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There is an excellent article by academician Bohumil BydZovsky [1] where the
following problem is formulated: Given a plane quartic (K) whose inflection-point
divisor | has the order cancelable by 4. Under what conditions the I is determined
on (K) by a suitable form K? This problem is devoted in the same paper [1] for
the cases:

(a) (K) has two ordinary nodes and no more point-singularities (= ord | = 12),

(b) (K) has two flexnodes and no more point-singularities (= ord | = 8),

(c) (K) has two cusps and no more point-singularities (=> ord | = 8),

(d) (K) has two ordinary nodes and one ordinary cusp and no more point-
singularities (= ord | = 4)

and obvious case

(e) (K) is without point-singularities (=> ord | = 24). Additionally, the following
cases are studied:

(f) (K) has just one ordinary cusp and no more point-singularities (= ord | = 16)

2],

(2) EK) has just one flexnode and no more singularities (= ord | = 16) [3],

(h) (K) has just one tacnode and no more singularities (=>ord! = 12 (“in
generally”)) [4].

In the article [1] there is described an elementary method for investigating the
inflection-point divisor used also in [3], [4] as well as in the present paper devoted
to the same problem as [1] —[4] for the plane quartic (K) characterized in the title.
Moreover we will also evalue the class and the genus of such a curve.

1. Let S, be a projective plane (over the field of complex numbers C) and (K)
be quartic considered in §, possessing a tacnode as well as a flexnode and no more
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point-singularities. Let us choose a projective coordinate frame (Ao, A;, A;, E)
(E is the unity point) as in fig. 1. i.e. let A, be the tacnode of (K), A, the flexnode
of (K), A, the intersection-point of the just one tangent a at A, and of an arbitrary
tangent b at A, and let the unity-point E be situated on the remaining tangent
of A,. 2

With respect to our coordinate frame the quartic (K) is determined by the form
K= K(xo, X1, xz)

K(xo, X1, X3) = axaxa — axox;x3 + ex;, a#0,e#0. Q)

In what follows let for any form F = F(x,, x,, x,) (deg F = 1; over the field C)
the (F) denote the curve (more exactly: the divisor) in §, determined by the form F.
The tacnode A, is the centre of two linear places (branches) Py, Pg with the
common tangent a, each is of class 1; the flexnode A, is the centre of two linear
places P,, P, with different tangents b, c; each of places P,, P, of class 2.
The places Py, Py have the following parametrizations:

Py: %o = 1 Py: xg =1
X =t X1 =1 2)
X, = t¥(m + ..) Xy =t3(m' + ..)
am?® +e=0 (=>m #0) am'? + e =0(=>m #0)
m# m'

Similarly, the places P,, P, have the parametrizations:

Pyi %o =3 + ..) Py g =1t + 30w+ ..)
X, =t X =1 3
X, =1 x5 =1
au —e=0(=u+#0) av+e=0(=0v+#0)

2. The class of (K). Let us choose a point €€ §, and let us put for any place P
of (K):

= 0, if the tangent of P does not contain C

= the degree (order) of P, if the tangent of P contains C, but the centre of P
is different from C

= the sum of the degree and of the class of P, if C is the centre of P.

ec(P)

Then the order of the divisor T¢ = Zec(P) P is well defined and is independent
of the point C and is equal to the class © of (K) (cf. [5] pg. 116 —117). On the other
hand, if C = (¢g, ¢4, ¢;) and F = Z¢;K; is the first polar of € with respect to K
(K; denotes the partial derivate dK/dx; as usually), then

Op(F) = 3¢(P) + &c(P),

where 6(P) = 0. It is well known, that for any place P, whose centre is a regular
point of (K) it holds Op(F) = ¢c(P) (= 5c(P) = 0). Now, let us put € = A,, then
F = K, = 2axyx,(x, — x,). Substituting from (2) and (3) into K,, we establish,
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Op,(K,) = Op(K,) = 2, Op,(K,) = 0pK,) = 4.
As ea,(Po) = £4,(Pg) = 0, £,,(P;) = £4,(P}) = 3, we have
0,(Po) = 04,(Pg) = 2, 0p,(Py) = 0,,(Py) = 1.
For any place P different from Py, Pg, P,, P} it holds ,,(P) = 0. Thus
‘;OP(KZ) = ; [64,(P) + e4,(P)] = ;%(P) + Z ea,(P) =
= [6a,P0) + 34,(P0) + 04,(P2) + 3a,(P)] + 7 = 6 + 1.
Since ZP:OP(KZ) =4.3=12,thent = 6.
3. The inflection-point divisor of (K). For any place P of the curve (K) let us

denote by tp its class. Then the divisor | = Y (tp — 1) P, where the summation
through all places P of (K) except the place Py, P4, P,, P} is the s.c. inflection-point

/

E \b\c
=

divisor. Let H be the Hessian of the form K, then for any place P of (K) whose
centre is a regular point of (K) (i.e. P # Py, Py, P,, P3) the relation

Op(H) =1 — 1
is true. Therefore, if i means the order of |, then

; Op(H) =i + ;o,,,(H),

where the summation on the left side runs through all places of (K), the summation
on the right side runs trough Py, Py, P,, P; only.
By a simple calculating we get

H — 6a%x2K = 18a%exix} . Q(xo, X1, X,), 4
where

Q(Xo, X, X,) = —8x2 + 8xpx; — 3x%. 5)
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Let M denote the set of all places P of (K) different from Py, Py, P,, P and let B4’
denote the set {Py, Py, P,, P;}. For any place P ¢ M we have

Op(H) = O(@).
As i = Z Op(H), then i = Y Oy(Q), consequently Z Op(@) = Z 0,(Q) +

PeM

+ Y OP(Q) =i+ O0p(Q) + Op, (@) + Op,(Q) + O, (Q) It mlows from (2),

peM’
(3) and (5) that Op (@) = Op (@) = 0, 0p(Q) = 0 (Q) = 2, since ) Op(Q) =
P
= 8,i+ 4 =28, hence i = 4.
Obviously the curve (Q) consists of two different lines (I,), (J;) through the
point A,, namely:
(1) : 2% — (1 +13/1/2) x, = 0;
() 2x0 — (1 =i /1) x; = 0,

each of them is different from tangents b, c at A,. (I,) resp. (I;) intersect (K) into
divisor P, + P; + D,, resp. P, + P, + Dj, where D, and Dj are the divisors
of order 2 and obviously

(6)

I =D, + Dj. @)
Thus we have:

Proposition 1. The inflection-point divisor | on the quartic (K) is of order 4 and
of form (7), where D,, Dy are two divisors of order 2 such that the divisors P, + P; +
+ D,, P, + Py + D; are on the (K) determined by two different lines (1), (1)
through the point A,. Consequently: | is not determined by any linear form.

But, if we substitute (6) into (1), we find the homogeneous coordinate of inflection
points:

Ji = (=1/4/3a(2 +i/2), —/3a,2/2e),
= (1/4/3a (2 + iy/2), /3a, 2./2¢)
on the line (1,),
Ji = (=1/4/3a (2 — i/2), —\/3a,2/2e),

J5 = (1/43a (2 - i,/2), /3a,2/2¢)
on the line (I3).
Clearly J;, J». J{, J; are pairwise different points. Let us again consider the form

K(xo, X1, X;) = axix2 — axox;x3 + ex}
and the form
Q(xy, X1, X3) = —8x3 + 8xx, — 3x%.
We may easily find that the form G = 3K + ex?Q has the decomposition

Gxo, X1, X5) = Xo(xo — X;) @'(xg, Xy, X3)
where
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Q'(x0, X1, X;) = —8ex] + 3ax} = (f3ax, + 2./2exs) - (3ax, — 2 /2e x)),
which means, that the points of inflection of (K) lie pairwise on the lines
(y: 2 \/le + V3ax, =0,  namely J; and Jj,
(1) : =2 \/le + f3ax, =0, namely J, and Jj.

The intersection-point of (I;) and (I}) is the tacnode A,.

Now, the quadratic forms @ and @’ determine a pencil P of quadratic forms
and therefore a pencil (P) of conics. We can easily establish the remaining singular
conic (@") of (P); namely

Q"(xg, X1, X;) = 6dexZ — 6dexyx, + 16exi + 3ax3,

with the singular point € = (1, 2, 0) lying on the tacnodal tangent. Let E, be the
intersection-point of the flexnodal tangent A,E with the tacnodal tangent A A;.
Then E, = (1, 1, 0) and the cross-ratio (A,CA,E,) = —1. We have thus proved:

Theorem. Let the quartic (K) have just two point-singularities, namely a tacnode A
with the tacnodal tangent a and a flexnode B with the flexnode tangents b, c. Let B', E'
be the intersection-points of b, ¢ with the line a. The (K) has just four distinct inflection
points being the vertices of a complet quadrangle. The diagonal points of this
quadrangle are just the tacnode A, the flexnode B and the point € on a such that the
quadruple (ACB'E') is harmonic.

4. The genus of (K). If we transform the curve (K) by a quadratic transformation
given by
Xo = V1Y2> X1 = YoV2> X2 = VoY1,
we get as a geometrical image (in sence of [5]) the curve
ay,y; — ayoys + eygy;y =0,

which is a cubic curve with one node namely A; = the genus p of (K) equals 0.

5. We will finish our contribution with the following remark: In the considered
plane §, let two different point A, B and three different lines a, b, ¢, such that
Aca,Beh, c, A¢b,c,B¢a be given. Let us denote by (X) the system of all
quartics having A as the tacnode, B as the flexnode, the line a as the tangent at A and
the lines b, ¢ as tangents at B. If we choose the coordinate frame as shown in
part 1, then the quartic (K) e (2) will be expressed by equation (1). Conversely, any
quartic expressed by (1) fulfilling the conditions a # 0, e # 0 belongs to the system
(2). This means that () together with the curves (more exactly: the divisors)

xo¥i(xo —x) =0 (e=0), xt=0 (a=0),
forms a pencil of curves of degree 4. All complete quadrangles whose vertices are

just the inflection points of the quartics of (X) have fixed diagonal points.
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POZNAMKA C KVARTICE S TAKTNODALNIM
A FLEKTNODALNIM BODEM

Souhrn

V &lanku se vySetiuje tfida, inflexni body a rod irreducibilni kvartiky, kterd ma jeden taktno-
dalni bod (dvojnasobny bod, ktery je stiedem dvou riznych linedrnich vétvi o spoleiné te¢né)
a jeden flektnodélni bod (dvojnasobny bod, ktery je sttedem dvou raznych linedrnich vétvi druhé
téidy o riznych teénach). Hlavni vysledek: Vy$etfovana kvartika md pravé &tyfi navzajem riizaé
inflexni body tvofici uplny Gtyfroh, jehoZ diagondlnimi body jsou taktnodalni bod, flektnodélni
bod a dalsi bod na te¢né v taktnodalnim bodé takovy, Ze spolu s taktnodalnim bodem harmonicky
oddéluji praseéiky taktnoddlni teny s te¢nami v bodé flektnodalnim.

3AMEYAHUE OB AJITEBPANYECKON KPHUBOM
4-0T0 TOPSATKA OBJIANAIOIE OXHON TOYKOI
CAMOKACAHNA ¥ OJHOI ABOMHON TOUYKOII
ABJAIOMENCA MEHTPOM JBYX PA3JUYHBIX BETBEIi
HEPBOTO MOPAJKA M BTOPOTO KJIACCA
C PABJIMYHBIMHA KACATEJLHBIMHA

Pe3ziome

B crathe paccMaTpMBalOTCS KJIACC, TOYKM Iepernda u pom Hepas’ioKMMOM IUIOCKOH KPHBOM
YeTBEPTOTO MOPsAAKa C OCOOCHHBIMU TOYKAMMU BBEIEHHBIMHU B 3arosioBke. OCHOBHO#M pe3ynbTat: Pac-
cMaTpyBaeMas KpuBas o0JafaeT YeThIPMM PA3IMYHBIMU TOYKAMH Ieperuda. DTH TOUKH 00pa3yroT
TIOJTHBIY YETHIPEXBEPIIMHAK, AUATOHAIHBIMYU TOYKAMHM KOTOPOTO SIBJISIOTCA OCOObIe TOUKH KpHBOH
¥ TOYKa KacaTeIbHOM B TOYKE caMOKacaHys Takas, Y¥TO B MECTe C TOYKOH CaMOKacCaHHs TapMOHH~
YECKH CONPSIKEHA C TOYKOM IMepecedeHusi ITOM KacaTesSIbHOM C KacaTenbiblMM B OCTaJIbHOH OCO-
6ot Touke.
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