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Let a complex projective plane S, be given and let us consider an irreducible
quartic (K) in S, containing three nodal-points A, B, C one of them, say A, be
the flexnode, i.e. A be the intersection point of multiplicity 4 for the curve (K)
and for any tangent of (K) at A. We may also say: A is the centre of two different
linear places of (K) each of them is of class 2. Using the second Pliicker’s formula,
we establish, the inflex-point divisor | on (K) to be of order 4. There is a natural
question, under what conditions the divisor |is determined by a linear form on (K).
This article is devoted to the solution of this problem. Let us note, that if the
flexnodal point will be replaced by a cuspidal point, the divisor | will also be of
order 4 and will not be determined by a linear form as proved in [1].

Now, let us choose the coordinate frame (A,, A,, A,, E) in S, so that

A, = A, A, =B, A, == C

Then the quartic (K) will be expressed by the equation:

aox3x2 + a,x3x3 + ayxdx} + 2boxdx;x, + 2bxox3x, + 2byxx,x2 = 0, (1)
with a4 # 0, a; # 0, a, # 0 (cf. [1] pg. 229). Let us rewrite (1) in the form:

x5(a, %3 + 2box1Xy + a,X3) + X.%,(2b;1 XX + @oXyx, + 2b,%ex,) = 0. (2)
Then (2) shows that any common solution of

a,x? + 2box1x, + a;x% =0, (3)

(the equation of tangents at A) and of

2bixoxy + @gx1Xy + 2byx0x, = 0 4
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(the equation of certain conic containing A and as well as B and C) is also the
common solution of (3) and (1). However, as A is a flexnode, then (1) and (3)
have just one common sclution namely the point A = (1,0, 0); consequently,
it must be 5, = b, = 0 and (K) has with respect to the reper (A,, A, A,, E) the
equation:

(K):  agxix} + a,x3x3 + a,xix} + 2boxdx,x, = 0, 5)
with ag # 0, a; # 0, @, # 0 and moreover b3 — a,a, # 0 (in the opposite case
the tangents at A would not be distinct). *

By a simple calculating we establish the Hessian H of the form (K) (the left
side of (5)):
H = 24[(05 — a,a;) x3(ayxi + 2boxyx, + ayx3) —
— 80, x1(ayx3 + aox3) — a,a0X5(a; x5 + aox?) —
— 2adboxixy + 2a0ayboxix3x, + 2a0a,b0x3%,%, + 6a0a,a,x5x3x3].  (6)
(For the calculation see also [1] pg. 229.)
Let us investigate the common points of the divisor (M) and the coordinate
axises. For the axis x, = 0, we get the equation

—ada,xtxl — 2a3box3xd — ada,xixi = 0.
The solution x? = 0 and x7 = 0 lcad to the points A, = £, A, = B. The co-
ordinates x;, x, of the remaining common points of (H), say X,, ¥, under the
condition x, = 0, are determined by

ayx? + 2box,x, + a;x2 = 0. (7o)

Let X,,Y, and X,, ¥, respectively have a similar meaning for the divisor (H)
and the coordinate axis x; = O resp. x, = 0. Then the coordinates x,, x, of X, ¥,
resp. the coordinates x,, x; of X,,Y, are determined as a solution of equation

(b5 — a,a;) x3 — apa,x3 =0, 7,)
resp.
(b3 — a,a,) x2 — aga,x? = 0. (7,
It follows from (7,), (7,), (7,) that all pairs X,, Yo, X,, Y, X,, Y, are parwice
different and distinct from A, B, C. Moreover, (7,) and (7,) imply that the cross-
ratios (ACX,Y,) and (ABX,Y,) equal to —1.
The six points X,,Y,. X,,Y,, X,, Y, are contained on a certain conic (Q)
namely
(@Q): (b2 — a,a,) x% — aga,x* — aga;x% — 2aghox,x, = 0. 8)

Using (6), (5) and (8) we find that
H — 24QK = 72aox§x,x,[2a,box3 + (3aya, + b3) x1x, + 2a,;box3].  (9)

*) Remark: We get thus a further geometrical meaning of the condition b, = b, = 0: The
tangents at the nodal points B, C separate the lines BA, BC, resp. CA, CB harmonically.
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Relation (9) shows that the inflection points of (K) lie on the singular conic
(©): 2a,box? + (3a,a, + bE) X%, + 2a,b,x2 =0, (10)

more exactly: Denoting by P, P’ both (linear) places of (K) with the centre A, then
the form (@) on the left side of (10) determines the divisor

2P + 2P -1 an
on (K). Any of the components I, , §, of (&,) determines the divisor
P+P +D resp. P-+P +D, (12)
with
C+D =1 (13)

on (K). It follows from this that | may not be determined by any linear form.
We conclude by

Theorem: Let (K) be a plane quartic with two nodal-points and by a single flexnodal-
point. Let P and P’ be its places having the flexnode as the centre and let | be the
inflex-point divisor. Then | is of order 4 and there exisis a conic (@) whose singular
point is the flexnode of (K) determining the divisor 2P + 2P" + | on (K). There does
not exist any line determining the divisor | on (K); the divisor | is of the form (13),
where (12) are the divisors intersected by components of (@) on (K).

REFERENCES

{11 B. Bydzovsky: Inflexni body nékterych rovinnych kvartik. Casopis pro péstovani matema-
tiky, ro¢. 88 (1963), str. 224 —235.

121 J. Metelka: Pozndamka k cldnku akademika Bohumila Bydziovského , Inflexni body nékterych
rovinnych kvartik:. Casopis pro péstovani matematiky, ro¢. 90 (1965), str. 445 —457.

[3] Dalibor Klucky, Jaromir Krys: Druhd pozndmka k ¢linku akademika Bohumila BydZov-
ského ,,Inflexni body nékterych rovinnych kvartik,,. Casopis pro péstovani matematiky, ro¢. 92
(1967), str. 212—214.

[4] Dalibor Klucky, LibuSe Markova: A4 contribution 10 the theory of tacnodal quartics.
Casopis pro péstovani matematiky, ro¢. 110 (1985), str. 92—100.

[5]1 Robert J. Walker: Algebraic curves. Springer-Verlag New York 1950.

INFLEXNf BODY ROVINNE KVARTIKY
SE DVEMA UZLOVYMI A JEDNIM
FLEKTNODALNIiM BODEM

Souhrn

V &ldnku je vySetfovan divizor inflexnich boda trinodalni rovinné kvartiky, jejiZ prdvé jeden
uzlovy bod je navic flektonodalni, tj. je sttedem dvou linedrnich vétvi druhé t¥idy.
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TOYKN NIEPETNBA AJITEBPAMYECKON KPUBON
4-0T0 MOPAJKA OBIANAIOIMEN ABYMsA TOUKAMA
CAMOIIEPECEYEHUA M O HOIi TOUYKON
KOTOPA HEHTPOM ABYX JIHUHEMHBIX BETBEM
BTOPOTC KIIACCA

Pesziome

B ciaThe paccMaTpHBaeTCs OUBH30D TOYEK mepernba ruiockoi KpuBoi nopsgka 4 obnamaromei
TpeMsl OCOOBIMM TOYKAMH CaMOIIEPECEYCHHMs, ONHA W3 HHX ABISETCA LEHTPOM MBYX JHHEHHBIX
BETBEH BTOPOro Kiacca.
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