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1. Introduction 

Let 
/ = q(t) y, q e C°(R), q(t) < 0 for t e R, (q) 

be an oscillatory equation with an almost periodic coefficient q. Equations of this 
type present a natural generalization of differential equations with a periodic 
coefficient. From the viewpoint of Boruvka's theory of the basic central dispersions 
(see [1], [2]), these equations were first studied in [5]. The basic first kind central 
dispersion (p of (q) describes distributions of zeros in solutions of (q). It was 
proved in [5] that the function (p(t) - t is almost periodic. The distributions of 
zeros of the derivative in solutions of (q) is described by the basic second kind 
central dispersion of this equation. The present paper proves 

Theorem 1. Let (q) be an equation with an almost periodic coefficient q, sup q(t) < 
teR 

< 0 and \j/ be the basic second kind central dispersion of (q). Then the function 
\jj(t) — t is almost periodic. 

2. Basic concepts and lemmas 

Let us say that (q) is an oscillatory equation (on R) if ± co are the cluster points 
of the roots of every (nontrivial) solution of (q). 

A function a e C°(R) is called a first phase of (q) if there exist independent 
solutions u, v of this equation such that 

tg a(t) = u(t)/v(t) for / e R - {t; v(t) =- 0}. 
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Let a be a first phase of the oscillatory equation (q). Let us put cp(t) : = 
a _ 1 [a ( t ) + n . sign a '] , t e R. The function <p is called the basic first kind central 
dispersion of (q). 

A function ft e C°(R) is called a second phase of (q) if there exist independent 
solutions ux, v! of (q) such that 

tg J8(0 = "i(0/Vi(0 for t e R - {/; vi(0 = 0}. 

Let P be a second phase of the oscillatory equation (q). Put \jj(t) : = 
/ ^ [ / K O + 7t . sign/?'], teR. The function \j/ is called the basic second kind 
central dispersion of (q). 

Let a be a first phase of (q). Then there always exists a second phase P of (q) 
such that 

nn < fi(t) - a(t) < (n + 1) 7i, t e R, 

where n is an integer. 
The definitions and properties given below may be found in [1] and [2]. 

Definition 1. ([3]). A function f e C°(R) is called almost periodic if to every e > 0 
there exists a number L (> 0) such that for every X G R there exists at least one 
number % in the interval <x, x -f L), such that 

\f(t + T) - f ( O I < £ fOr leR. 

Lemma 1. ([3]). A function fe C°(R) is almost periodic exactly if from every 
sequence of functions {f(t + hn)}, hn e R, a subsequence of functions may be chosen, 
uniformly converging on R. 

It was proved in [4] that every equation (q) with an almost periodic coefficient q 
is either oscillatory or disconjugate. 

Lemma 2. Let qn e C°(R), Jim qn(t) = q(t) uniformly on every compact interval 
n-> oo 

and let qn(t) < 0, q(t) < 0 for t e R. Then there exist a second phase />„ of (q„) and 
a second phase /? of (q), such that 

lim pn(t) = p(t), Urn p'n(t) = p'(t), 
n-»oo n~* oo 

uniformly on every compact interval. 
Proof . Let u„, vn be solutions of (q„) and u, v be solutions of (q) satisfying 

the initial conditions: u„(0) = u(0) = v'n(0) = v'(0) = 0, u;(0) = u'(0) = vn(0) = 
v(0) = 1. Let US put 

<\t) + v'n\t) u'2(t) + v'\t) 

Since lim (u'n
2(t) + v'n

2(t)) = u'2(0 + v'2^) and lim qn(t) = q(t) uniformly on 
n-»oo w-+oo 

every compact interval, also lim y„(0 = K 0 is uniformly there. Put 

40 



k(t) : = J yn(x) dx, p(t) : = J y(x) dx, t e R. 
0 0 

Then /?„ is a second phase of (qn) and ft is a second phase of (q), both having the 
properties given in Lemma 2. 

Lemma 3. Let the assumptions of Lemma 2 be satisfied. Let next (qn) and (q) 
oscillatory equations, \j/(n) be the basic second kind central dispersion of (qn) and \j/ 
be the basic second kind central dispersion of (q). Then 

lim i//(n)(0 - i/>(0 
J1-* 00 

uniformly on every compact interval. 
Proof . Let /?„ be a second phase of (qn) and /? be a second phase of (q) possessing 

the properties given in Lemma 2 and defined in its proof. Then /?n(R) = R, 
p(R) = R, sign p'n = sign p' = - 1. By Lemma 2 lim jB<°(0 = jg(0(t) uniformly on 

n-»oo 

every compact interval, (i = 0, 1), whence it follows that lim/?"HO = /?_ 1(0 
n-*oo 

uniformly on every compact interval. From this and from the equalities ^in)(t) = 
= PnllPn(t) - TC], \j/(t) = p"llP(t) - n\ then follows the assertion of the Lemma. 

Lemma 4. Let (q) be an equation with an almost periodic coefficient q, sup q(t) < 0. 
teR 

Let \j/ be the basic second kind central dispersion of(q). Then there exists a number 
K > 0 such that 

i/J(t) - t ^ K, t e R . (1) 

Proof. Let q> be the basic first kind central dispersion of (q). According to 
Lemma 3 ([5]), there exists a number L > 0: cp(t) - t g L for t e R. Let a be 
an increasing first phase of (q). Then there exists a second phase /? of (q) and an 
integer n such that 

nn < P(t) - a(t) < (n + 1) 7C, t e R . (2) 

Evidently sign a' = sign /?' = 1 and we get from (1) 

a _ 1 ( t - nn) > p~\t) > a"1 (t - (n + 1) n), t e R , (3) 

and from (2) and (3) we obtain 

p-'[P(t) + 7i] < oT ! [0(0 + 7i - nn~\ < a - J [a ( t ) + 2TI], t e R . (4) 

Since iKO = P'^PiO + n] , <K0 = a _ 1 [a( t ) + TT], we find from (4) that \j/(t) < 
< <?[<P(0] for t e R, and <p[>(0] - t g 2L. Then i>(t) - t < (^[(p(t)] - t g 2L. 
Obviously, it suffices to put K := 2L. 

Before passing to the proof of Theorem i let us demonstrate the validity of 
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Theorem 2. Let q e C2(R), q(t) < 0 for t e R and put q(t):=q(t) + 

+ V~~#tO( — j , l G R. Let (q) be an oscillatory equation and q an almost 
W-4(0 / 

function. Let i/t be the basic second kind central dispersion of(c\). Then the function 
\jj(t) — t is almost periodic. 

Proof. It follows from [1] and [2] that the basic second kind central dispersion 
of (q) is the basic first kind central dispersion of (q). Then immediately follows 
from Theorem 1 ([5]) that the function \jj(t) — t is almost periodic. 

3 Proof of Theorem 1 

To show that \j/(t) — t is an almost periodic function, it suffices —with respect 
to Lemma 1 —to prove that for every number sequence {hn} we may choose from 
the sequence of function {\j/(t + hn) — t — hn} a subsequence uniformly convergent 
on R. According to our assumption, q is an almost periodic function. Consequently, 
we may choose from the sequence {q(t + hn)} a subsequence uniformly convergent 
on R. It may be assumed without any loss of generality that {q(t + hn)} is uniformly 
convergent on R. Let lim q(t + hn) = p(t), t e R. It follows from the assumptions 

n-+oQ 

of the Theorem that p(t) < 0 for t e R and (p) is an oscillatory equation. Let ft 
be a second phase of (q). Then p(t + hn) is a second phase of 

y" = q(t + hn) y. (5) 

Let i/t(n) be the basic second kind central dispersion of (5). It then follows from the 
equalities j8[^(B)(0 + hj = p(t + hn) + n sign P', j8|>(0] = P(0 + TT sign /?' that 
^(«)(0 = ^(t + hn) - hn. Thus, by Lemma 3, the sequence {ij/(t + hn) - / — hn} 
is uniformly convergent on every compact interval. Assume that the sequence 
{\jj(t + hn) — t — hn} is not uniformly convergent on R. Then there exist a number 
a > 0 and increasing sequences of positive integers {k.,}, {rn} such that 

I Htn + ft J ~ h*n - W , + M + ft^ I ̂  A, n = 1, 2, ... (6) 

By Lemma 4, the sequences {iKln + hfcn) — tn — hkn} and { (̂tn + hrn) — tn — hfn} 
are bounded. Therefore, in passing to appropriate subsequences it is obtainable — 
for simplification of writting apply the same notation —that 

lim (ijj(tn + hkn) -tn- hkn) = b, lim (\j/(tn + hrn) - tn - ft J = c, 
H-+O0 M-+0O 

lim c7(. + t„ + hj = p t(0, lim q(l + t„ + hj = p2(t) 
n-*oo «—>oo 

uniformly on R. On account of (6) we see that 

I b - c | ^ a. f g) 

42 



Analogous to the proof of Theorem 1 ([5]) we can prove: pv = p2. Since \j/(t + /„ + 
+ hfen) — tn — hkn is the basic second kind central dispersion of y" = q(t + t„ + hfcn) y 
and ^(t + t„ + hrn) — tn — hrn is the basic second kind central dispersion of y" = 
= q(l + l„ + hrn) j , we get from the equality p{ = p2, from (7) and from Lemma 3 

lim (<K*„ + hkn) -tn- hkn) = lim (ij/(tn + hrn) - fB - hrn), 
n~* oo n-» oo 

and so b = O, contradicting (8). 
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Souhrn 

ZÁKLADNÍ CENTRÁLNÍ DISPERSE 2. D R U H U 
ROVNICE y" = q(t)y SE SKOROPERIODICKÝM 

KOEFICIENTEM q 

SVATOSLAV STANĚK 

Nechť 
f = q(t) y, q e C°(R), q(t) < 0 pro t e R5 (q) 

je oscilatorická rovnice. Základní centrální disperse 2. druhu \j/ rovnice (q) popisuje 
rozložení nulových bodů derivace řešení této rovnice. 

Hlavní výsledek práce je uveden v následující větě: Nechť (q) je rovnice se skoro-
periodickým koeficientem q, sup q(t) < 0 a nechť \p je její základní centrální 

í e R 

disperse 2. druhu. Pak funkce ^(t) — t je skoroperiodická. 
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Резюме 

ОСНОВНАЯ ЦЕНТРАЛЬНАЯ Д И С П Е Р С И Я 
2-ОГО РОДА У Р А В Н Е Н И Я у" - ^{^)у 

С П О Ч Т И - П Е Р И О Д И Ч Е С К И М 
К О Э Ф Ф И Ц И Е Н Т О М ^ 

СВАТОСЛАВ СТАНЕК 

Пусть у" = д(()у9 ^ е С°(К), ^(() < О для г е К, ^ ) колеблющиеся уравнение. 
Основная центральная дисперсия 2-ого рода ф уравнения (^) описывает раз
ложение корней производной интегралов уравнения (ф. Основной результат 
работы: Пусть (я) уравнение с почти-периодическим коэффициеном ^ь 8ир ц{1) < 

Г е К 

< 0 и ^-основная центральная дисперсия 2-ого рода уравнения (ф. Тогда 
функция ф(1) — * тоже почти-периодическая. 
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