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Let us consider an ordinary linear homogeneous differential equation of the
n-th order

Y0 + T a0 = 0 0

arising in connection with the iteration of the ordinary linear homogeneous
differential equation of the 2-nd order

y'() + g y(1) =0, 0]

where the function q(f) e Cf2, I = (— o0, +®), ne N, n > 1, is understood to
be g(t) > 0 for all ¢ € I. The differential equation (2) is assumed to be oscillatory
in the sense of [2], i.e. there exist infinitely many zeros of any nontrivial solution
y(#) relative to this equation, lying both to the right and to the left of any arbitrary
point 7 e L.

Throughout this discussion the differential equation (1), where

a4 (1) = ak+1[‘1(1), cees q(n_z)(t)],

k=0,1,....,n — 1, (see [1]) will be called ““the iterated differential equation of the
n-th order”, only.

If we denote the ordered pair of the oscillatory solutions u(z), v(f) relative to (2)
and linearly independent on interval I as the basis of a space of all solutions relative
to this equation, then the ordered n-tuple of functions

[~ 1(0), w2~ 2(0) 0(2), ..., uPTET2(D) 04 (D), ..., w(®) TR, 0" (D)],

where k = 0,1,...,n — 1, forms a basis of the space of all solutions relative
to (1). Thus the system of all (nontrivial) solutions y(f) relative to (1) may be
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written as
y(1) =T Cu" " (00", €)

where C;eR, i=1,....,n (neN,n > 1), are arbitrary independent constants
(the parameters of the system), whereby Y C; > 0. Since (1) is of the n-th order,
i=1

every zero of its arbitrary (nontrivial) oscillatory solution y(r) is of multiplicity
v = n — 1 at the highest.

In all what follows, under “solution” both of (1) and (2) only nontrivial solution
will be understood.

In [1] (in agreement with [2]) there were introduced the concept of the so called
first conjugate point, in [3] (again in agreement with [2]) generalized to the concept
of the | k |-th, k = 0, +1, +2, ..., conjugate point to the right or to the left to the
given arbitrary chosen zero t, € I of the solution y(¢) relative to (1). In Definition 1.3
[3] there were also distinguished, among the | k | conjugate points #, €I to the
right or to the left of ¢, the so called strongly or weakly conjugate points of the
bundle Y(¢) of all solutions y(¢) relative to (1), vanishing together at ¢,.

To investigate the existence and multiplicities of the strongly or weakly conjugate
points of the bundle Y(¢) of the oscillatory solutions y(¢) relative to (1) we proceed
as follows. Let us choose an arbitrary point #, € I and a basis [u(z), v(f)] relative
to the oscillatory differential equation (2) such that, say, the function u(r) from
this basis would vanish at it, whereby

u(to) = v'(to) =0, (P)
(so that v(ty) # 0, u'(tg) # 0).
Then by (3) the bundle Y{(#) of all solutions y(f) relative to (1) vanishing at ¢,
together with the function u(f) may be written as

n—1
1. Y() =Y Cu" (00 7 N(t), Cooy #0
i=1

exactly if the point ¢, is a simple zero of all solutions y(¢) relative to (1) from the
bundle Y(¢);

n—2
2. Y =Y Cu” ()" TN(t), Cooz*0

i=1
exactly if the point 7, is a double zero of all solutions y(¢) relative to (1) from
the bundle Y(¢);
n—1) Y() = Cu~Y(s), C, #0

exactly if the point ¢, is an (n — 1)—fold zero of all solutions y() relative to (1)
from the bundle Y(¢);
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Generally:
n—k
Y() = ¥ Cam (0070, Cooy #0
i=1

where k,ne N,n > 1,1 £ k £ n — 1, exactly if the point ¢, is a k-fold zero of all
solutions y() relative to (1) from the bundle Y(r) (cf Lemma 1. [1]).
Writing the bundle Y(¢) in an equivalent form

Y() = u* 7)) Y, Cy, -oey, C), (SY
where

k
Yit, Cyy ..y C) =Y Cd* i) o' (1),
i=1

12k<n-1@meN,n> 1), enables us immediately to express the following
assertion about the strongly conjugate points (see Definition 3.1 [3]) of the bundle
Y(¢) of all solutions y(r) relative to (1) vanishing at the v-fold, ve {1, ...,n — 1},
point #,.

Statement: The only strongly conjugate points of the bundle (S,) of all solutions y(¢)
relative to (1) vanishing at any arbitrary, firmly chosen point 7, € I together with
the function u(f) from the basis [u(r), v(r)] relative to the oscillatory differential
equation (2) are exactly all zeros of these solutions coinciding with all zeros of the
function v %), k =1,...,n — 1 (e N, n > 1). Thereby the multiplicity ve
e{l, ..., n — 1} of the strongly conjugate points, with the given k always the same
at all these points (see Theorem 1.5, [3]), is equal to the step of the (n — k)th
power of the function u(z) acting in (Sy), i.e. v=n—kforalll £k <n—1.

Besides the weakly conjugate points (see Definition 3.1 [3]) of the bundles ¥(r)
of these solutions y(f) relative to (1) may be only the zeros of the k-parametric
system of the functions Y, (t, C,, ..., C\) from the corresponding forms of the
bundle (S,)—if, naturally, any zeros of such function system exist at all.

Let T, denote a neighbouring zero of the function u(f) lying to the right of the
point ¢y, so that T, > t,. Then simultaneously for every solution y(f) relative
to (1) from the bundle Y(r) having the form (S,) we have

W(to) = u(ty) =0, w(Ty) = w(Ty) =0,
whereby for all ¢ € (¢,, T,) the function u(f) # 0. It is evident that also the point T,
is a first strongly conjugate point of the bundle Y(¢) of all solutions y(¢) relative
to (1), lying to the right of the (strongly conjugate) point #,. Thus the question
of the existence of zeros of the bundle Y(¢) of all solutions y(¢) relative to (1) on the
open interval (#y, Ty) reduces to the question of the existence of zeros of the
k-parametric system of functions Y;'(¢, Cy, ..., C,) from (S,) on this interval.

Our object now is to look for such forms of the bundles ¥(f) of solutions y(f)
relative to (1) having on the interval (¢, Ty) or {ty, T;> the prescribed number
of zeros with regard to their multiplicities. Especially we will observe such special
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forms of bundles Y(¢) having the form (S,), when the numbers of these zeros on the
interval considered are extreme. We will distinguish cases with the order n (ne N,
n = 2) of the differential equation (1) being even or odd.

The main consequence of these considerations lies in possible applying the forms
of the bundles Y(¥) of solutions y(¢) relative to (1) found, to solutions of special
boundary value problems, such as those of Sturm— Liouville type, wherein con-
ditions are placed only on values of solutions y(¢) relative to this equation at the
zeros prescribed.

For completeness let us first make a detailed picture of the numbers, distribution
and multiplicities of zeros in all the possible forms of bundles Y, (), k = 1, ..., n -1
(ne N, n > 1) of solutions y(¢) relative to (1) on the interval {t,, T in connection
with their mutual strong or weak conjugacy.

The number, distribution and multiplicities of zeros

1.If k = 1, itisimmediate that the one-parametric bundle Y(r) of all solutions y(f)

relative to (1) in the form
Y,() = Cl“n~l(t)

with C, # 0 being an arbitrary real constant, has all zeros strongly conjugate with
multiplicity v = n — 1, only. These are just all zeros of the function u®~ (7).

On the interval {¢,, T, there lie two neighbouring zeros t,, T of the function
u(?) and thus also of the function 1"~ (7). Besides these two zeros of the bundle
Y, () of the solutions y(¢) relative to (1), there lie no other zeros of this bundle.

2. If k = 2, then (up to a possible arbitrary multiplicative constant Ce R — {0}),
the two-parametric bundle Y(¢) of all solutions y(f) relative to (1) is of the form

Yy(1) = " 2(0) [Cyu(r) + Cru(n)],

with C;eR, i =1,2,C, # 0, are arbitrary constants. In consequence of the
assumption C, # 0, every function from the two-parametric system of functions

Y3(t, Cy, Cy) = Cou(l) + Cyu(t),

obtained in an arbitrary choice of constants C; € R (i = 1, 2) is linearly independent
of the function u(f)—and thus also of the function u"~2(f)—on the interval I =
= (—o0, +00). By the Sturm separation theorem of zeros of two arbitrary oscilla-
tory solutions relative to (2) linearly independent on I we know that between any
two neighbouring (n — 2)-fold zeros of the function u~2(¢) there lies exactly one
simple zero of an arbitrary function from the system of functions Y;(z). Thus,
on the interval {t,, Ty between two consecutive (n — 2)-fold, strongly conjugate
points ¢,, T, of the bundle Y,(¢) of all solutions y(¢) relative to (1), there lies exactly
one simple weakly conjugate point ¢, of this bundle.

If we denote now (and hereafter) the sequence of the conjugate points by a sub-
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script to the right, and the multiplicity by a superscript to the left in writing the
corresponding zero, lying on the right of the point ¢, then there hold the inequalities
n—2t0 < ltl < n—2t2’
where " "%t, = T,.
3. If k = 3, then the three-parametric bundle Y(¢) of all solutions y(f) relative
to (1) is of the form

Y5(0) = " 73(0) [CouP(d) + Chu(h) v(r) + Cyv3(n)],

where C;eR, i =1,2,3, C; # 0, are arbitrary constants. With respect to the
existence and multiplicities of zeros of the three-parametric system of functions

Y3(t, Cy, €y, C3) = Cy(t) + Cou(t) v(t) + Cyv*(1),

there may occur three possibilities:
3a) If C3 — 4C,C, > 0, then there exist four real constants ¢;eR(G,j=1,2)
such that

C“ [+ !
S R X
| C21 €22 |
whereby
Cy = ¢11€215 C3 = €13€21 + €11C22, C3 = €13€22
and

Y;k(t) = [0111‘(’) + 01217(1)] [c“u(t) + szv(t)]
(up to a multiplicative constant C e R — {0}) holds. Denoting

Vit 11, €02) = e u(t) + ¢y,0(0),
Y3(t, ¢ay, €22) = cpqu(f) + c250(1),

then for every (admissible) choice of all four constants ¢;; € R (i,j = 1, 2) in both
two-parametric function systems we always get any pair of functions yi(z), y5(f).
These functions are the two solutions of the differential equation (2) linearly
independent on I = (— o0, +00), whereby each of them is besides linearly in-
dependent of the solution u(7) relative to (2) on an interval I.

By the Sturm theorem all zeros of these three functions (in pairs linearly in-
dependent) mutually separate on I; whereby between any two consecutive zeros
of the function u(r) there is exactly one simple zero of either function y(z), ¥3(2).
If we denote these simple zeros of the functions yF(), ¥3(z) on the interval (¢, T})
by t*, t** respectively, then either ¢, < t* < t** < Ty ort, < t** <t* < T,. In the
first case ¢* and ¢** are, respectively, the first and the second weakly conjugate
point from the right to #,. In the latter case ¢** and ¢* are, respectively, the first
and the second weakly conjugate point from the right to ¢,. Thus, with respect
to the multiplicity of the four zeros of the bundle Y;(z) of solutions y(¢) relative
to (1) on the interval {to, T;{> we have either
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"y < MEF < Ut < Ty,

or

1 %%

< U< <3

n
t3’

where "~ 3¢y, " 3t; = T, are mutually strongly conjugate points of all solutions y(z)
from this bundle.
3b) If C — 4C,C, = 0, then there exist two real constants ¢y, ¢;2 € R, such
that ¢,, # 0, whereby
C, = ¢}y, Cy = 2¢i4¢1, C3 = ¢},
and
Y30 = [c,qu() + ci20(0]?

(up to a multiplicative constant C e R — {0}) holds. In every admissible choice
of constants ¢y, ¢y, € R in the two-parametric system of functions

y*(e) = ¢y u(t) + c;,0(0),

there always arises a function which is a solution of the differential equation (2)
linearly independent of the function u(7) on I, so that all zeros of both functions
mutually separate here. Thus, also all double zeros of the two-parametric system
of functions Y3(t) = Cy**(¢) with the (n — 3)-fold zeros of the function u™~3(z)
from the bundle Y5(¢) of the solutions y(f) relative to (1) mutually separate on the
interval I; whereby the first and the latter are, respectively, the weakly and the
strongly conjugate points of all solutions y(f) from this bundle.

Denoting by t* the double zero of an arbitrary function from the system of
functions Yi(¢) lying on an open interval (¢,, T,), then with respect to the multi-
plicity of these three points #,, t* and T, on the interval {(¢,, T, the inequalities

=3 < 2y < T,
hold, where " ~3¢, = T;.

3¢) If C2 — 4C,C; < 0, then there exist four real constants ¢;; € R (i, j = 1, 2),

such that
C1y Crz | £0

2 2 2 2
l y Ci1 +621 >0, C12+C22 >05
1 €21 €22

whereby
Cy = ciy + €3y, Co = 2(cy1Cya + €34055), C3 = ¢i2 + ¢32
and it holds
Yi(n) = C{[esu() + ¢ 0] + [e2,u(n) + c220(01%}
(up to a multiplicative constant Ce R — {0}).
Because of the linear independence of any pair of functions 5 (1), ¥2(¢) from the
both two-parametric systems of functions
Vi, eirs €3) = cqqult) + cq50(2),
Y3(t, €215 €22) = caqu(t) + €250(2),
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whose zeros mutually separate, there exists no zero of the functions
Yi(t, ©) = C[y*(0 + y3*(0]),

on I = (—o0, +0). Let us remark that always at least one function either from
the system y{(z, ¢, ¢;5) or from the system yi(z, ¢y, ¢3,) is linearly independent
of the function u(r) on I and this on account of the assumptlon 2, +¢3, > 0.
Thus for all £ €I we have

Yit,C)>0, if C>0 or Yi,C)<0, if C<O.

Since no weakly conjugate point of the bundle Y;(¢) of solutions y(7) relative to (1)
exists on the open interval (¢,, T,), then the only zeros of this bundle on the interval
{ty, Ty)> are exactly both the (n — 3)-fold zeros *~3#, and "~3t, = T,, only.
These points are at the same time mutually strongly conjugate points of all solu-
tions y(¢) from this bundle.

4. If k = 4, then the four-parametric bundle Y(7) of all solutions y(¢) relative
to (1) have the form

Yo() = u""*(0) [Cou (1) + Cou* (1) v(t) + Cau(d) v (1) + C,03(D)],
where C;eR, i=1,...,4, C, # 0, are arbitrary constants. With regard to the
existence and to the multiplicities of zeros of the four-parametric system of functions
Yi(t, Cy, ..., Cy) = C®(1) + Co*(1) v(t) + Cu(t) v*(t) + Cav(2),
there may arise the following four possibilities:
4a) There exist two real constants ¢;; € R (j = 1, 2), ¢;, # 0, such that
Cy = ¢}1, Cy = 3¢} i¢12, C3 = 3¢y,¢2, Cy = ¢
and it holds
Y1) = [Cn”(t) + 4’12”(0]37
(up to a multiplicative constant Ce R — {0}).
Every function y*(r), obtained in an arbitrary (admissible) choice of constants c,;
(j = 1, 2) from the two-parametric system of functions
Y, €11, €12) = cqqu(t) + cqp0(h)

is linearly independent of the function u(7) on the interval I. Thus, all zeros of both
foregoing functions mutually separate on 1.

Denoting by ¢* the zero of the function y*(f) on the interval (¢,, T,), then this
point is a thiee-fold weakly conjugate point from the right to the point ¢, of the
bundle

Y1) = u""4(1) Y3, ey, €42)

of all solutions y(¢) relative to (1) on (¢y, Ty). So, with regard to the multiplicities
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of these three zeros t,, t* and T, of the solutions y(f) on the interval {fo, T;)
we have
ety <3 <,

where "~#¢,, "%, = T, are mutually strongly conjugate points of this bundle.
4b) There exist four real constants ¢;; € R (i j = 1, 2), such that

|
cyy1 €
Wz, 12622 F 0,

€21 C22
whereby
Cy = c11631, Co = 3120, 1Ca + €12€21), Cy = €35(€11€25 + 212651), Cy = €12€32
and it holds
YZ(’) = [6'1114(‘) + Clzv(f)] [021u(t) + szv(t)]z

(up to a multiplicative constant C e R — {0}). Every two functions y{(5), »3(2),
obtained in an arbitrary (admissible) choice of constants ¢;; € R (i, j = 1, 2) in both
two-parametric systems of functions

Yilt, eqqs €35 = cqqud) + c450(0),

Y3(t, a1, €25) = e ut) + c3,0(f)
are linearly independent on I = (— 0, + o) and besides either of them is also
linearly independent of the function u(f) on the interval I. Thus, all zeros of the
three functions u(¢), y;(¢) and y%(f) mutually separate on I. Then between any two
consecutive zeros of the function u(f) there lies exactly one zero both of the function
¥¥(¢) and the function y3(¢). If we denote the zeros of the functions yi(z), yi(f)
on the interval (¢,, T) by t* and ¢**, respectively, then either

to < t* < t**F < T, or ty < t**F < t* < Ty.

In the first case t* and #** are the first and the second weakly conjugate points
from the right to ¢, respectively. In the latter case ¢** and ¢* are the first and the
second weakly conjugate points from the right to ¢, respectively. Thus, with regard
to the multiplicities of the four zeros ¢,, t*, t**, T, of the bundle

Y4(t) = u“—‘t(t) yf(t’ Ci1s 612) J’;z(h Ca1s CZZ)
of solutions y(f) relative to (1) on the interval {¢,, T, we have either

14y, < MUY < 2R < A,
or
Ay < UTE < E < vy,

where " %t,, %" %t, = T, are mutually strongly conjugate points of all solutions y(¢)
from this bundle.
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4c) There exist six real constants ¢;; € R (i = 1,2, 3, j = 1, 2), such that

¢y € Ciy C |Cz1 C22
11 “12 4:0’ 11 “12 4=0, 1 4:0’ 012022032 *0’
€21 €22 €31 C32 €31 C32

whereby

Cy = ¢11621€31, Cy = €12€21C31 + €11€22C31 + €11€21C325
C3 = €13C23€31 + €12€21632 + €11€22€32, Cy = €12€25C32
and it holds
Yi) = [egqu(t) + eq20(0)] [c21u(D) + c220(1)] Leaqu(®) + Cszv(’)]’

(up to a multiplicative constant Ce R — {0}).

Every two from the three functions yi(), ¥3(¢), ¥5(¢), obtained in an arbitrary
(admissible) choice of constants ¢;;€R (i = 1,2,3, j =1,2) in the three two-
parametric systems of functions

yi(t, 11> €12) = ¢ u(t) + c15(0),
V3(t, €21, €23) = Caqu(t) + c250(0),
Yi(t, 31, €32) = c3u(t) + €350(0),

are linearly independent on I = (—o0, +00) and besides, each of them is also
linearly independent of the function u(f) on I. Thus, all zeros of the four functions
u(?), yi(0), y3(t) and y5(r) mutually separate of I. Then between any two consecutive
zeros of the function u(z) there always lies exactly one zero both of the function y?(f)
and the function y3(¢) and also of the function y3(7).

If we denote the zeros of the three functions yi(f), y3(¢), ¥3(¢) on the interval
(to, Ty) by t*, t**, ¢*** respectively, then either 7, < t* < t*¥ < *** < T, or
to < t¥ < p¥¥¥ < ¥R < Ty or tg < ¥R < F < tFEX STy Or 1y < t¥* < t¥** <
< t* < Tyorty < t** < t* <¥* < Tporty <t¥* < p** < g < T\,
In all the above cases the points 1¥, ¢**, ¢*** are weakly conjugate points from the
right to the point ¢, and this in a successive order.

Thus, with regard to the multiplicities of the five zeros fy, t*, p** (*** T,
of the bundle

Yo (r) = u“"‘(t) J’T(t’ CiysC12) J’j(fy 215 C22) y*;(t, C31, C33)
of the solutions y(f) relative to (1) on the interval {to, T;> we have either

- * 5 -
4 < Ul < 1t;<* < lt;s** <4,

or
- * -
a-dp < UF < Lppek o 1pkE o .,
or
- * -
2Ty <MY < U < U <My,
or

- 1% " < -
Py < MR < I < Y < 2T,
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or

- %4 ¥ sk -

n 4t0 < ltik-k* < 1t2 < 1[3 < 4,4,
or

- E * -

n 4t0 < lt;k** < lt;k* < 1[3 <n 4t4,

where ®~*ty, "~*t, = T, are mutually strongly conjugate points of all solutions y(f)
from this bundle.
4d) There exist six real constants ¢;;€ R (i = 1,2, 3, j = 1, 2), such that

|
C21 C22 | +0
b

€31 C32

2 2 2 2
2 #0,¢5, +¢31>0,¢5, + ¢35, >0,

whereby
C, = ¢ 1(c2, + ¢2), Cy = c5(c2y + ¢31) + 2¢,1(c1€22 + €34€32),
Cy = c11(c25 + ¢2,) + 2¢,5(c21€22 + €31€32), Coy = C21(c2, + €33)
and it holds
Yi(0) = [egqu(t) + ¢y20(t)] {[e2u(t) + c220()]* + [ea1u(t) + c320(0)]?},

(up to a multiplicative constant Ce R — {0}).
Any two functions (), y5(f) obtained in an arbitrary (admissible) choice of
constants ¢;; € R (i = 2, 3, j = 1, 2) from the two-parametric systems of functions

I

V3(t, €2y, €22) = caqu(t) + ¢350(1),
Y3(t, €31, €32) = c3,u(t) + c350(1),
are linearly independent on the interval I = (— o0, + o). For any (admissible)

choice of constants ¢;;eR (i = 2,3, j=1,2) ir a four-parametric system of
functions in the form

- %2 *2
YX(t, c31,5 €22, €31, C32) = ¥3°(t, €315 €22) + Y321, €31, €32)
we have
Y*(t, ¢215 €225 €315 C32) > 0

on I. Consequently, the arbitrary function 5*(¢) = y32(t) + y3*(f) from this system
has no zero on L.

So, the only zeros of the functions from the system (up to a multiplicative
constant C e R — {0}) in the form

% * T
Y () = yi(t, ¢qy, €32) Y*(t, €21, €22, €315 €32)

on the interval I = (— o0, + o) are the simple zeros of every function y;(¢) obtained
in an (admissible) choice of constants ¢,;€ R (j = 1, 2) from the two-parametric
system of functions

Vit ey, €12) = cqqu(®) + ¢q20(0).
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Since every function y}(f) from this two-parametric system of functions
¥1(t, €11, ¢12) is—with respect to the assumption c¢;, # 0—linearly independent
of the function u(f) on I, all zeros of both functions mutually separate on the
interval 1.

If we denote by ¢* the zero of such a function y}(f) on the open interval (1o, T}),
then with regard to the multiplicity of all three zeros ¢4, t* and T, of the bundle

Yu(1) = w4 (1) yi(t, ¢y, €3) FH(t, Cay, €25, €34, €33)
of solutions y() relative to (1) on the interval {t,, T;)> we have
n—-4t0 < I’T < n—4t2,

where 7} is weakly conjugate and ""“4zy," %1, = T, are mutually strongly
conjugate points of all solutions y(f) from this bundle.

n—1) If k =n — 1, then the (n — 1)-parametric bundle Y(¢, Cy, ..., C,—,)
of all solutions y(7) relative to (1) is of the form

n—

1
Yooi(t, Cyy ooy Comy) = u(®) Y Cu 1N (1) 017 1(1),
i=1

where C;eR, i=1,...,n —1; C,_; # 0, are arbitrary constants. With respect
to the existence of zeros of the (n — I)-parametric system of functions

n—1
Y i(t,Cyy s Comy) = Y, Cu™ 7 TN (1) 01 TH(D),
i=1

i=

on the interval I = (— 00, + ), let us distinguish the step » — 1 of this homogene-
ous functional polynomial being odd or even. If n — 1 is an odd number, then there
always exists between any two consecutive zeros of the function u(z) at least one
zero of any of the functions y¥_,(r), obtained in an arbitrary (admisible) choice
of the constants C;eR (i = 1, ..., n — 1) from the system Y*_,(z, Cy, ..., C,_,).
But if # — 1 is an even number, then there need not exist any zero of this system
on I, so that either Y ,(t, C,, ..., C,—,) > Oor Y*_,(t,C,, ..., C,_,) < 0 holds
on this interval.

From here on we will direct our attention to the study of the existence and to the
multiplicities of zeros of the system of functions Y;_,(f) on an open interval
(t9, Ty), because the situation concerning the existence and the multiplicities of
zeros of the system Y. (f), between any other two consecutive zeros of the
function u(f) from the bundle ¥,_,(?), is analogous.

According to the fundamental theorem of algebra generalized to the functional
polynomials there exist 2(n — 2)—generally complex—constants ¢;; (i = 1, ...,
n—2; j=1, 2) such that the (n — 1)-parametric system of functions Y, (¢, Cy, ---»
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C,-,) may be written in an equivalent form as

n—2
Yioy(t,Cyy ey Comy) = [T Ceigu(t) + cizv(n)], (Y*)
i=1
whereby
n—-2 n-2
CL = HC“ GR, ceey Cn—l. = 1_[ Ciz ER,
i=1 i=1
n-2

where []ci, 0.
i=1

Especially if » — 1 is an odd number, then (Y*) may be written in the form
n—-2
Yaoi(t, Cys oy Coy) = [egqu(t) + cq20(1)] [T Leiqu(t) + cipu(D)],
i=2

where both constants c,; (j =1,2), ¢y, # 0, are real. Thus the zeros of this
functional system Y_,(¢) are surely the zeros of the functions y}(¢) obtained in an
arbitrary (admissible) choice of the constants ¢; (j = 1, 2) from the two-parametric
subsystem

Vit ¢yy, €12) = cqqu(t) + c450(0).

If for further i = 2,...,n — 2 the corresponding pair of constants ¢;; (/ = 1, 2)
is no more real, then also the further zeros of the system Y._,(f) — besides the
cited zeros of the function yj(f) — no more exist.

In studying the existence and the multiplicities of zeros of the functional system
YX_,(¢) in the form (¥*) — and thus also the bundle ¥, _,(¢) of the solutions y(f)
relative to (1) — we distinguish the following four significant cases:

1. Let in (Y'*) exist exactly n — 2 always two and two linearly independent pairs
of real constants ¢;;, ¢;, #0(=1,...,n = 2;j=1,2). [Remark: two ordered
pairs of real or complex numbers (¢, ¢1,), (¢34, C22) are called linearly independent
exactly if

C11 Cy2

+0.]

Then there lie on the interval (¢,, T;) exactly n — 2 simple zeros of the 2(n — 2)-
parametric system of functions

C21 €22

n—2
Yo () = 1;11 Leiu(t) + cipo(1)], (YY)

each of them always belongs to one function y{(f) (i = 1, ..., n — 2) obtained in
an arbitrary (admissible) choice of the constants ¢;;eR (i = 1, ..., n — 2;j = 1,2)
in a corresponding two-parametric system of functions y¥(t, c;1, ¢;;) in (Y?7). Then
all these points are weakly conjugate points with respect to both simple mutually
strongly conjugate points !ty, 't, = T of all solutions y(¢) relative to (1) from the
bundle Y,_,(t, Cy, ..., C,_y).
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2. Let in (Y*) exist m (me N, m = n — 2) always two and two linearly inde-
pendent pairs of real constants ¢;;, ¢i2 # 0 (i = 1, ..., m; j = 1, 2) such that

Y0 = [T Lewut) + ciao(™, o

where v;eN (i=1,...,m), Y vy=n—2.
i=1

Then there lie on the interval (¢,, Ty) exactly m zeros of the functional system (¥7)
with the multiplicities v; (i = 1, ..., m), each of which belongs to the function
[»¥(HT", obtained in an arbitrary (admissible) choice of constants ¢;; € R from the
corresponding two-parametric system of functions [y}(¢, ¢;y, ¢;2)]"". Here all these
points are weakly conjugate points with respect to both simple, mutually strongly
conjugate points !y, ¢+, = T, of all solutions y(¢) relative to (1) from the bundle
Y.t Cyy ..., Co2y).

Let us remark that in case of vy = v, = ... = vy, = v, ve{l,....,n — 2}, the
multiplicities of all these m zeros of the functions [yf(t)]” (i =1,...,m) from the
2m-parametric system

Yioi(h) = 'UI[Yi*(t’ s )]

are the same on the interval (t,, T;).

Especially, we get the case 1) exactly for m = n — 2, when v; = v, = ... =
Va—z = L.

3. Let in (Y*) exist two pairs of complex linearly independent constants &;
(i,j =1,2) such that €,,8,;, €,8,, + €182, €120, € R, Where &;,8,, # 0.

Then there exist two pairs of linearly independent real constants ¢;; (i,j = 1, 2)
such that

v ox 2 2
Ci1Cyy = €1y + C3y

Il

€128 + 811835 = 2cyicp5 + €31€35)

2 2
C12€23 = €12 + €32,

where ¢}, + ¢, > 0, and the 2(n — 2)-parametric system of the functions (Y*)
may be written (up to a multiplicative constant C e R — {0}) in the form

Yoo 1(0) = {[equ(t) + o001 + [eqqu(t) + czzv(t)]z}[jll[cuu(t) + civ(®)]. (Y3
Since it holds
Y300 = [cgu®) + c10(0)]? + [eau(t) + c20(0)]> > 0

on the interval I = (—o0, +00) for all (admissible) choices of the constants
c;€R (i,j = 1,2), then the system of functions (Y3) may have at most n — 4
zeros (including their multiplicities) on the interval (¢4, T,).

The functional system (¥3) has thereby exactly n — 4 simple zeros on (fo, T) if
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and only if all the other ordered pairs of real constants ¢;;eR (i = 3,...,n — 3;
j = 1, 2) appearing in the two-parametric systems of functions

Yi(t, ¢igs €2) = ciqu(t) + ¢;0(0)

contained in (¥3) are always two and two linearly independent.

All such zeros are weakly conjugate points with respect to both simple, mutually
strongly conjugate points 'z, ! T, of all solutions y(f) relative to (1) from the bundle
Y.t Cyfy .oty Cosy).

4. Letin (Y*) exist 2m (me N, 2m < n — 2, n > 2) always two and two linearly
independent pairs of complex constants &; (i = 1, ..., 2m; j = 1, 2) such that

€11831, C1282y + €11C22, 8128, €R

Cam-1,1%2m.15 C2m-1,2C2m,1 + Com-1,1C2m,25 C2m-1,2%2m,2 €R,
whereby €585 # 0, ..., Cam—y,282m,2 # 0.
Then there exist 2m always two and two linearly independent pairs of real
constants ¢;; (i = 1, ..., 2m; j = 1, 2), such that
PO - ~2
811821 = 85y + ¥4
12821 + 81822 = 2(c11C12 + €21C22)

P 2 2
C12822 = €12 t+ €22

~ ~ : 2 2
Com-1,1¢2m,1 = Cam-1,1 + Cim,1
Cam-1,282m,1 + C2m-1,182m,2 = 2(C2m-1,12m~1,2 + C2m,1¢2m 2)
- ~ .2 2
C2m-1,202m,2 = C2m-1,2 + C2m,2»

where ¢2y + ¢%y >0, ..., ¢t 1.2 + o, >0, and the 2(» — 1)-parametric
system of functions (Y*) of the form ;

m n=2
Yot = l:[l[gnu(t) + Eizv(t)]""‘i='l:ll[ci1u(t) + cipu(1)],

n
where v;e N(i=1,...,m), Y v,=M<n - 2, may be written in an equivalent
i=1

form
2m-1

Yaoi() = [T {[eiu@ + civ()] + [eir1,au() + ¢4 1,20(]° ) %
i=1

n-2 -
x 1 [eiu(t) + c2¥(®)] '
i=2m+1
(up to a multiplicative constant Ce R — {0}).

Since it holds
2m-1i+1

20) = TI {3 [eau(t) + 2?®OF}™ >0
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on the interval I = (— o0, +c0) for all (admissible) choices of constants c;; € R
(i=1,..,2m; j=1,2), then the 2(n — 2)-parametric system of functions (Y})
may have at most » — 2 — M zeros (including their multiplicities) on the interval
(ty, Ty). These zeros — if any at all exist — may be only those zeros of the
2(n — 2m — 3)-parametric subsystem of the functions

n—2

Y:-—m-‘l(l) = rl [eiu() + c;0(0)]
i=2m+1

All such zeros are weakly conjugate points with respect to both simple, mutually

strongly conjugate points *¢,, ! T, of all solutions y(z) relative to (1) from the bundle

Y, 1(t, Cyyeoey Cos )

Thus in case of a general k = n — 1, we may summarize that exactly so many
zeros of any solution y(r) relative to (1) from the bundle Y, _(¢) will lie on the open
interval (¢y, T;) as many — always two by two linearly independent — pairs of
real constants ¢;;eR (i = 1,...,m; m £ n — 2; j = 1,2) exist in the system of
functions

V210 = 1 L@ + s

m
where ¢;; # 0 and where v,;e N (i =1,...,m), Y v; = M < n — 2, denote the
i=1
multiplicities of these zeros. All these points are the zeros (always two and two
linearly independent) of the functions y{(f), obtained in an arbitrary (admissible)
choice of constants ¢;;€R in the corresponding two-parametric subsystems of
functions

Vit €15 €i2) = cqut) + ci0(h),

i =1,...,m, contained in the function system Y;_,(f). All such points with the
multiplicities v;, i € {1, ..., m} will be the weakly conjugate points of the bundle
Y,-.(t) of solutions y(r) relative to (1) with respect to both simple, mutually
strongly conjugate points 't,, !, from this bundle.

The remaining n — 2 — m pairs of constants &; (i =m + 1,...,n —=2; m S
£ n — 3;j = 1,2)in the system Y*_,(¢), for which it holds that the corresponding
four-parametric subsystems of functions

iv/i*(t) = [E“u(t) + EiZU(I)] [5i+1a1u(t) + 5i+1,zv(t)]’

where &, # 0, &44,, # 0, have no zero on the open interval (¢,, T;) must, and
namely in an even number, be complex conjugate.

[Remark: Two ordered pairs of complex constants (&,,, &), (¢34, €;;) are
conjugate if there exist two ordered pairs of real constants (c,4, ¢12), (€23, ¢33),
such that simultaneously

18y = ciy + 3y
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128y + 811822 = 2ceqi€ia + €24C23)

2 2
Ciz2 + €32

Il

is true].

The density of a distribution of zeros

The end summarizing of our considerations on the existence, the number and the
multiplicities of zeros of the functional system Y*_,(¢) — and thus of all solutions
¥(¢) relative to (1) from the corresponding bundle Y, _(f) — on the open interval
(to, Ty), carried out in case of k = n — 1, may analogous be performed in all the
foregoing cases for k € {1, ..., n — 2}. Instead of the summary form of the bundle

Yi(t, Cy, ..., C) = un_k(t) Z Ciuk—i(t) vi_l(t)s
i=1

with the parameters C;eR, i = 1, ..., k; C, # 0, it will be useful to apply the
equivalent product form

Yilt, ¢iy5 €i3) = ut"H() Y:(I, Cits Cia)s (So

where (up to a multiplicative constant Ce R — {0})

k-1
Yt(t, Cit> Ciz) = 1:[1 Leiu(t) + ciu(t)] (Y:)

with — generally complex — constants ¢;; ( = 1, ...,k — 1; j = 1, 2), for which
k-1 k-1
Ci=[lcyeR, ...,C,=]]ciz€R,
k—1 o =t
whereby [Jc, +0foralli=1,.., k- L.
i=1

This enables us to express several theorems on the prescribed number of zeros
of solutions y(f) relative to (1) from the bundles (S,) on the interval (¢,, T) or
{ty, T,»> and especially to decide for which types of the bundles (S,) the number
of zeros belonging to y(¢) of (1) with respect to its order n on the interval considered,
will be extremal.

On the basis of the analysis made for all types of the bundles (S,), ke
e{l,...,n — 1}, with respect to the increasing multiplicity v =n — k of an
arbitrary firmly chosen point t, € I = (— o0, + o), at which the bundles (S,) are
vanishing together with the function u(f) from the basis [u(?), v(r)] relative to dif-
ferential equation (2), we can immediately express the evident following

Statement: The higher is the multiplicity ve {1, ...,n — 1}, ne N, n > 1, of the
point ¢, € I at which all solutions y(f) relative to (1) from the oscillatory bundle (S,)
are vanishing, the less number of weakly conjugate zeros of this bundle may lie on
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the open interval (*#y, *T,), where *T) is the first strongly conjugate point from the
right to the point *z,.
Especially: if v = » — 1, then there lies no zero of the bundle

(S), k=1,  on the interval ("~ 1ty, "7 1T}).

However, the bundle (S;) is not the only bundle of solutions y(¢) relative to (1) for
which it holds that it has no zero on the interval (¢,, 7). All bundles (S,),
ke{l,...,n — 1}, with this property are treated in the following

Theorem 1.: If » = 2m [or n = 2m — 1], then there lies no zero of the
bundle (S,) on the open interval (¢, T;) exactly if ve{l,3,...,2m — 1} Jor
ve{2,4,...,2(m — 1)}], whereby all the ordered pairs of constants ¢;; (i = 1,2, ...,
k — 1;j = 1,2)in (Y}), being of even number, are the two and two correspending
pairs complex conjugate. Then the only zeros of the bundle (S,) of all solutions y()
relative to (1) on the closed interval {t,, T,> are exactly both the boundary
(n — k)-tuple points *~¥zy, *~¥T,. In this case all solutions y(z) relative to (1)
on the interval I = (— oo, + o0) have nothing but (n — k)-tuple strongly conjugate
points, being simultaneously the zeros of the function u(r).

Remark: The conditions stated in the foregoing theorem are at the same time
the necessary and sufficient conditions for the thinnest distribution of zeros ever
possible for the oscillatory solution y(f) relative to (1) on the interval I =
(— 00, + ).

Especially it holds: If the distribution of all zeros of the function u(¢) from the
basis [u(?), v()] of the differential equation (2) is equidistant with the step § =
T, — to [where 1o, T,, Ty > t, are two consecutive zeros of the function u(f)]
on the interval I, then in all cases of the bundles (S,) from the above Theorem,
the distribution of the v-tuple zeros, ve {1, ..., » — 1}, of all solutions y(7) relative
to (1) from the corresponding bundles (S,) on I, are also equidistant and namely
with the same step d.

The following theorem gives the forms of all bundles (S,) of such solutions y(f)
relative to (1) having on the interval (¢y, T;) exactly one zero, weakly conjugate
with respect to both mutually strongly conjugate points *zy, *T;,ve {1, ..., n — 2}.

Theorem 2.: If n = 2m — 1 [or n = 2m], then on the open interval (¢o, ;)
there lies exactly one zero 1* of the bundle (S,) of solutions y(¢) relative to (1)
and namely of multiplicity u = p, exactly if it holds for the functional system (Yy)
in the bundle (S,)

k

—p—1
Y (1) = [egqu(t) + ¢0(0)]° l=_[1 [ciyu(®) + ci0(0)],

where
pe{l,3,...,2m — 3} fork =2q — 1, q=12,....,m -1
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and

[or

and

pef{2,4,...2m =2}  for k = 2, g=12...,m—2
pef{2,4,...,2m = 2)}  for k=12q — 1, g=12...,m—1

re{l,3, ..,2m — 3} for k = 2g, g=12..,m-=2],

whereby ¢;;€R (j=1,2), ¢;5 # 0, and all the remaining ordered pairs of the

complex constants (G, €2), €2 #0 (i = 1,2,...,k — p — 1) are by twos con-

jugate.

Thereby

a) in case of n = 2m — 1 it holds: if the multiplicity v = n — k of the point
toel is odd [evcn], then the multiplicity u of the weakly conjugate point *
is also odd [even],

b) in case of n = 2m it holds: if the multiplicity v = n — k of the point 5 el
is odd [even], then the multiplicity u of the weakly conjugate point r* is even
[odd].

Remark: The conditions expressed in the Theorem above are at the same time
the necessary and sufficient conditions for the forms of the bundles (S,) of all such
solutions y(¢) relative to (1) whose strongly conjugate points alternate with the
weakly conjugate points [i.e. in which the strongly and weakly conjugate zeros
mutually separate].

The question when on the open interval (¢,, T,) there exist weakly conjugate
points of the bundle (S,) of solutions y(f) relative to (1), whereby the multiplicities
of all zeros of such solutions y(f) on the closed interval {(¢,, T,) are the same,
discusses the following

Theorem 3.: If n = 2m — 1 [or n = 2m], then on the interval (*ty, T, ) there
exist weakly conjugate points of the bundle (S,) of solutions y(¢) relative to (1),
having throughout the same multiplicity u= p = v exactly if m < k < 2(m — 1)
[orm + 1 £ k £ 2m — 1] and for the functional system (Y}) in the bundle (S,)

we have
k—s—1

B = [T [ean®) + e T] [0 + Ea®)]

where

pef{l,3,...,m—1}, se{l,...,2m — 3} for kodd, p+k =2m -1
and

pef{2,4,....,m—2}, se{l,...2(m —2)} for keven, p+ k =2m — 1,
[or

pe{2,4,...,m—2}, se{l,...,2(m — 2)} for kodd, p + k =2m
and

pef{l,3,...,m—1}, se{l,...,2m — 3} for k even, p + k = 2m)
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whereby the ordered pairs (c;;, ¢;,) of real constants ¢;;€R, ¢;; #0 (i =1, ..., 5;
j = 1,2) are always two and two linearly independent and all the remaining ordered
pairs (&1, &;;) of complex constants &;,¢, #0 (i=1,...,k —s — 1) are in
(corresponding) pairs conjugate.

Remark: The conditions expressed in the above Theorem are at the same time
necessary and sufficient for the existence of the bundles S(;) of all such solutions y(f)
relative to (1), having both strongly and weakly conjugate points of the same
multiplicity on the whole interval I = (— o0, + o0).

The following theorem discussing the form of the bundle (S,) of solutions y(r)
relative to (1) with the maximal number of zeros is a special case of the above
Theorem.

Theorem 4.: There exists exactly one bundle (S,) of solutions y(¢) relative to (1)
having maximal number of weakly conjugate zeros on the open interval (¢4, T).
The bundle is of the form

Y, () = u(t) Yi(t, ¢iy, €i2)s

where for the corresponding 2(n — 2)-parametric system of functions (YH) it
holds: there exist exactly n — 2 always two and two linearly independent ordered
pairs of real constants ¢;;eR, ¢;; #0, (i =1, ...,n — 2;j = 1, 2), such that

Yi(t cir, 0 = f:[1 Leiu(t) + cipu(0)].

Each from the n — 2 zeros on the interval (¢y, T,) belong always only to one of
the n — 2 functions y(f) obtained in an arbitrary (admissible) choice of constants ¢;
from the corresponding two-parametric subsystem

Vit eiqs €i2) = cqu(t) + ¢;20(1)

being always two and two linearly independent on the interval I = (— o0, + c0).
All these simple zeros are weakly conjugate with respect to both simple, mutually
strongly conjugate points ‘t,, ! T;.

Remark: Theorem 4 expresses the statement on the existence of exactly one
bundle (S,) of solutions y(z) relative to (1) with the maximal density of zeros ever
possible in a solution y(f) of the considerated differential equation of the n-th
order on the interval (¢, T;) — and thus also on the whole intervalI = (— o0, + ).
It appears thereby that all zeros of anyhow solution y(¢) from this bundle — both
the weakly and the strongly conjugate points — have the same lowest possible
multiplicity, i.e. equal to 1.
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Souhrn

ROZLOZENI NULOVYCH BODU RESENI
ITEROVANE DIFERENCIALNI ROVNICE
n-TEHO RADU

VLADIMIR VLCEK

V praci je vySetfovano rozloZeni nulovych bodi oscilatorickych svazkd feSeni
diferencialni rovnice n-tého fadu jistého specialniho typu. K jejich popisu je vy-
uzito pojmi silné resp. slabé konjugovanych bodu feseni, zavedenych v predcho-
zich autorovych pracich. Pfitom se existence, pocet popfip. uspofadani nulovych
bodl vysetfuje na zvoleném intervalu mezi libovolnymi dvéma navzajem silné
konjugovanymi body. Soulasné se fe§i vidy otizka jejich nasobnosti.

V ptislusnych vétach jsou ukazany takové tvary svazka feSeni, ktera maji na uva-
Zovaném intervalu nejmensi resp. nejvétsi hustotu nulovych bodid popfip. kdy
na tomto intervalu jich leZi pfedepsany pocet.

Adresa autora: RNDr. Vladimir Vi¢ek, CSc.,
katedra matematické analyzy a numerické matematiky
pfirodovédecké fakulty University Palackého
Gottwaldova 15
771 46 Olomouc, CSSR

Pesziome

PACITIOJIOXKEHUE HYJIEBBIX TOUEK PEIIEHUN
UTEPUPOBAHHOI'O JUPDPEPEHIMAJIBHOIO
YPABHEHUW A N-TO ITOPA KA

BJIIAAVIMUP BJIIYEK

B pabore M3yuyaeTCcs pACIOJIOKEHHE HYJIEBBIX TOYEK KOJIEOJIOIMXCS NY4YKOB
pewenuii guddepennuansioro ypasHenus N-ro mopsiixa HaBepHO CHELHANBHOTO
Tuna. K MX ONHUCHIBAHWIO WCIOJIG30BaHbl MOHATHS TaK HA3BIBAEMBIX CHJIBHO MIIH
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cnabo CONMPSDKEHHBIX TOYEK PpELIeHWif, BHECEHHBIX BO BHMMaHWe aBTOPOM B €ro
npenbiaynmx paborax. Ilpu 3TOM CyuwecTBoBaHMe, HOMEp WM YIOPSAOUYCHUE
HYJIEBBIX TOYEK M3YyYaeTcsi HA BBIODAHHOM HWHTEpBajie MEXAY JIIOOMMM IOBYMS CO-
CEeJHUMM CHJTBHO COMPSKEHHBIMU TOYkamu perieHuit. COBPEMEHHO PELIaeTCst COBCEM
M BONPOC 00 MX HACOGHOCTBSIX.

B papzexammx TeopeMax moka3aHbl Takue (OpMbI MyYKOB PEIICHUH y KOTOPBIX
HAa YYMTHIBAHHOM HHTEpBajic HamMeHbLIas WM HauOoNbIIas INIOTHOCTH HYJIEBBIX
TOYEK I MX BOIpEX HAHHBI HOMEp HAa TAKOM MHTEpBaJe.
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