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ON ALGEBRA-LATTICES

JIRI RACHUNEK
(Received March 31th, 1983)

O. STEINFELD in [1] studies absorbents of elements of groupoid-lattices.
This note generalizes some results of [1] for algebra-lattices.

1. We say that A = (4, F, <) is an ordered algebra if

(1) (4, F) is an algebra with a set F of finitary operations;
(The set of all n-ary operations of F (n € N) is denoted by F,.)

(2) (4, £)is an ordered set;

() a; < a/ implies flay, ..., @—1, a5, Qi1 o5 @) = flag, ..., q;-1, 0], 141,

..,a,) forallneN, feF,, a,,...,a,-1,a;,a;,0,41,...,a,€ A.

2. An ordered algebra A = (4, F, £) is called an algebra-lattice if

@ fla,...,a)Saforalln>1,feF, ac4d;

(5) (A4, =£) is a complete lattice;
(We shall denote the smallest element of this lattice by o, the greatest element
by e.)

6) fe,...,e,o0,e,...,e) =oforalln 21, feF,,ie{l, ..., n}.

NS
i — 1 times

Throughout the paper, A = (4, F, <) always mean an algebra-lattice.

3. Note. a) It is clear that f(a,, ..., d;_;,0,8i4y, ..., a,) = 0 for all n 21,
SeF, ie{l,...,n},ay, ....,@_{,a541,...,0a,€A.

b) If nx1, feF,, aj,...,0;_1,0qi4(>...,a,, 0,€ A, ye ', then for any i€
e{l, ..., n}

fay, ..,ai-y, Nby, iy, .c,a.) < AN flay, ...,ai-4, by, 0004, ..., a,),
yel vel

f(a17 ey @i—yqs v by’ Aiv1s ~~'aan) g Vf(al’ vy Aimgy b79 Aitv1s ---9an)'
yero vell

4.2a) Let fe F,,ie{l, ...,n}. Then an element b € 4 is called an f(V-absorbent
of an element ae A if b < a and f(a, ...,a,b,a,...,a) < b.
N s

i — 1 timeg
b) bis called an f-absorbent of aif bis an f().absorbent of a foreach i e {1, ..., n}*



¢) bis called an f~quasiabsorbent of aif b < aand A f(a, ...,a,b,a,...,a) £ b.
i=1 ———
i — 1 times
5.a) An element b e A4 is called an absorbent of an element ae A if b is an
f-absorbent of a for each fe F.
b) b is called a gquasiabsorbent of a if b is an f~quasiabsorbent of a for each
feF.

6. Note. By the definition of an algebra-lattice and by 3, it is clear that 0 and a
are absorbents of a for each a e 4.

1.If feF,and if b; (i = 1, ..., n) is an fP-absorbent of an element a € A, then
A b, is an f~quasiabsorbent of a.

i=1
Proof. Itis

b,

i

>=

Af(a,. ,a,/\b,,a,. ,a)</\f(a a,bj,a,..,a)=s

N e =

i=1

j — 1times j — 1times
8.2) If feF, ie{l,..,n} and if b, (yeI') are f-absorbents (f-absorbents,

Jf-quasiabsorbents) of an element a € A, then A b, is an f)-absorbent (an f-absorbent,
vel
an f-quasiabsorbent) of a.

b) If b, (y € T') are absorbents (quasiabsorbents) of an element ac A, then A by
yel
is an absorbent (a quasiabsorbent) of a.

Proof. It holds
f@,....,a,Ab, a,..,a)< f(a,...,a,b,,a,...,a) < b

Y
S—————ye I’

i — 1times i — 1 times
for each y € I', hence
f(a9 (ERE] a9 A b),, a, ceey a) é A b}"
—"’_‘—"YEI' vel
i — 1 times
The remainder parts can be proved analogously.

9.IffeF,and if b, (i = 1, ..., n) is an fD-absorbent of an element a A, then

flby, ..., b) < A Db,
i=1
Proof. It holds

f(b17 "-9bl—-17 bi7 bi+l’ ceey bn) éf(‘h [EEEY a, bi’ av ceey a) é bi
i— 1 times

for each ie {1, ..., n}, thus f(by, ..., b,) < /"\bi.
[E%]



10. a) Let fe F,, ie{l, ..., n}. We say that an element a € 4 satisfies the con-
dition (P, if for each f()-apsorbent b of a and for each element x < a of 4,
f(b, ..., b, x,b, ..., b) is an f(-absorbent of a.

e —
i—1times

b) Let fe F,. We say that a € 4 satisfies the condition (P,) if a satisfies the
condition (P;«) for each ie {1, ..., n}.

c) We say that a € 4 satisfies the condition (P) if a satisfies the condition (P,)
for each fe F.

11. If fe F, and if an element a € A satisfies the condition (Py), then the following
conditions are equivalent:
(1) a has exactly the trivial f-quasiabsorbents (i.e. o and a) and f(a, ..., a) # o.
(2) a has exactly the trivial fP-absorbents for eachie{l, ..., n} and f(a, ..., a) # o.
3) fla, ...,a,x,a,...,a) = a for each 0o # x < a and for each ie{l, ..., n}.
[N —)
i—1 times
(4) For each i€ {l,...,n}, any fP-absorbent x of a is f-idempotent (i.e.
f(x, ..., X) = X) and for each fD-absorbents b # o, b’ # o0, bY # o0 of a,
FOP, b0, b0, b0y = f(BY, ., b9, B, bY, ., b))
[T —— — !
i — 1times i — 1times
implies b = b,
Proof. 1 = 2: Trivial.
2 = 3: Since q satisfies the condition (P)), f(a. ..., a, x, a, ..., a) is an fP-ab-
[ —)

i—1times
sorbent of a, hence it is equal to o or a. Let f(a, ..., a,x,4,...,a) = o.
—
i— 1 times
Then x is an f()-absorbent of a, and so f(q, ..., a) = o, a contradiction. There-
fore f(a, ...,a, x,a, ..., a) = a. 4
e
i— 1 times

3 = 1: Let 0 # b be an f-quasiabsorbent of 4. Then

n
a=Af(,..,a,ba, .. a)<h,
i=1  ———
i — 1times
hence b = a.

2 = 4: Trivial.
4 = 2: Let 0o # b be an f().absorbent of a. Then f(b, ..., b) = b and

fb, ....b) £ f(@, ..., a, b, g, ...,a) < b.

i—1times



Consequently
Fby o BB, by oy B) = f(ay ..., @, b, B o> D)
[S———

Nl
i—1 times i—1 times

hence b = a.

12. Let fe F,, ie {l, ..., n}. Then an f.absorbent (an f-quasiabsorbent) b of
an element a € A is called minimal if b is a minimal element in the ordered set of

all non-zero f()-absorbents (f-quasiabsorbents) of a.
13. Let f € F,, let an element a € A satisfy the condition (Py) andlet b; (i=1, ..., n)
be a minimal fV-absorbent of a. Then b = A b, is either equal to o or it is a minimal
i=1
Jf-quasiabsorbent of a.
Proof. Let b # o. Then by 7, b is an f~quasiabsorbent of a. Let 0 < b’ < b
be an f-quasiabsorbent of a. Since a satisfies (Py), f(a,...,a,b’,...,a) is an
i—1 times
f®-absorbent of a and f(a,...,a,b',a,...,a) < f(a, ..., a b;,a,..,a) £b,.
N -
i—1 times i—1 times
Hence f(a, ..., a,b', a, ..., a) is equal to o or b;. In the first case, b’ is an f(-ab-
[SR—

i—1times
sorbent of @ and 0 < b’ < b < b;, a contradiction. Thus f(a, ...,a, b, a,...,a) =
——
i—1 times

= b;. This implies

b=Ab=Af@..,ab,a .. ,a)<b,
N !

i=1 - il
i — 1times
a contradiction.

14. Let feF,, ie{l,..,n},a,by,...,b;_y,b;,q,...,b,€ A. We shall denote
by (@:by, ..., bi_y, bis1s ...y b)yw such element of 4 that x < (a tby, .,
bi_1sbis1s s by if and only if f(by, ..., 0,_,, x,b,,,, ..., b)) < a for each
element x € 4.

(@:by, ...;bi_y,bir15 -5 b)) is called an fD-division of a and by, ..., b,_,,
bi+l’bn'

15.a) Let fe F,, i€ {1, ...,n}. Then A is called an f)-division algebra-lattice
if there exists an f()-division of any a and by, ..., b;—y, b; 415 ---, b, Of 4.

b) U is called an f-division algebra-lattice if W is an f)-division algebra-lattice
for eachi =1, ..., n.

¢) W is called a division algebra-lattice if W is an f~djvision algebra-lattice for
each fe F.



16. a) Let fe F,,ie {1, ..., n}. Then we say that W is an fD-complete distributive
algebra-lattice if

f(a19 -~'9ai—19v by’ ai+1’ ety an) = Vf(al’ ey ai-l, by’ ai+1’ ...,a,,)
yel vel

for each ay, ooy @y 1, Aj41s oos Ay, by (yeTI') of A.

b) If f€ F,, then we say that W is an f~complete distributive algebra-lattice if A
is an f-complete distributive algebra-lattice for each i = 1, ..., n.

c) We say that W is a complete distributive algebra-lattice if U is an f~complete
distributive algebra-lattice for each fe F.

17. W is a division algebra-lattice if and only if W is a complete distributive algebra-
lattice.

Proof. “=”: Let % be a division algebra-lattice, fe F,, ie {l, ..., n}, ag, ...,
Ay 15 Aypqs -5 Ay, by (€ T) of A. Let us suppose that ¢ is an element of 4 such
that f(a,, ..., a;_4, by, a;11, ..., a,) = ¢ for each yeI'. Then b, £ (c:ay, ...,
Ai—1,8;41, - Q) pr for each y e I'. This means that

V bV é (C g, ., Ai—15i415 -5 an)f(l')
yel

hence we obtain

f(al’ ""ai-—l,vbysai-l-la -~~’an) é ¢,
vel

therefore A is f)-complete distributive. Since f is an arbitrary operation of F,
A is a complete distributive algebra-lattice.

“«: Let A be a complete distributive algebra-lattice, fe F,, ie{l, ..., n},
a, by, ....b;_1,b;yy,...,b,€A. Let ¢, (yeT) be all elements of 4 such that
fby, oosbiy, 00,044, ...,b,) £ a.

Then
fby,oisbimy Ve, bigys s b) =V f(by, ... biogs¢, 405 .., b)) S a,
yel yel
hence

f(bl 5 eeny b.’—l! VC),, b,-+1, ceey bn) = (a . bl’ esey bi—l’ bi+15 ciey bn)f(‘)'

yel

This means that 9 is a division algebra-lattice.
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Souhrn

O SVAZOVYCH ALGEBRACH

JIRT RACHUNEK

V ¢lanku jsou studovany absorbenty prvkid ve svazovych algebrich. Je tim
dosaZeno zobecnéni vysledki ziskanych O. Steinfeldem pro svazové grupoidy.
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Peziome

K PELIETOYHBIM AJITEBPAM
. PAXYHEK
B craTtbhe paccMaTpHBAIOTCS abCOPOEHTH! 3J1EMEHTOB B pELIETOYHBIX airebpax.

OTuM gocturaercs o6o0uieHns pe3ysibTatos moaydendsix O. Mreindensaom ans
PEeLIETOYHBIX I'PYIIIOH/IOB.
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