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(Received March 26th, 1985) 

Consider the following differential equation of the fourth 

order 

Y I V(t) + 10[q(t)Y'(t)]' + 3f3q2(t) + q"(t)lY(t) - 0 (1) 

with a function q(t)£ C (- ©-»,+ oo), q(t) > 0 on the interval 

I m (-0-3,+ 00) obtained by iterating the linear homogeneous 

differential equation of the second order 

yw(t) • q(t)y(t) • 0 (2) 

[ for th is reason (1) is also cal led " i te ra ted* ] . , 
I t is known i f [ u ( t ) , v ( t ) ] is a basis of a l l solutions of ( 2 ) , 
then 

[ u 3 ( t ) e u 2 ( t ) v ( t ) , u ( t ) v 2 ( t ) , v 3 ( t ) ] (B4) 

is a basis of all solutions of (1), As a consequence we see 

that if the functions u(t), v(t) are oscillatory in the sense 
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of /2/ at (B2) /i.e. there lie infinitely many zeros both to 

the left and to the right from every point t£I/, then all 

functions generating the basis (B4) are oscillatory in this 

sense also. Moreovers if t € I is a simple zero of the function 
0 

u(t) or v(t), then t is an n-fold zero of the function u (t) 

or v n(t), n • 1,2,3. 

The differential equation (2) with the oscillatory basis (B2) 

will be called oscillatory. We assume hereafter that all solu­

tions of (2) or (1) are nontrivial, only. 

Let t e I be an arbitrary firmly chosen point with u(t ) « 
• 0. So it simultaneously holds 

u#(tQ) ? 0, v(tQ) ft 0 (P) 

at this point. Then all solutions Y(t) of (1) vanishing at t 

together with the solution u(t) of (2) take the form 

4 « j * 
Y(t,cJL,c2,c3) • fr--ciu <Ov* (t) . (s) 

$ 
where C.£ R, i • 1,2,3, / C. > 0, are arbitrary constants 

(parameters). 

We assume throughout all solutions y(t) = c,u(t) + c.-.,v(t), 
2 2 • • _ * _ _ 

c ^ R , j • 1,2 , cx + c 2 > 0 , of (2) to be oscillatory. Then 

every solution Y(t) of (1) from the bundle (S) is also oscilla­

tory, whereby Y(tQ) • u(tQ) since 

Y(t.C1#C2,C3) - u(t) _ t - r C .u 3 " i ( t )v i " , 1 ( t ) 
_» Urn V* ^ jg ^ .1. 

for every choice C . e R , i • 1,2,3 , L C? > 0. 
i <>i i ' 

For the zeros of an arbitrary solution Y(t) of (1) from (S) we 

have 

J_ n e P ar_ eL _ro_L_ A (8ee / 3 / ) 5 

1) If C 3 /• 0, then all zeros of the solution Y(t) of (1) from 
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the bundle (S) coinciding with the zeros of the solution 

u(t) of (2) are simple 

2) If C 3 » 0, C 2 ft 0, then all zeros of the solution Y(t) of 
(1) from the bundle (S) coinciding with the zeros of the 
solution u(t) of (2) are twofold 

3) If C 3 a C 2 « Of C, jrf 0, then all zeros of the solution 

Y(t) of (1) from the bundle (S) coinciding with the zeros 

of the solution u(t) of (2) are threefold. 

Remarks. 
Since the differential equation (1) is of the fourth order, its 
solution Y(t) may have threefold zeros at most. 
Specifying the conditions (P) as 

u(0) » 0 , u*(0) » 1 
v(0) » 1 , v*(0) » 0 , (*V 

then taking account of (2) we successively obtain for 

I. Y(t) » C1u
3(t)$ 

Y"(t) » 3CjLu
2(t)u*(t) 

Y«(t) » 3Cx[2u(t)u'
2(t) - q(t)u3(t)J 

Y« (t) » 3C1[2u'
3(t) - 7q(t)u2(t)u*(t) - q*(t)u3(t)] , 

so that by (P ) we have 

Y(0) » Y*(0) » Y"(0) a 0 , Yw« (0) « 6C1 j* 0 (s.^ 

II. Y(t) » Cxu
3(t) + C2u

2(t)v(t)i 

Y*(t) » 3ClU
2(t)u*(t) + C2[2u(t)u*(t)v(t) • u

2(t)v'(t)J 

Y«(t) » 3C1[2u(t)u'
2(t) - q(t)u3(t)] + C2[2u'

2(t)v(t) -

- 3q(t)u2(t)v(t) + 4u(t)u'(t)v*(t)] 
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V- ( t ) - 3 C l [2u ' 3 ( t ) - 7q( t )u 2 ( t )u* ( t ) - q ' ( t ) u 3 ( t ) ] + 

+ C 2 [ 6 u * 2 ( t ) v ' ( t ) - 14q( t )u( t )u ' ( t )v ( t ) -

- 7 q ( t ) u 2 ( t ) v ' ( t ) - 3q ' ( t )u 2 ( t )v ( t ) ] . 

so that by (p
0 ) *ve have 

Y(O) - Y'(O) . 0, Y-(0) m 2C2 jrf 0, Y" (0) - 6CX (82) 

I I I . Y(t) - C l U
3 ( t ) + C2u2 ( t )v(t ) • C 3u(t)v 2 ( t ) . 

Y ' ( t ) - 3c l U
2 ( t )u * ( t ) + C 2 [2u( t )u ' ( t )v ( t ) + u 2 ( t ) v ' ( t ) ] • 

• C 3 [ u ' ( t ) v 2 ( t ) + 2u ( t )v ( t )v ' ( t ) ] 

Y"(t) - 3C1 [2u(t)u'2 ( t ) - q ( t )u 3 ( t ) ] + C 2 [2u 2 ( t jv( t ) -

- 3q( t )u 2 ( t )v ( t ) + 4 u ( t ) u ' ( t ) v ' ( t ) ] + 

+ C 3 [2u( t )v ' 2 ( t ) - 3q( t )u( t )v 2 ( t ) + 4 u ' ( t ) v ( t ) v ' ( t ) ] 

Y- ( t ) - 3Cx[2u'3(t) - 7q ( t )u 2 ( t )u ' ( t ) - q ' ( t )u 3 ( t ) ] + 

+ C 2 [6u ' 2 ( t )v ' ( t ) - 14q( t )u ( t )u ' ( t )v ( t ) -

- 7q ( t )u 2 ( t ) v ' ( t ) - 3q ' ( t )u 2 ( t )v ( t )J + 

+ C 3 [6u ' ( t )v ' 2 ( t ) - 14q( t )u ( t )v ( t )v ' ( t ) -

- 7q ( t )u ' ( t ) v 2 ( t ) - 3q ' ( t )u ( t )v 2 ( t ) ] . 

so that by (PQ) we have 

Y(0) - 0. Y*(0) - C3 > O. Y"(0) - 2C2. Y- (0) - 6CX - 7C3q(0) 

<93> 

Conditions (sp. (s2) and (s3) may uniquely characterize the 
oscillatory bundles I., II. and III. relating to (1). 
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All zeros of the oscillatory solution Y(t) of (1) from the 
bundle (S), for which Y(t Q) « u(t Q) in cases 1 ) , 2 ) , 3) from 
the foregoing Theorem 1 holds, will be called strongly conjuga­
te points of the bundle (S) of solutions with a corresponding 
multiplicity v « 1, or V • 2, or V « 3* 

Besides the zeros of solution Y(t) of (1) coinciding with the 
zeros of the function u(t) there may exist further zeros of 
this solution, namely the weakly conjugate points of the bundle 
(S) of the solutions Y(t) relative to (1), About their existen­
ce and multiplicities decide the properties of coefficients 

C. € R, i = 1,2,3, in the three-parametric system of functions 
J 

Y#(t,C1.C2,C3) • 4 _ C . u 3 " i ( t ) v i - 1 ( t ) 

occuring in the bundle (S). 

About the occurence and multiplicities of the weakly con­

jugate points of the bundle (S) of solutions Y(t) relative to 

(1) we have (see /3/ again) the following 

T ,n, ,e_ °L r_ e ro 2 * ** tne bum*.!© (S) of oscillatory solutions 
Y(t) relative to (1) has the form 

I, Y(t,C 1) • C-,u (t), C.̂  ft 0, then there exist besides the 

strongly conjugate points having the multiplicity V « 3, 

no other zeros of Y(t) relative to (1). 

II, Y(t,C l tC 2) • u
2(t)[C l U(t) • C 2v(t)] , C 2 j< 0 , then there 

lies between any two neighbouring strongly conjugate 
points T k , T k + 1 € I, k • 0,£l,-t2,,,, , of the bundle (S) of 
solutions Y(t) relative to (1) with multiplicities V « 2, 
exactly one weakly conjugate point of the bundle (S) of 
solutions Y(t) with multiplicity ^ • 1, 

III, Y(t,C l tC 2,C 3) « u(t)[c l U
2(t) + C2u(t)v(t) + C 3v

2(t)] , 
C 3 j* 0, and 
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2 

a) if C~ - 4 Ci C3 *> 0, then there always lie exactly two 

distinct weakly conjugate points, both with multiplici­

t y ^ « 1, between any two neighbouring strongly conju­

gate points TutTk+i € I, k « 0,^1,-+,### , of the bundle 

(S) of solutions Y(t) relative to (1) with multiplici­

ties V « 1 

2 

b) if C« - 4C-.C3 « 0, then there always lies exactly one 

weakly conjugate point with multiplicity ft « 2 between 
any two neighbouring strongly conjugate points T., 
Tk+1 € If k " 0-~l»-2,### , of the bundle (S) of solu­

tions Y(t) relative to (1) with multiplicities V » 1 

c) if C 2 « 4C1C3 </ 0, then the bundle (S) of solutions 

Y(t) relative to (1) has no weakly conjugate points -

all its zeros are strongly conjugate with multiplicity 

V - 1. 
For short we denote by y..(t), i « 1,2, two arbitrary li­

nearly independent oscillatory solutions of (2), either of 

which is besides linearly independent of the oscillatory solu­

tion u(t) of this equation* With respect to the foregoing 

Theorem 2, the bundle (S) of all oscillatory solutions Y(t) re­

lative to (1), vanishing together with the function u(t) at an 

arbitrary firmly chosen point t Q £ I may then be written as 

I# Y(t) « Cu3(t) 

II# Y(t) « Cu2(t)yi(t) 

m # a) Y(t) « Cu(t)yi(t)y2(t) 
b) Y(t) « Cu(t)y2(t) 

c) Y(t) « Cu(t)[y2(t) + y2(t)] , 

where CeR - {0} is an arbitrary constant* 

Let us next denote by TQ « tQ, ?, > TQ two neighbouring strong­

ly conjugate points of the bundle (S) of solutions Y(t) rela­

tive to (1). It then holds for the position of the weakly 
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conjugate points of the bundle (S), i.e. of the zeros of 

functions y.(t), i « 1,2, on the open interval (T0»
T_) that 

ad I.: 3T Q < ^ 

ad II • -T ^ 1t < 2T 

ad III.: a) -T0 ^
 Xtx < Xt2 < \ or \ < *t2 <

 1t_ < \ 

b) lTQ < 2t_ ^ \ 

c) 1T Q _£
 XT_ . 

where u(T ) • u(T,) • 0 , yi(ti) • 0 , i • 1,2, with the superi­

or index ^c£l t2^ on the left at the respective zero of soluti­

ons Y(t) of (1) refers to its multiplicity. 

The accompanyXng points of solutions Y(t) relative to the 

d if fere n t i ah e q u a t i o n (1) 

D L e f i n i t i ,o ,n : By a accompanying point of the solution 

Y(t) relative to (1) we mean the zero of the derivative Y*(t) 

of this solution. 

Froro the assumption that every oscillatory solution y(t) rela­

tive to (2) is continuously differentiable it follows tbat every 

(oscillatory) function of the basis (B 4) relative to (1) is 

also continuously differentiable and consequently so also is 

every oscillatory solution Y(t) of this equation froro the 

bundle ( S ) . This evidently implies that the accompanying points 

of an arbitrary oscillatory solution Y(t) relative to (1) from 

the bundle (S) having the form I., II. and III. from Theorem 2, 

exist. 
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Tu_iLSm_?_-r-»e---"1---2s L e t t o € * b e a n a r D i t r a r y firmly chosen point, 

wherein the oscillatory solution Y(t) relative to (1) from the 

bundle (S) vanishes together with the solution u(t) of the os­

cillatory differential equation (2). 

Let T, be the first (neighbouring) strongly conjugate point of 

the bundle (S) of oscillatory solutions Y(t) relative to (1) 

lying on the right from the point t • T . 

I. Let Y(t) • Cu (t), where C e R - [o|. Then, there exist 

exactly three distinct accompanying points on the closed 

interval < T , T , > . Especially there exists on the open in­

terval (T 0#T,) exactly one simple accompanying point and 

two additional distinct twofold accompanying points one of 

which coincides with the point T and the other coincides 

with the point T, # 

2 

II. Let Y(t) » Cu (t)y 1(t), where C € R - {Of. Then* there exist 

exactly four distinct accompanying points on the closed in­

terval <T Q,T- L>. Especially there exist on the open inter­

val (T 0,T^) exactly two distinct simple accompanying points 

and two additional distinct simple accompanying points, 

one of which coincides with the point T Q and the other co­

incides with the point T,. 

III. a) Let Y(t) • C u f O y ^ t J y g t t ) , where C £ R - [o]m Then, 

there exist exactly three distinct simple accompanying 

points on the open interval (T , T , ) , from which no one 

coincides with the zeros t ^ . t g * ^ / t2, of the functions 

y . ( t ) , i * 1,2, lying in the open interval ( T 0 # T , ) . 

b) Let Y(t) • Cu(t)y^(t), where C<f R - (Oj. Then, there 

exist exactly three distinct simple accompanying points 

on the open interval (T0*T_), the middle of which coin­

cides with the twofold zero t^ of the function y*(t)« 
c) Let Y(t) « Cu(t)[y^(t) + y|(t)], where Ce R -{0}. Then, 

there exists at least one accompanying point on the 

open interval (T -T-). If besides y.T (t) + yZ (t) <~ 
2 ° 2 1 

< q(t)_y;i(t) + ySCOJ* then there exists exactly 
one simple accompanying point. 
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P r o o fm In I#, IX# and III, inetead of bundles there will 

be considered solutions Y(t) relative to (1) only and thie 

without introducing arbitrary multiplicative constant C«R [o\0 

Ad I. Since Y(t) • u3(t), the function Y#(t) • 3u2(t)u#(t) 

vanishes on the cloeed interval ̂ T -T,) together with 

the function u(t) at both boundary pointe T »T, of this 

interval and this with multiplicity /* • 2# In addition 

to both these zeros there exists exactly one zero of the 

function u*(t) in the open interval (TQ»T,) with multi­

plicity #s • 1* Hence, there lie exactly three distinct 
zeros of the function Y*(t) on the closed interval 

<VTi>-
Ad#II. Since Y(t) « u

2(t)y1(t)t the function Y*(t) « 

» u(t)[2u*(t)y1(t) + u(t)y£(t)]# As the function y^tt) 

is an arbitrary solution of (2) linearly independent of 

the solution u(t) of the same equation, then the simple 

zero t, of the function y,(t) lies on the open interval 

(T ,T,), because - by Sturm's theorem - all zeros of two 

oscillatory linearly independent solutions of the same 

2nd order differential equation mutually separate* 

Thus the derivative Y"(t) vanishes on the closed inter­

val <T Q,T 1) at both neighbouring zeros T^T^ of the 

function u(t) with multiplicity V • 1 on the one side, 

and vanishes both on the open interval (TQ,t,) and on 

the open interval (t^T-,) at the points with multipli­

city /V" 1 on the other side. This fact follows from 

Rolle's theorem applied to the function Y(t), which is 

continuous on either of the closed intervale < T,t, ^ , 

<t^,T, > and differentiable on both open intervals 

(TQ.t1), ( t ^ ) , whereby Y(TQ) « Y ^ ) « Y(TX) « 0. 

Denote by Y#(t) « u(t)F(t), where 

F(t) « 2u'(t)yi(t) + u(t)y.*(t) ., 
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To prove the existence of exactly one simple zero of the 

function F(t) on the open interval (T^t-j), let us pro­

ceed from the equation 

2u'(t)yi(t) + u(t)y*(t) -= 0 . 

Since for all t^(T o,t 1) it holds u(t)yx(t) jt 0, we may 

write 

U ( t ) y i ( t ) r 2 i L i t i + 4JJJ. i - o . 
1 l u(t) Yl(t) J 

For the first derivative f'(t) of the function 

f ( t ) - 2i£L$i + xiL$i 

u( t ) y i ( t ) 

we have 

f ( t ) - 2 » ' C H i ) - » ' a o + y j ( t ) y i ( ! } : y - 2 ( t ) . 
" (t) y f(t) 

which may be written with respect to (2) as 

f'(t) - -2 ^ t ) " 2 i t ) - » # 2 C ) - q ( t ) y 2 ( t ) + Yl2(t) . 
u2(t) yf(t) 

Hence, in assuming that q(t) > 0 on the interval 

I a («oo, + o-o), we see that f #( t) < 0 on the open in­

terval ( T Q , ^ ) . The function f(t) is thus decreasing 

on the interval (TQ,t1), whereby 

lim f(t) « + <=^ and lim f(t) • - o^ 

t-VrV t^t-

(because both íim y£(o 
ť->iryi(t) 

<-Г^and 

i+t^ u(t) 

< <x-Э)« 
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Thus there exists exactly one zero of the function f(t) 

with multiplicity /tV» l on the open interval (T .t-,). 

Likewise we could prove the existence of exactly one 

simple zero of the function F(t) also on the open inter­

val (twT-,). Hence there exist exactly four distinct ze­

ros of the function Y*(t) on the closed interval <T,T 1> # 

Ad III. a) Since Y(t) - u(t)yx(t)y2(t), then 

Y*(t) * u'(t)yi(t)y2(t) + u(t)yf(t)y2(t) + u(t)y±{t)y2(t), 

It holds for the simple zeros t-,,t2 £ (T .T-^), t^ /* t2, 

of the functions y,(t). Y2(t) - of two linearly indepen­

dent solutions relative to (2) - that either t-̂  «/ t2 

or t2 <C *i * Let us consider only the first case regar­

ding the mutual position of the points t-,,t2 (for 

t2 </ t-, we would proceed entirely analogous). These two 

points separate the closed interval <T .T-. } into three 

closed intervals <TQ,t1> , <Ct1#t2 y , <t2,T1 y . The 

function Y(t) is on each of them continuous, it is dif-

ferentiable on the open intervals (T ,t-,), (t1#t2)» 

(t2'Tl^' whereby 

Y(T0) = Y(t]L) * Y(t2) = Y(TX) = 0 . 

So, by Rollers theorem there exists at least by one ze­

ro of the function Y#(t) on every open interval (T •t 1) f 

(tx,t2), (tg,^). 

To prove the existence of exactly one simple zero of the 

function Y*(t) on the open interval (T .tj), let us pro­

ceed from the equation 

u'(t)y1(t)y2(t) + u(t)y£(t)y2(t) + u(t)y1(t)y2(t) » 0. 

Since for all t€ (T0,t1) we have u(t)y1(t)y2(t) j- 0, we 

may write 
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Гu'm У_
(t
) У2

(
t) 1 "(t)y_(t)y

2
(t) JLІІl

 +
 , i —

 +
 __— = o . 

1 z
 L «(t) y_<0 y

2
(t) J 

For the 1st derivative g
#
(t) of the function 

u ' m vi
( t
)

 v
__

(t
) 

g ( t ) m 2L1S1 + -i + -£ 
u(t) y , ( t ) y 2 ( t ) 

i t holds 

9 
( t ) . u> ( t )u ( t ) - u ' 2 ( t ) , y j ( t ) y i ( t ) - y i ( t ) + 

u 2 ( t ) y 2 ( t ) 

y _ ( t ) y 2 ( t ) - y _ 2 ( t ) 
l_ L t 

y_(t) 

which with respect to (2) may be written as 

g'(t) - - q(t)u2(t) + u'2(t) _ q(t)y2(t) + y;
2(t) _ 

u*(t) yf(t) 

q(t)y|(t) + y_2(t) 
•" «-"•-*-••->-i_ni_ L_i_»*^*«^_i_i_j ,i_n_i_n 0 

y|(t) 

Thus, in assuming that q(t)^>0 on the interval I • (- &&, 
+ o--*), it holds g#(t)*< 0 on the open interval (To-t^)* The 

function g(t) is decreasing on the interval (T^t^) .whereby 

lim g(t) « •*«-<> and lim g(t) • -©-o 
t-T* t,t_ 
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(because lim 
УÍ(t) 

t - ^ y ^ o 

lim u'(t) 

t-tj u(t) 

< 

< «-« * 

11. l&ì 
t V Г

S Уг^) 

ìi. Уil^j 
t-tŢ y_(t) < 

Consequently there exists exactly one zero of the function 

g(t) with multiplicity /v • 1 on the open interval ( T

0#t 1). 

Completely analogous we could prove the existence of exactly 

one simple zero of the function g(t) both on the open interval 

( tXt t

2) &nd on the open interval (tg.T^)* 

Hence there lie exactly three distinct zeros of the function 

Y*(t) with multiplicity fr » 1 on the open interval (T

0»
Tx)» 

mutually separating with the zeros t 1 #t 2 of the functions 

yx(t) and y 2(t). 

b) Since Y(t) « u(t)y1(t). then 

v^(t) » yx(t) [u*(t)yi(t) + 2u(t)y{(t)] . 

It is readily seen that the function Y'(t) vanishes together 

with the function y1(t) at its zero t 1e (T

0-
Ti) a n d this with 

multiplicity > « L The point t^ divides the closed interval 
<TQfT1> into two closed intervals <T^.t-^ > and I t 1 #T 1 > . The 

function Y(t) is continuous on either of them and is differen-

tiable on the respective open intervals ( T

0#t 1) f (t->fT,)f 

whereby 

ү ( V Y(t,) - Y(T,) - 0 . 

By Rolle's theorem there lies at least by one zero of the 

function Y*(t) on any of the open intervals (
T

0
.t,)

#
 (t-^T.,), 

Oenote now Y
#
(t) • y^(t)H(t)f where 

H(t) - u#(t)Yl(t) + 2u(t)y£(t) . 
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To prove the existence of exactlv one simple zero of the 

function H(t) on the open interval (T *t,), let us proceed 

from the equation 

u'(t)yi(t) + 2u(t)v^(t) « 0 . 

Since it holds for all t£ (T .t,) that u(t)v-,(t) j- 0, we may 

write 

Уi(t) 
0 . H (t) V l (t)f jaj jL + 2 lil! 

I u(t)
 V l

(t 

For thie 1st derivative h*(t) of the function 

h ( t ) .iLiii + 2liili 
u(t ) y x ( t ) 

i t holds 

h ' ( t ) - u - ( t ) u ( t ) - u * 2 ( t ) , , y j ( t ) y 1 ( t ) - y { 2 ( t ) 

u^t) yf(t) 

which w i t h respect to ( 2 ) mav be w r i t t e n as 

h'(t) • - q(t)u
2
(t)

 :
 u-

2
(t) m 2

 q(Oyftt) +
 y

2
(t) ^ 

"
2
(t) yf(t) 

Thus, in assuming that q(t) > 0 on the interval I « (- ̂ , 

+ <=^), it holds h*(t)<C 0 on the open interval (T .tj^. Conse­

quently, the function h(t) is decreasing on the interval 

(T
0
,t

1
), wherebv 

lim h(t) s + o o and lim h(t) • - <>^ 
t-Tj

 t
-*tT 
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(because both --• y í ( t ) 
<C^> 

and lim u*(t) 
M l u(t) 

< o û ) ( 

Hence, there exists exactly one zero of the function H(t) 

with multiplicity fa* 1 on the open interval (To-t^)* In ana­

logy to the preceding case could be proved the existence of 

exactly one simple zero of the function H(t) on the open in­

terval (t
1.T1), too. 

Consequently there exist exactly three distinct zeros of the 

function Y'(t) with multiplicity [As • 1 on the open interval 
(T J , ) , whereby the middle of them always coincides with the 

zero t, of the function y ^ t ) . 

Let us remark that this case III. b) of the bundle Y(t) - and 

the zeros of its derivative Y*(t) - is dual to the case II. 

of the bundle Y(t) of solutions relative to equation (1). 

c) Since Y(t) « u(t)[y^(t) + y|(t)] , then 

Y'(t) - «r'(t)[yf(t) + y|(t)] + 2u(t)[Yl(t)y£(t) + 

• y2(t)Y2(t)J . 

Let us proceed from the equation 

u'(t)[y*(t) + y|(t)] + 2u(t)[yi(t)Yl(t) + y2(t)y*(t)] - 0. 

Since it holds for all tC(TQ,T1) that u(t)[y1(t) + 
+ Y2(t)] I- °» w e maY write 

u-(t) ^ yx(t)y][(t) • y2(t)yg(tr 

u(t) 
u(t)[yf(t) • y*(t)] + 2 

yf(t) + y|(t) 
» 0 

For the 1st derivative p*(t) of the function 

yx(t)yi(t) + y2(t)y2(t) 

P(t) . s-xsa + 2 
"<*> Уi(t) + y*(t) 

111 -



i t holds 
* 2 , 

Pҷt) -.ғ",(,uчm - - ..ч + 
u 2 ( t ) 

УІ2(t) • y 2

2 ( t ) * Уi(t)yj(t) * y 2 (t )*.*:(*) 
+ 2 

- 2 

yf(t) + y2(t) 

н 2 ryi(t)YÍ(t) + y 2 ( t )y 2 ( t ) 

yj(t) + y | ( t ) 

which with respect to (2 ) nay be w r i t t e n as 

p'(t) - - a..t)-2{t) t »:2(.u 
u^(t) 

- 2 

+ 2 

q(t)[y2(t) » УІ(t)1 -[УІ 2 (U * Уgfjjjl . 

yf(t) + y 2(t) 

yi(t)y£(t) + y 2 ( t )y 2 ( t ) 

y 2 ( t ) + y | ( t ) 

-,2 

If y{2(t) • y*2(t)<q(t) [y*(t) + y|(t)] . where q(t) > 0, 

then p#(t)< 0 on the open interval (T0.T1). This implies that 

the function p(t) is decreasing on the interval (T0-
Ti)-

whereby 

lia p(t) - + 

t-»T+ 
. lim p(t) -

tVT7 
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(because both 
[yf( t> • y | ( t ) J * 

1 j , m u*~Á~mtmm m •". w w w . * 

s-»T* y*(t ) • y | ( t ) 
<C aпd 

frjíO • y|(t) ҙ * 

t-*T" y 2 ( î ) + y * ( t ) 
i 2 

^ 

Consequently-, there exists exactly one zaro of the function 

p(t) I and so also the function Ysts(t) ] on the open in te rva l 

* T o ' T l ) mlth ttu-Ltiplicity A • 1* 
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SOUHRN 

PR0VODNÍ BODY ŘEŠENÍ OISTÉ DIFERENCIÁLNÍ ROVNICE 

4.ŘADU 

VLADIMÍR VLČEK 

Práce navazuje na předchozi autorovy výsledky dosažené 

při vyšetřováni nulových bodů oscilatorických řešeni itero­

vané diferenciálni rovnice 4#řádu„ 

V práci jsou studovány nulové body derivaci řešeni se za-

měřenim na rozloženi a násobnosti průvodních bodů v souvis­

losti s polohou nulových bodů řešeni uvažované diferenciální 

rovnice. 
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РЕЗЮМЕ 

СОПРОВОДИТЕЛЬНЫЕ ТОЧКИ РЕШЕНИЙ ОДНОГО ДИФФЕРЕНЦИАЛЬНОГО 

УРАВНЕНИЯ 4-ГО ПОРЯДКА 

ВЛАДИМИР ВЛЧЕК 

Работа исходит из результатов, достигнутых автором в 

предыдущем исследованию нулевых точек колеблющихся решений 

итерированного дифференциального уравнения 4-го порядка. 

В работе изучаются нулевые точки производных этих реше­

ний с учетом разложения и кратности сопроводительных точек в связи 

с положением нулевых точек решений рассматриваемого дифферен­

циального уравнения. 
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