Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Svatoslav Stanék

On the intersection of groups of increasing dispersions in two second order
oscillatory differential equations

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 24 (1985), No.
1, 61--66

Persistent URL: http://dml.cz/dmlcz/120165

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1985

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120165
http://project.dml.cz

ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM
1985 MATHEMATICA XXIV Vol. 82

Katedra matematické analyzy a numerické matematiky piirodovédecké fakulty Univerzity Palackého
v Olomouci ‘
Vedouci katedry: Prof. RNDr. Miroslav Laitoch, CSc.

ON THE INTERSECTION OF GROUPS OF INCREASING
DISPERSIONS IN TWO SECOND ORDER OSCILLATORY
DIFFERENTIAL EQUATIONS

SVATOSLAV STANEK

(Received October 12, 1983)

1. Introduction

O. Boriivka in [4]—[6] and S. Stan&k in [9]—[13] investigated under
various assumptions laid on the coefficients p, q the intersection of groups in two
second order differential equations (p): y" = p(¢) y and (q): " = q(t) y, which is
equivalent to investigating a set of joint solutions of certain two nonlinear differential
equations of the third order of Kummer type. Following the results in [5] we
prove below that under the assumption of oscillatory of (p) and (q), p # g, may
be considered as a trivial group or as an infinite cyclic group or as a planar group.

2. Basic concepts and notation

Throughout this discussion the second order linear differential equation of type
Y =40y, qeCR), @

will be assumed to be oscillatory (on R), i.e. + oo are the cluster points of zeros
to every nontrivial solution of (q).

A function « € C°(R) will be called the (first) phase of (q) exactly if there exist
independent solutions u, v of (q):

tg a(t) = u(t)/v(r) for teR — {#; v(t) = 0}.
Every phase o of (q) has the following three properties
() ae C3(R); (i) «(R) =R;  (iii) «'() #0  for teR.
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The set of phases of the equation y" = —y constituted a group € (the so-called
group of fundamental phases) relative to the rule of composition of functions.
A function ¢ € € exactly if

. .
tg a(t) _ @1 ¢0 t+ay, s%n t
a,q COS t+ Aajz S1n t

holds for all ¢, where both sides of the latter relation are meaningful. Thereby a;
(i,j = 1, 2) are numbers, det a;; # 0. For every ¢ € € we have &t + ) = &(f) +
+ nsigne for teR.

A function X e C3(R), X'(¢) # 0 for teR, is called the (first) kind dispersion
of (q) if it is a solution of the Kummer differential equation

—{X, &} + X q(X) = q(0),

1 X"() 3 (X”(t)

where {X, t}:= Tx0  F\x0

2
) means the Schwarz derivative of the

function X at 2.

The set of dispersion (the set of increasing dispersions) of (q) constitutes a group
2L (&) relative to the rule of composition of functions. If X € &,, then X(R) = R.
The dispersions of (q) have the following characteristic property: A function
X e C3(R), X'(1) # 0 for t e R is a dispersion of (q) exactly if there exists to every

solution y of (q) a solution z of this equation such that——)i[—— _)f.(ﬂ = z(¢) for t e R.
vIX'(®]
Let « be a phase of (q). Then
&L, ={a"'ea; e €},
;] ={a"tea; e€ €, signe = 1}.

All the above concepts and properties may be found in [2] and [3].

Letp #qand X, Ye &, n £;. It then follows from [6] and [10] that either
X(1) = Y(z) for t € R or X(r) # Y(¢) for 1 € R. Thus, the group £, N 2’; has the
property that the graphs of any two different terms (in so far as such exist) are
disjunct.

Letp # g and & = £, A £, be a subgroup of the group £ n L. Let us
put (& = {(t, f(t); teR, fe &}. Say that & is dense in RxR ifU? =RxR
(see [1]). In a special case with |J] ¥ = RxR we will say that the group & is
planar (see [6]). )

3. Lemmas

Lemma 1. Let p # q and the group £, n £, be dense in RxR. Then p(f) #
# q(t) for te R.

Proof. Let p(to) = q(to) for a ¢, e R. Let x € R. Then there exists a sequence
(X}, X,e £} n %] such that lim X,(t,) = x. It follows from the equalities

n- oo
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—{Xm t} + X,:z(t)p[Xn(t)] = P(t)a

_{Xn’ t} + Xi:z(t) q[Xn(t)] = q(t)’
that

X0 [a[X,0)] - pP[X.0]] = a@®) — p(®, teR, n=1,23.. (1)
Setting ¢ = ¢, in (1) yields
a[X(to)] — P[Xt)] =0, n=1,2,3,... %)

Passing to the limit in (2) (n — o) gives p(x) = g(x), whereupon p = ¢, which,
however, contradicts with our assumption.

Remark 1. The statement of Lemma 1 was proved in [6] and [12] in assuming
the group £, N £ to be planar.

Lemma 2. Let b (= 0) be a number, ¢, € €, sign ¢, = 1, ¢,(0) = 0, lim ¢,(0) = b,
lim | €,(0) | = co. Then e

n—*co
lime,(t) =0  for te[0, m).
Proof. Suppose that g, € €, sign &, = 1. Then there exists the following sequences
of numbers {4,}, {B,}, {C,} and {D,}, 4,D, — B,C, < 0 such that
A,cost + B,sint 3)
C,cost +D,sint ’

tge,(t) =

wherever both sides of (3) are meaningful. Let ¢,(0) = 0. Then 4, = 0, C, # 0.
Furthermore we obtain from (3)

B,C,
B2sin?t + (C, cost + D, sin1)?

&) =

whence
BZsintcost + (C,cost +D,sint)(—C,sint + D, cost)
[BZsin®t + (C,cost +D,sint)]*

8:(‘) = —2B,,C,,,

B,D . .

Thus ¢,(0)= CB", & (0) = -2 ~C”—2—" Suppose lim g,(0) = b, lim|&y(0)| = oo.
Then lim -—Z"— = b, lim B.D, | _ oo and consequently lim | —=-| = 00, lim B" =
n—co “n n—ow n n-co n n-* o n

= 0. Since (3) may be written as (4, = 0)
~sin ¢t
tg Sn(t) = __.gn________ s
cost + C: sint

we obtain lim tg &,(t) = 0 for ¢ € [0, ). We see that lim ¢,(f) = 0 for all these ¢.

n~+w n-+o
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Corollary 1. Let a, b (= 0) be numbers, ¢,c €, sign g =1, limeg,(0) = q,
n—>o
lim gy(0) = b, lim | €4(0) | = co. Then lime,(?) = a for te [0, 7).

Proof. Setting 7,(f) := ¢,(t) — &,(0), teR,n =1,2,3, ... Then 7, €, 7,00) <

=0, limz(0) = limegy(0) = b and lim|7,(0)| = lim | &}(0) | = . Following
B n—> o0 n— o n- oo

Lemma 2 limz,(f) = 0 for t € [0, n), whence we get lim g,(f) = lim (z,(!) —

n—=w n—w n-*o0

— £,(0)) = a for te[0,n).

4. Main result

Theorem 1. Suppose p 5 q. Then the group 5!’; N .Sf’;’ is either trivial or infinite
cyclic or planar.

Proof. Supposing & := & n &, it follows from the main theorem in [5]
that the group & is either trivial or infinite cyclic or it is a dense group in R xR,
To prove this is suffices to show that | ] & = RxR in assuming (J &¥ = RxR.
Thus suppose () & = RxR and |J & # RxR. Then there necessarily exists
a point (0,@) e RxR — () &. By Lemma 8 [1] there exists a planar group &,
such that & is its subgroup and the elements &, are continuous functions. Let
X(0) = a for Xe &,. From our assumption (] & = RxR we observe that there
exists a sequence {X,}, X, € & on every compact interval uniformly converging
from above to the function X (see Theorem 7.13. [8]):

X = ... 2X0= ... £X0), teR.

Let us prove that X € &. Since X, is for every natural number n a joint solution
of the Kummer differential equations

—{Z.1} + 2 p(2) = p(¥),
—{Z,1} + 2% q(Z) = q(1),
it suffices with respect to Theorem 2.9. [7] and lim X,,(O) = g to prove the existence

n=
of numbers b(= 0), ¢, and a selected sequence { .} form the sequence {X,}
satisfying

lim X, (0) = b, lim X}, (0) = c. é)-
k=0 k= o
We obtain from Lemma 1 that p(#) # q(¢) for ¢ € R and from (1)
, q() — p(1)
X)) = s teR,n=1,23,... 5)
® \/ aTx,(0] — PLXAD] ‘

Thus, {Xs(t)} uniformly converges on every compact interval to a continuous
function written as U. It follows from the equality lim X(0) = a that U(f) = X'()
for ¢ € R. Passing to the limit in (5) we get e
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- 9(0) — p(0)
lim X;(0) = [—<———=:=b(>0). 6
n- o ( ) \/q(a) - p(a) ( ) ( )
Suppose that no subsequence {X,, } may be selected from {X,} that would satisfy (4),
with b being degined in (6) and ¢ being a number. Then, necessarily

lim | XJ(0)| = oo. @)
Let o be a phase of (q), 2(0) = 0, «’'(0) = 1, 2"(0) = 0. There exists a sequence {s,},
e, €€ : X, = a 'ga. Since @ = lim X,(0) = lim a™'¢,2(0) = lim a™'¢,(0), we get

- o0 n=o n=c
lim ¢,(0) = «(a). 8)
n—o
From the equalities
, goa’
X, = 1
a'n”e,0
X = - o'a ! ot 1(3,’,0:3. a')? + el o' -_l—ls,’,oc a” ’
(@'a™ "g,0) o'a” e
and from (6), (7) we obtain
lim ¢)(0) = bo'(a), lim | ,(0)| = . 9)
n-—o n—+o

Since (8) and (9) hold for {e,}, it follows from Corollary 1 that lim ¢,(¢) = a(a)

n—>oo

for z € [0, m), hence X(f) = lim X,(¢) = lim « ™ '¢,a() = a for t € [0, «~*(n)). Then,
naturally, X'(0) = 0 contrary to X’(0) = lim X,;(0) = b > 0. Thus X e & and the

n-*coo

point (0, @) e (J&. So we proved that (J# = RxR.
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PRUNIK GRUP ROSTOUCICH DISPERSI
DVOU OSCILATORICKYCH
LINEARNICH DIFERENCIALNICH ROVNIC 2. RADU

Souhrn

Rekneme, Ze funkce X € C3(R), X'(t) # 0 pro ¢ €R, je disperse (1. druhu) oscilatorické rovnice
(@) : ¥" = q(t) y, g€ Co(R), jestlize X je feSenim rovnice

—{X, 1} + X2 q(X) = q(1),

e 0 - 330 - 2 (500

2 X 4
tvoii vzhledem k operaci sklédéni funkce grupu £F. Nechf & C & je podgrupa grupy &, .
Rekneme, ¥e & je plandrni grupa, jestlize ke kazdému bodu (xo, yo) eRXR existuje jedina
funkce Xe & takova, Ze X(xo) = yo. Nechf (p):y” = p(t) ¥, p € Co(R) je oscilatorickd
rovnice. Je dokizdno, 7¢ ¥% A £ je bud trividlni grupa, nebo nekonena cyklicka grupa
anebo plandrni grupa. -

2
) . MnoZina rostoucich dispersi oscilatorické rovnice (q)

O NEPECEYEHUNHA IPYNII BO3PACTAIOIINX NUCHOEPCHN
ABYX KOJEBJIIOMUXCA JAHENHBIX
INOOEPEHIINANBHBIX YPABHEHUM 2-0Tr0 NOPANKA

Pesiome

Oynxius X € C3(R), X’(t) # 0 nnsa t €R, HaspiBaeTca pucnepcueis (1-oro pona)konedmomerocs .
ypaBHewus (q) : ¥” = q(t)y, g € C°(R), ecmu X permienreM ypaBHERus

—{X, 1} 4 X% (X)) = q(),
1 X"(t) 3 /X(¢)
2 X() 4 \ X0
YpaBHEHMs (q) SIBISETCS OTHOCHTENBHO OIEpanuy CIOXEHUS OGYHKnui rpynmoi .f;" . Iycrs
& ¢ L nonrpymna rpynmer &7 . & HasbBaeTCs IUTAHAPHON TPYNION €CTH IUIS KXKKOR TOYKH
(x0, ¥o) R X R cymectByer TONbKO onHa dymkmms X € &, uto X(xo) = yo. Iycts (p) : )" =
= p(t)y xonebmomueca ypapaenne. II0Ka3pBaeTCH, 4TO Lr N Lr wm tpusuambRas rpyona,
uny GecKOHeyHas rpynna, WM [WIaHapBHas rpynna.

roe (X t}=

2
) . MEOXeCTBO BO3pacTaloOmMX AUCNEPCHii KoJeOmIomerocs
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