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ON THE RADICAL IN HERMITIAN
LMC ALGEBRAS

DINA 3TERBOVA

(Received April 30th, 1985)

Abstract.

V.Ptdk, s.f., Ptdk V. (1972) proved that the radicel (in
the sense of Jacobson) of the Hermitien Banach ster algebra
is equal to the kernel of the spectral norm, The present pa-
per will show that this is true also for every complete lo-
celly multiplicatively convex Hermitian star algebra.

1, Notations and preliminaries.

All linear spaces are over the complex field C. The rea-
der is assumed to be familiar with the basic concepts concer-~
ning the topological algebras, namely the Banach algebras,
star algebras, locally multiplicatively convex /lmc/ algebras,
notion of representation and irreducible representation of
the topological algebra, spectra, Gelfand representastion
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theory for the commutative csee and 8o on., Ses Bomsall F.,
Duncan J, (1973}, Michael E, (1952), Najmark A, (1968), Zelaz~
ko W, (1971), Let us now recall some notations and preliminary
facts, Let A be a complete lmc~algebra. Let {qliicz be the
directed set of submultiplicetive seminorms on A separating
points at A such that A = 2&3 A, . where A, denotes the comple-
tion of the normed algebra {A/Ker a . q&f . By &, we denote
the natural homomorphism mapping A onto A, . Throughout, the
spectrum of an element x< A will be denoted by ¢~ (x,A) pointing
out that it is taken with respect to A, The corresponding spec-
tral radius will be denoted by ng? . Obviously, an element

% € A 18 regular if and only if for each Le$ %(x) is regu=-
lar in the algebra A  yielding the equality ¢-(x,A) -Aéav

(T, (x). A). Then, for the spectral radiue [4A = supﬁ@a(x)ﬂ‘..
If no confusion is possible we use the following notations:

for ever gieé x, =% (x) . | ﬂ‘(x)]A* - !x[: . P(T, (x)) =

= VIxtx [o¢ =P, (X)) p(x) = le‘x[r , where p and p, mean
the spectral norme in the corresponding aelgsbras,

Definition 1.1, The element x from a star algebra A 1s said to
be Hermitian, if x* = x, The set of all Hermitian elements of
A will be denoted by H(A). The element x€ A is sa@id to be nor-
mal if Xx = xx*, The set of all normal slements will be dencted
by N(A).

Definition 1,2, The star algebra A is seid to be Hermitian if
the spectrum G (x) is real for any x € H(A),

Definition 1,3. The radicel in ths sense of Jacobson of the
algebra A is the set

Rad A = {x<§A : f(x) = O for esch strictly irreducible
representation ¢ of A {

Recall now three well known propositions concerning the radi-
cel, Proofs may be found in Zelazko W, (1971).
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Proposition l.4. Let A be a complets imc-star algebra with the
unit element e, {q‘i‘ei the corresponding directed set of sube-
multiplicative seminorms defining the topology on A, Then
, N L/n Va
(1) |x[. = sup 1jm (q, (T))TT e sup [x [T
(i) If A is commutative, then

]xim = Sup {lf (x)l : femultiplicative continuous
functionalion A

(114) For each €S and for arbitrery x € A [x[‘

<
. Ty (x}.

Proposition 1,5, Let A be an arbitrary slgebra. Then

(i) Rad A = N Il e IP . where 31, j ie the set

Ie7y Il P
of &ll meximgl moduler left (right) ideals of A
respectively.,

{1i) If A has besides an unit element e, then

thA-nr xlam Ipm{xeAx{ax('r-Ofor
Ilell ipéyp
each 8 ¢ Al m{xekz {xa]qvafsr sach aeA%.

Here ?l' Y, denotes the set of all meximal left
(right) ideals of A respectively.

(1i1) If A is besides commutative and has the unit ele-

ment e, then Rad A = {\N I, where ¥ denotes the set
of all meximal ideals §f A,

Proposition 1,6, Let A be a commutative Banach algebre with
the unit element e. Then Rad A = { xcA : |x| = 0} = Ker G =

=leem(a Kerf, where G denotes the Gelfand representation of
A and fn(A) the set of all multiplicative functicnals of A,

Corollary 1,7. Let A be @ complete lmc-star algebra, {qa%ieg

- 2] -



the corresponding directed set of seminorms. Then
(i) Rad A-{xeA 3 IaxI: = O for each £¢¢, a ¢ AE.
-{xeA : lxa[; = O for each{c§, a € AZ

(1i) If A is besides commutative, Rad A = m
f€ M (A)

Kerfnm ﬂ KeranarG-@ Ker G, =

AEE FeMC (A )

= r\{XEA: ht -0% -{XGA: [x] -OZ
4€E -

where G and GL denote the corresponding Gelfand re=-

presentations and MC(A), (0n¢(A$V)) the sets of all

continuous multiplicative functionals on A (AJ_).

respectively,
Proofs follows immediately from the precending propositions.

Q.E.D.

Theorem 1,8. Let A be a complete lmc-star algebre with the
unit element e and the corresponding system of seminorms
{qilééi' Then the following conditions are equivalent:

(1) The slgebra A is Hermitian.,

(i1) |, (x)‘rAi = p(% (x)) = p, (x) for each normal

element x< A end for all L¢¢ .
Proofs; See Stérbové AUPO (1983) Q.E.D,

Theorem 1,9, Let A be Hermitian lmc-star algebra which is comp=-

lete. Let arbitrary x< A be given. Then ¢~ (x* x) & O,
Proofs See 5tdrbovd AUPO (1985) Q.E.D,

Lemma 1,10, Let A be same &8s in Theorem 1,9, For arbitrary a,
b€ H(A) and for each €& we have
<o 2]4 2 |«
2,2|* = |a b
la b Io" l lv_ { (,,,
Proof: See Stérbové AUPO (1985) Q.E.D,
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2, The characterization of the radical by spectral norms.

In what follows all algebras are supposed to be Hermitian
complete lmc-star algebras with the unit slement e,

Proposition 2.1. Let L€ & ,h,k € H(A) be given such that
7z (h) 20, g, (k) 2 0. Then 07 (h+k) % O,

Proof:
The simple spectral property together with Theorem 1.9, yields
for arbitrary § >0 ¢ ((h+ ¢ )2) « 0 and o ((k+¢ )2) % 0, For
each integer n = 1,2,.., it follows ¢’ ((h+¢ )2 + 1/n) > O and
¢ ((k+§)% + 1/n) > O. Using the results of Stérbové, AUPO
(1980, 1984) we can easily show the existence of the positive
squere roots o & H(A) of ((h+¢ )2 + 1/n) and o, € H(A) of
((k+é’)2 + 1/n). This immediately shows that the sequence
{onzz’_l and {on.;‘ le‘:fl convergezto the positive square root
o oE' of (h+£ ) and (k+€ )%, respectively.

Now the projection 72;(06) is the positive square root of
(h +€ )2 and by the unicity of the square root for Banach
algebra, see Stdrbova AUPO (1980) we obtain 7 (0,) = (h +£).
In the same way we obtain 7 (og) = (k +£) where thezlast
term denotes the unic positive square root of (kx +£)  in A .
This implies for any arbitrary ¢ > O :

G (€ +hv € +k) = 0 (T (€ +h) +T (€ +k)) =
= 07 (Gg(og ) +U (o)) = V(Tg(og + 07 ) =

I

(CP +o§)C 0\'(0£ +oé) 2 0

Thus

G; (2€ +h+k) = 2¢ +G (h+k) 2 ©

The usual limitation procedure for § > O yields.
QZ (htk) % © Q.E.D,
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Corollary 2.2, Let [q { . be the directed set of submulti-
plicative seminorms defining the topology on A, The spectral
radius | {(: is a subadditive function on H(A) for all €% ,
Proof:

Suppose conversely that there exist A€5 and h,k € H(A) such
that [hek[* > | h[% + k[ . Then (h+k)€ H(A) and there ob-
viously exists a real number A€ (h+k) such that )\>[h|;t_+{kr; .
Without any loss of generality we can suppose A > O, Now we
can easily find positive numbers { , )»1. /\2 such that
A hl; v AR | k[; and A = A, + A, + £ . Elements
(Aq=h), (A 2-k) are obviously hermitian and (( A;~h) > © ,
GZ (Az-k) > 0, and the preceding theorem yields

>
C(Ap+ Ap=-hek) = 0

Hence (/I(/\ ~hek) = QZ(}I + /\2 + £ ~h<k) > O which contra=-
dicts to Ae ¢’ (h+k) .
QEE’D‘

Proposition 2,3, Let {qd’cez be the same as in Corollary
2,2, The spectral norm P, 1is submultiplicative on A for all
LeS.

Proofs

For all {€$ and for arbitrary x,y € A

P (xv) = ([Y' X% y[X)M2 = ([0 ty W 2 M2

By the assumption A is Hermitian, X'x, y y'e H(A) and by Theo=~
rem 1,9, the spectra of x*x, y y* are nonnegative., This gives
for all positive £ the existence of square roots 01,026 H{A)
of (x*x +&), (yy* +£ ). See Stdrbové AUPO (1980, 1984). Con-
sequently (& + xx) = of s (E+yy") = og .
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Lamma 1.10, gives for sach 6 > 0

[(x"x + ¢ )y Y**f)l:— = {Of °§f; =

2% } 2"‘
191} 1°2]. =
y; 4« ya
S o A I e [ R A NS (1)
The last expression converges for £ —0 to [x"x[5 .|y y*!&

-~
Let us put h = x*x, k = y y*, By the subadditivity of the
spectral redius | (;ﬁ followss

[Hihv e3tke )] = [k 1S [(negaka €y - hi [ €
Sa, ((heE)(ke€) - hk) S £q (h) +Ea, (k) » €2 (2)

Thus | (fx +£)(y y* +f)fi converges for ¢ —0 to | x"x y y"’::.
The usual limitation procedure for inequality (1) yields:

2 )
P (xy) =[xy yoIE & 1 xf [y vl = p200.pRiy)
Q.E.D,

Corollary 2.4. The spectral norm p is submultiplicative on A,
Proof:

It immediately follows from the precedinng proposition and by
the welknown relation p(x) = 235 Py (x).

Q.E.D.
Theorem 2.5, The following statements held for all €2
(1) {;‘5“ ! fﬂxf;; = 0 for all aeA%c Ker p_
(44) Rad A m Ker p = &Q. Ker p,

Proofs
{1) : Let x ¢ Rad A, Then x*x &€ Rad A &8 the last is an ideal



in A, By Corollary 1.7. it follows p(x) = (|x*x|; )1/2 = 0,
Suppose now that p(x) = O holds for x € A, By Theorem 1.8.,
Theorem 1.9, then follows

laxl. S p(ax) & p(x) p(a) = © (3)
for all a € A, where the last equality of (3) holds because of

Py (x) o py (8) = O . p,(a) = O for all L €2, The remsinder of
(i) is now evident.

(11)
Suppose for some ££Z and some x £ A that laxli‘ = 0 for all
a& A, Especislly for a’= ax™ then

I(ax*)x[i_ = 0 for all a € A
and thus

]i*xl& =0

T

hence

x & Ker P

Q.E.D,
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SOUHRN

O RADIKALU V HERMITEOVSKE lmc ALGEBRE

Dine Stérbové

V préci je dokédzdno, Ze redikdl (ve smyslu Jacobsonové)
Uplné Hermiteovské lokalnd m-konvexni algebry s involuci je
rovan jédru spektrdlni normy,

RNDr, Dina Stérbovéa

Katedra algebry a geomeiris
prirodovddecké fakulty
Univerzity Palackého
Leninova 26,

771 46 Olowmouc

Tssr

AUPO, Fac,rer.nat.86, Mathematica XXV, (1986)
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PE3OME
OB PAIVKAJNAX BIOJBHE CHMMETPUUECKUX IOJYHOPMMPOBAHHHX KOJEL
JVHA WEPBOBA
B Hacrosimelt pa6oTe nokaswBa@eTCs, UTO PALUKAN NOJBHOIO

BIOJbHE CUMMETDPUUECKOIrO IOJYHODMUPOBEHHOTO KOJbL& C MHBOJD=
umueil ABAAETCH HYJAb-MHOXECTBOM CHEKTDalbHO!l HOpDMH.
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