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ON THE FUNDAMENTAL INEQUALITY IN LOCALLY
MULTIPLICATIVELY CONVEX ALGEBRAS

DINA STERBOVA

(Received March 26, 1982)

In this paper we will show a characterization of a complete Hermitian
locally multiplicatively convex in general non commutative algebra
with a not necessarily continuous or projective involution.

1. Introduction

The notion of seminormed algebra was introduced by R. Arens as a natural
generalization of Banach algebras. They are called locally multiplicatively convex
algebras by E. A. Michael [3]. Several properties of Banach algebras have been
proved also for semi-normed algebras [3], [7], [8], [10]. V. Ptak [6] recognized

" the importance of the function p(x) = | x*x |12, the square root of the spectral
radius of the element x*x. The inequality | x |, < p(x) as V. Ptak proved gives
a full characterization of Hermitian Banach algebras with an involution. The
present author generalized this result for seminormed algebras with a projective
involution in [8]. The aim of this paper is to obtain the same result if the projective-
ness of the involution is not assumed.

2. Preliminaries

The reader is assumed to be familiar with the basic concepts concerning topo-
logical algebras, namely the Banach algebras, including spectra, Gelfand representa-
tion theory etc. All of them, as well as proofs, can be found in [1] for Banach

algebras and in [3], [10], for the semi-normed case. Let us recall now some nota-
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tions and facts which we shall use in this paper. An invodution defined on algebra
A is a mapping x—> x* of 4 onto itself such that the following for each pair x, y € 4
and for each complex 4 holds:

(i) x** = x,

(i) (Ax)* = Ax*,

(i) (x + )* = x* + p¥,

(iv) (xp)* = p*x*.
A *-algebra is an algebra endowed by an involution. An element x € 4 is said
to be regular, (selfadjoint) respectively, if it holds that there exists an inverse to x
(x = x%*), respectively. A topological algebra is said to be seminormed, or locally
multiplicatively convex if its topology can be given by means of a family {¢,}qcx
of submultiplicative semi-norms on A which separate points of 4. The class of all
locally multiplicatively convex algebras will be denoted by LMC. The spectrum
of an element x € 4 will be denoted by o(x). If it is necessary to specify the algebra
with respect to which the spectrum is taken, we shall use the notation o(4, x).
The spectral radius of an element x € 4 is denoted by | x |, and it is defined as
| x|, =sup {| u|: pea(x)}. Let us mention that the last expression is not ne-
cessarily finite if A4 is semi-normed. The wunit element of A will be
denoted by e and will be ommited in expressions like 4 — x. If we set N, = ker ¢,
for some « € X we obtain a closed ideal in 4. Let 4, denote the Banach algebra
obtained by the completion of the normed algebra (4/N,, g,). By =, we denote the
natural homomorphism from A into 4,. Let us denote by = the mappingn : 4 —
= [ 4as (%) = (m(X))ge s Where [] 4, is the Cartesian product of spaces {4,}

ael acl

endowed by the product topology and coordinatewise defined operations. This
map is a topological isomorphism. If A4 is complete, the image n(A4) is a closed
subalgebra in [T 4,.

ael

Let now A4 be a complete algebra from LM C with a system of seminorms {q,},cx
as mentioned above. Write o < f for each pair o, f € X if g, is continuous with
respect to g,. This relation makes from Z a directed set. If o < 8 we define
a map 7,, from the algebra (4/Ny, q,) into (4/N,, q,) by m,p(n4(x)) = m(x). This
map is a continuous homomorphism of 4/N; onto A/N. and thus it can be extended
by the unique way to continuous homomorphism of A4, into 4 . This extended
mapping will be also denoted by 7,,. It is obvious that for each «, f, y € X such
that o < f8 < v yields 7, = 7m,;7z,. So We obtained a projective system of Banach
algebras (4,, e e X) with respect to the set of continuous homomorphisms
(745, @ < fB) and it is a welknown fact [3], [10] that n(4) = lim A, where the last

R

ae X

term denotes the projective, or inverse limit of the system {4,},.s. We can obviously

identify 4 and the last projective limit. This yields that an element x € 4 is regular

in A iff for each o € X its projection 7,(x) is regular in 4, and so the equality

o(x, A) = |J o(x, 4,) holds. For the spectral radius | x |, = sup | m,(x) |, where
a

aeZ
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the last is taken for each o € X in the algebra 4,. We got that the spectrum o(x, 4)
is a nonempty, in general unbounded set of the complex plane. The mentioned

topological isomorphism yields also that a generalized sequence (X.)qcx €[] 44
aelX

belongs to A iff for each pair a, f < X such that a < Br,g(xp) = x,.

The set of all regular, selfadjoint, normal elements of a *-algebra 4 will be
denoted by R(A4), H(A), N(A), respectively. For any set S< A4 let S* =
= {x*e€ 4 : xe S}. If the elements of S U S* are pairwise commuting we say S
is a normal set. We shall make a substantial use of the welknown fact that each
normal subset S of the LMC *-algebra A is contained in a maximal closed com-
mutative *-subalgebra C = 4 and for each x € C o(x, C) = o(x, 4).

3. Characterization of Hermitian complete LMC algebras

In this part we shall characterize the Hermitian complete LM C algebras possess-
ing the unit element by a set of inequalities concerning spectra which correspond
to the V. Ptak’s fundamental inequality for the case of the algebra being a Banach
algebra.

3.1. Definition: The *-algebra A is said to be Hermitian if the spectrum &(x)
is real for each x € H(A).

3.2. Note: Let 4 be a- LMC *-algebra, {g,},.; the corresponding family of
seminorms, x an arbitrary element of 4. If no confusion is possible we shall use
the following notations: for each a € Z7,(x) = x,, | 7 (x) |, = | x|%, p(m(x)) =
= p,(x). Recall now a version of a square root lemma which we shall use in our
next considerations. For the proof and other facts on square roots we refer the
reader to [9].

3.3. Lemma: Let 4 be a Banach *-algebra and let x € 4. Let us suppose that
o(x) >0 and | x|, < 1. Then there exists the unique square root ae 4 with
a positive spectrum and, moreover, there is a € B(x), where B(x) denotes the least
closed commutative subalgebra of 4 generated by the element x.

Now we are able to state the main result.

3.4. Theorem: Let 4 be a complete LMC *-algebra possessing the unit element e.
Let {g,}qcz be the corresponding family of seminorms on 4. Then the following
conditions are equivalent:

(i) the algebra A4 is Hermitian,

(i) | (%) |, € p(my(x)) = po(x) for each x € N(4) and for all x € X.

Proof:

@) — (b): '
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Obviously, it is sufficient to show that for each y € N(4) and each complex A
such that | A| > p,(») the element (4 — »), is regular in 4,. Without any loss of
generality it is sufficient to show that if for any x € N(A4) there is p,(x) < 1 then
the element (e — x), is regular in 4,. It can be easily seen that for each a € Zp,(x) =
= p,(x*). Actually, by the definition we have

P = |x*x[;  and  pi(x*) = |xx*|[;, M
where both (x*x),, (xx*), belong to 4, and so for their spectra v
a((x*3))\0 = a((x*), ¥)\0 = 6((x), (x;)\0 = a((xx%),)\0

and (1) immediately follows. Now we shal show that (e — x), is left regular and
also right regular. This is necessary, because unlike to the case of Banach algebras
the left regularity of x, does not imply the right regularity of (x*), and converse
as the involution need not be projective. The elements (e — xx%*),, (e — x*x),
are positive by assumption and so we have

(e +x*)a(e _x)lz = € —x:xa + ‘x: — Xy =
= Wf + x: — Xy = Wyes + (W¢)~1 (X: — X,) (wa)—l) Was (2)

where w, is the regular and positive square root of (¢ — x*x), w, € B((e — x*x),) <
< A,, existing by 3.3. lemma. By the same way we get

(e - x)a (e - X*)z = (ea - xax::) + x: — Xe = (w;)l + x:‘ — Xy =
= wle, + W71 (X7 = x,) (W) ™) wg, 3

where again the w, € B((e — xx*),) < 4, is the regular positive square root of
(e — xx*),. Now, we can by a unique way write x = & + ik for h, k € H(4) and
the fact x € N(4) implies hk = kh. Further we have x* — x = —2ik and so for
each a e X the spectrum o(x} — x,) is purely imaginary as A4 is Hermitian. We
can easily see that

B(e, — x,x;) = Ble, — (h2 + k2)) = B((h} + k2)). “)

This immediately implies that both square roots w,, w, are limits of corresponding

sequences of polynomials of type Y. ¢,(h? + k2) for suitable integers m, n. As k,
l=m

commutes with each expression of such a type so does w, and w,. Now we shall
use a simple application of the Gelfand transform theory for algebras C(k,, w,),
C(k,, w)), the maximal commutative subalgebras containing the sets {k,, w,},
{k,, w.}, respectively. From the welknown fact that the spectrum of each element a
in a Banach commutative algebra X coincides with the set of all values f(a) where f
runs over the set M(X) where the last term denotes the set of all multiplicative
functionals on X e It easily follows that the spectra

G(W—l(x: - a) wa_l) = {f(wa_l) f(—zlka) ‘f(w;l) :fG M(C(kai wa))}’
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o(w) ™ (¥ = %) W)™ = {A((w)™t . f(=2ik,) . f(w)™T) ¢ fe M(Clk,, w)},

are purely imaginary. This implies the regularity of both expressions in (2) and (3)
and so we proved the left and right regularity of (e — x), required.
Q.E.D.
(i) — @@):
Now let 7 e H(A) and let us suppose that (« + iff) € o(h) for some f # 0, f real.

%e H(A). For each t > 0

It immediately follows that i € o(a), where a =

is (@ + tie) € N(A4) and
agla + tieye(r + 1) i
As a(a + tie) = | ) o,(a + ie) there exists an a € X such that
(1}
[t +1Dil> £ (a+tiel®)? £|(a+ tie)y* (a + tie) |“= | (a + tie)f (a + tie), |, =
=|(a® + 1), |, = |a® + t%e |2 < |a® |2 + 1>  for arbitrary T > 0.
As the inequality 27 + 1 < | a®|* does not hold for each t > 0 we got a con-
tradiction with the compactness of the spectrum in a Banach algebra.
Q.E.D.

OB OYHIAMEHTAJIbHOM HEPABEHCTBE
B IIOJJYHOPMUPOBAHHBIX KOJbIAX

Pesrome
AN

B macTosmeit paboTe XapaKTepH3YIOTCS IOJLHEE MOJyHOPMHUDPOBAHHEIE BIIOJBLHE CHMMETDH-
YECKHE KOoJIblia C e,zmﬂnueﬁ. Hoxa%maeTc;(, YTO KOJIBLIO BIIOJIHE CYMMETPHYCCKO TOrZa M TOJIBKO
TOraa, €CIA st KaXXnoro HOPMAJIBHOT'O 3JIEMEHTA X BBINOJIBHACTCA CHUCTEMA HECPABCHCTB

*
Pa(X) = | X1xa | | X |a,

TAie « mpoferaeT MHOXECTBO MHIEKCOB JH0OO0I OTHEILIIOMEH CHCTEMB! TOIYHOPM JNAHHOTO KOJBLA,
Do 3HAYAT OTBEYAIOLIYIO CHEKTPAIBHYIO HOIYHOPMY H | |, OTBEvarOmMit COEKTPAIbHBIA pagayc.
B pa6oTe He OpeAnosaraeTCs: KOMMYTATHBHOCTS HHBOJLIOLUH.

O FUNDAMENTALNI NEROVNOSTI
V LOKALNE MULTIPLIKATIVNE KONVEXNICH ALGEBRACH

Souhrn

V predloZené praci jsou charakterizovdny obecné nekomutativni Gplné lokalné multiplikativng
konvexni hermiteovské algebry, které maji jednotkovy prvek. Pfitom se nepfedpokldda spojitost
“ani projektivnost involuce. Dokazuje se, Ze nutnou a postacujici podminkou k tomu, aby algebra
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‘byla hermiteovskou, je skute¢nost, Ze pro kazdy normalni prvek x je splnén systém nerovnosti
[ %12 < palx) = (| x*x |)"2,

kde & probiha indexovou mnozinu libovolného vhodného oddélujiciho systému pseudonorem dané
algebry.
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