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1. Introduction

Let
y' =q)y, qeC°(R), q(t)<0 for teR, (@

be an oscillatory equation with an almost periodic coefficient q. Equations of this
type present a natural generalization of differential equations with a periodic
coefficient. From the viewpoint of Boriivka’s theory of the basic central dispersions
(see [1], [2]), these equations were first studied in [5]. The basic first kind central
dispersion ¢ of (q) describes distributions of zeros in solutions of (q). It was
proved in [5] that the function ¢(t) — ¢ is almost periodic. The distributions of
zeros of the derivative in solutions of (q) is described by the basic second kind
central dispersion of this equation. The present paper proves

Theorem 1. Let (q) be an equation with an almost periodic coefficient g, sup q(t) <
teR

< 0 and V be the basic second kind central dispersion of (q). Then the function
Y(t) — t is almost periodic.

2. Basic concepts and lemmas

Let us say that (q) is an oscillatory equation (on R) if + oo are the cluster points
of the roots of every (nontrivial) solution of (q).

A function a e C°(R) is called a first phase of (q) if there exist independent
solutions u, v of this equation such that

tgo(t) = u(t)/v(t) for re R — {£;0(t) = 0}.

39



Let o be a first phase of the oscillatory equation (q). Let us put ¢(f) :=
a”[a(t) + n.signa’], t € R. The function ¢ is called the basic first kind central
dispersion of (q).

A function f e C%R) is called a second phase of (q) if there exist independent
solutions u,, v, of (q) such that

tg B(t) = wi(t)/vy() for e R — {t;01(1) = 0}.

Let B be a second phase of the oscillatory equation (q). Put ¥(t) :=
B B(t) + n.sign B'], t€R. The function  is called the basic second kind
central dispersion of (q). '
Let o be a first phase of (q). Then there always exists a second phase f of (q)
such that
nt < B(t) —alt)y <(m + D, teR,

where 7 is an integer.
The definitions and propertics given below may be found in [1] and [2].

Definition 1. ([3). 4 function fe C°(R) is called almost periodic if to every ¢ > 0
there exists a number L (> 0) such that for every x € R there exists at least one
number < in the interval {x, x + L), such that

[ft+ 1) —f(t)l <e  for teR.

Lemma 1. ([3]). 4 function fe C°(R) is almost periodic exactly if from every
sequence of functions {f(t + h,)}, h, € R, a subsequence of functions may be chosen,
uniformly converging on R.

It was proved in [4] that every equation (q) with an almost periodic coefficient ¢
is either oscillatory or disconjugate.

Lemma 2. Let g, € C°(R), lim q,(t) = q(t) uniformly on every compact interval

and let q,(t) < 0, q(t) < O for t € R. Then there exist a sccond phase p, of (q,) and
a second phase B of (q), such that
lim B,(1) = B(t),  lim (1) = B'(1),
uniformly on every compact interval.
Proof. Let u,, v, be solutions of (q,) and u, v be solutions of (q) satistying
the initial conditions: u,(0) = u(0) = v,(0) = v'(0) = 0, u,(0) = ¥'(0) = v,(0) =
v(0) = 1. Let us put

9. (1) 1= 90 ) teR.

Pult) 1= ———u;z(t) T -

w(t) + v'3(1)’

Since lim (u/2(1) + v2(1)) = w(t) + v"*(t) and lim g,(t) = ¢(t) uniformly on

n=w n= oo

every compact interval, also lim y,(t) = ¥(t) is uniformly there. Put

n—w
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B = [0 dx, ()= y J)dx,  feR.

Then B, is a sccond phase of (q,) and f is a second phase of (q), both having the
properties given in Lemma 2.

Lemma 3. Let the assumptions of Lemma 2 be satisfied. Let next (q,) and (q)
oscillatory equations, V,, be the basic second kind central dispersion of (q,) and
be the basic second kind central dispersion of (q). Then

lim (1) = ¥(1)
uniformly on every compact interval.
Proof. Let f8, be a second phase of (q,) and f be a second phase of (q) possessing

the properties given in Lemma 2 and defined in its proof. Then B.(R) = R,
B(R) = R, sign B, = sign f’ = —1. By Lemma 2 lim ¥(t) = p(¢) uniformly on

n-— o

every ccmpact interval, (i = 0, 1), whence it follows that lim Bl ) = ()

uniformly on every compact interval. From this and from the equalities ¥,,(t) =
= B, '[B(t) — =], ¥(t) = B~*[B(t) — =] then follows the assertion of the Lemma.

Lemma 4. Let (q) be an equation with an almost periodic coefficient q, sup q(t) < 0.
teR

Let \ be the basic second kind central dispersion of (q). Then there exists a number
K > 0 such that

() —t £ K, teR. m

Proof. Let ¢ be the basic first kind central dispersion of (q). Accerding to

Lemma 3 ([5]), there exists a number L > 0: ¢(t) — t < L for te R. Let « be

an increasing first phase of (q). Then there exists a second phase f of (q) and an
integer n such that

nn < B(t) — a(t) < (n + D, teR. 2
Evidently sign o’ = sign §’ = 1 and we get from (1)
a 't —nn) > BNt) >t (t - (n 4+ D)), teR, 3)
and from (2) and (3) we obtain
BBW + 1] <« '[B(t) + m — nn] < o [alt) + 27], teR. 4)

Since Y(1) = B[B(1) + =], (1) = «™[a(t) + =], we find from (4) that Y(1) <
< @[e()] for teR, and ¢[(t)] — t < 2L. Then Y(t) — t < ¢[e(t)] — t < 2L.
Obviously, it suffices to put K := 2L.

Before passing to the proof of Theorem I let us demonstrate the validity of
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Theorem 2. Let ge C*(R), ¢(t) <0 for teR and put §(t):= q(t) +

+ \/‘QU)(?/—JW) , teR. Let (q) be an oscillatory equation and § an almost
—q
JSunction. Let \y be the basic second kind central dispersion of (q). Then the function
W(t) — t is almost periodic.
Proof. It follows from [1] and [2] that the basic second kind central dispersion
of (q) is the basic first kind central dispersion of (q). Then immediately follows
from Theorem 1 ([5]) that the function ¥(t) — ¢ is almost periodic.

3. Proof of Theorem 1

To show that y(r) — ¢ is an almost periodic function, it suffices —with respect
to Lemma 1—to prove that for every number sequence {#,} we may choose from
the sequence of function {Y(t + 4,) — t — h,} a subsequence uniformly convergent
on R. According to our assumption, ¢ is an almost periodic function. Consequently,
we may choose from the sequence {¢(¢ + 4,)} a subsequence uniformly convergent
on R. It may be assumed without any loss of generality that {g(¢t + A,)} is uniformly
convergent on R. Let lim ¢(r + h,) = p(t), t € R. It follows from the assumptions

of the Theorem that p(r) < 0 for 1€ R and (p) is an oscillatory equation. Let
be a second phase of (q). Then fi(t + /,) is a second phase of

Y= q(t + hy)y. (5)

Let ¢, be the basic second kind central dispersion of (5). It then follows from the
equalities B[ (1) + h,] = Bt + h,) + msign B, Bly(1)] = () + msign p that
Ym(t) = ¥(t + h,) — h,. Thus, by Lemma 3, the sequence {y(t + h,) — t — h,}
is uniformly convergent on every compact interval. Assume that the sequence
{Y(t + h,) — t — h,} is not uniformly convergent on R. Then there exist a number
a > 0 and increasing sequences of positive integers {k,}, {r,} such that

Wty + he) = b, — Wt + h) +h, | Za, n=1,2, . (6)

By Lemma 4, the sequences {y(t, + ) — t, — h, } and {y(t, + h,) — t, — h, }
are bounded. Therefore, in passing to appropriate subsequences it is obtainable —
for simplification of writting apply the same notation —that

lim (1, + he,) = tn — ) = b, lim(Y(t, + b)) =1, — h,) = c,

lim g(t + t, + k) = py(1), lim g(t + t, + h,) = p,(1)

uniformly on R. On account of (6) we see that

[b—c|za (8)
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Analogous to the proof of Theorem 1 ([5]) we can prove: p, = p,. Since (¢ + ¢, +

+ hy,) — t, — by, is the basic second kind central dispersion of y" =g(t + 1, + h,) y

and (¢t + t, + h,) — t, — h,_ is the basic second kind central dispersion of y” =

=q(t + t, + h,) y, we get from the equality p, = p,. from (7) and from Lemma 3
lim (l//(tn + hk,,) - zn - hk,.) = llm ('Il(tn + hrn) - ,n - hr")’

n— oo n-*oo

and so b = ¢, contradicting (8).
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Souhrn

ZAKLADNIi CENTRALNI{ DISPERSE 2. DRUHU
ROVNICE y” = ¢(f) y SE SKOROPERIODICKYM
KOEFICIENTEM ¢

SVATOSLAV STANEK

Necht
Y =qt)y, qeC°R), ¢q(t)<0 proteR, @

je oscilatoricka rovnice. Zakladni centralni disperse 2. druhu  rovnice (q) popisuje
rozloZeni nulovych bodt derivace feSeni této rovnice.
Hlavni vysledek prace je uveden v nasledujici vété: Necht (q) je rovnice se skoro-

periodickym koeficientem ¢, sup ¢(r) < 0 a nechf ¢ je jeji zakladni centralni
teR

disperse 2. druhu. Pak funkce y/(¢) — ¢ je skoroperiodickd.
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Pesiorte

OCHOBHAS LIEHTPAJIbHAS JUCIIEPCHUSA
2-OTO POJIA YPABHEHUS y" = q(1)y
C TTIOUYTHU-TIEPUOANUYECKUM
KOO DUILIMEHTOM g¢

CBATOCJIAB CTAHEK

Iycts y" = q(1)y, g € C°(R), q(f) < 0 nua ¢ € R, (q) Koyebmomyecs ypaBHeHue.
OcCHOBHAsl [EHTPANbHAS TUCHEPCUs 2-0T0 pona \/ ypaBHeHus (q) ONHCHIBAET pas-
NoXeHHe KOpHEH NIpou3BoAHON muTerpanos ypasHenus (q). OCHOBHOM pe3yibrar
paboTsi: ITycTh (q) yPaBHEHHE C TIOYTH-MIEPHOINYECKUM KOIPDHIMEHOM ¢, SUP q() <

teR

< 0 ® \y-OCHOBHAs UeHTpanbHas mucmepcus 2-oro popa ypasuenus (q). Torna
byskuEs Y(t) — t TOXe HOUTH-NIEPHOMYECKAS.
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