N = 30, hence Q = N, In this case the solution depends
on 7 functions of 2 arguments,

This proves the existence both in a general and in all
special cases.

REFERENCES

/1/ T u & k a, J.: O bodové deformaci kongruenci rovin v p&-
tirozmdrném projektivnim prostoru. Casopis pro p&stovéni
matematiky, ro¢,97, str.l5l1,

/2/ Finikov, S.P,: Téorija kongruencij, Moskva 1950,

/3/ Findikov, S.P.: Metod vn&Snich form Kartana, Moskva
1948,

/4/ 8 v ec, A.: Projective differential geometry of line
congruences, Praha 1965,

- 153 -



SOUHRN

DVOJPARAMETRICKE SOUSTAVY TROJROZMERNYCH PROSTORO
V UNIMODULARNIM 3ESTIROZMERNEM AFINNIM PROSTORU

JOSEF SROVNAL

Préce se zabyvéd studiem dvojparametrické soustavy Z_
trojrozmérnych podprostor( Sestirozmdrného unimodulérniho
afinniho prostoru A.. Soulasn& se soustavou Z_ se uvaZuje
dvojparametrickd soustava nevlastnich rovin tvoficich pros-
tort soustavy 2. vnofend do nevlastni nadroviny prostoru
AS' UzZitim Cartanovy metody je ke kaZzdému tvoficimu prosto-
ru soustavy Z. prifazen vhodn& zvoleny systém pohyblivych
reper(i, odvozena soustava diferencidlnich rovnic uvaZované
soustavy 2. a nalezeny jeji podminky integrability. Hlavni
vysledky préce spoéivaji v odvozeni vztahl jednajicich o
existenci a obecnosti uvaZované soustavy = , a to jak v
obecném pripad&, tak i pripadech speciélnich.
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PE3OME

JBYXII AP AMETPUYECKME CHCTEMH TPEXMEPHHX ITPOCTP AHCTB
B VHMMOZYJIAPHOM UWECTVMEPHOM A®$VHHOM
MMIPOCTP AHCTBE

VIOCE¢ CPOBHAN

B pa6oTe paccMOTpeH BONDPOC CYmeCTBOBAHMS CUCTeM = TpeX-—
MepHHX MPOCTPAHCTB (TaK HA3HBAEeMHX KOHIPYSHUU)B YHUMOLYJSAPHOM
appuHHOM mMpocTpaHCTBE As. C momompn MeTOn& Kaprana npuBonurcs
cucreMa nupdepeHNMATbENX ypaBHEHUA KOHTDYSHUMM = U NOKA3HBa-
eTcsi, YTO OHA B MHBOJADLUMUK. JOKABEHO CYyuWeCTBOBaHUE MHCCAELYEMHX
06BbeKTOB B YaCTHHX ¥ B ofueM cayuyasX.
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