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CONJUGATE POINTS OF SOLUTIONS OF AN ITERATED 
DIFFERENTIAL EQUATION OF THE Nth ORDER 

VLADIMÍR VLČEK 

(Received March 28,1982) 

In [1] there was introduced the concept of the so-called first conjugate point 
of an arbitrary (nontrivial) solution of the n-th order linear differential equation 

/ n ) (o + E1^+i(Oj'w(o = o, d) 
* = 0 

which is directly connected with the iteration of the second order ordinary linear 
homogeneous differential equation having the form 

y'V) + q{t)y(t) = o, (2) 

where the function q(t)eCin~2\ I = ( — oo, -h oo), weN, n > 1, is understood to 
be q(t) > 0 for all tel. Besides, equation (2) is assumed to be oscillatory in the 
sense of [2], i.e. there exist infinitely many zeros of its arbitrary (nontrivial) solution 
to every t e I, lying both to the left and to the right of the point t. 

In the interest of brevity, differential equation (1) where (generally) 

ak + l(t) = ak + 1[q(t),qX(t),...,q("-2\t)l 

k = 0,1, . . . , n.— 1, will be called the iterated differential equation of the n-th 
order. 

If we denote by [u(0, K0] t r i e basis of the space of all solutions of (2), where 
u(t)9 v(t) are two arbitrary oscillatory solutions of this equation, being linearly 
independent in the interval I, then 

[u*~\t), un~2(t)v(t),...,un-1-k(t)vk(t),...,u(t)vn~2(t), vn-\t)l 
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k = 0, 1,..., n — 1, is a basis of the space of all solutions of (1). Every nontrivial 
solution of the n-th order iterated differential equation (1) is thus of the form 

y(t)=tciu
n-Xt)vi-\t), 

1 = 1 

where C, e R, i = 1,..., n{n e N, n > 1) are arbitrary independent constants 
n 

(parameters) whereby £ C? > 0. Since (1) is of the w-th order, any arbitrary zero 

of each of its (nontrivial) oscillatory solution is of multiplicity v = n — 1 at most. 
In all what follows, we will understand under the solution both of (1) and (2), 

the nontrivial solution, only. 
The definition on the first conjugate point in [1] may be now extended in a natural 

way: 

Definition 1.2: Let t0 e ( — oo, +oo) be an arbitrary firmly chosen point and let 
y(t) be an arbitrary solution of (1) vanishing at the point t0 [we will write % , 
expressing thus that t0 is a v-tuple zero of such a solution, v e {1 , . . . , n — 1}]. 

Then we call by the m-th (m e N) conjugate point from the right [or from the 
left] to the point vt0, the m-th zero of this solution y(t) lying from the right [or 
from the left] to the point vt0; we will write it as fltm [or H _ w ] , where ^ e {1,...,« — 1} 
denotes the multiplicity of such a point. 

In [1] a theorem was expressed and proved in details guaranteeing the existence 
of the first conjugate point to the point vt0 from the right of all multiplicities v e 
e {1 , . . . , n — 1}. We considered thereby a bundle of all solutions of (1) vanishing 
together with the solution u(t) of (2) at an arbitrary firmly chosen point t0 e I. 

In analogy with the remark following Definition 1.1 in [1], it is clear— with respect 
to the existence of the oscillatory bundles of solutions of (1) —that there always 
exists the | m |-th conjugate point fltm e I to any arbitrary point vt0 e I, v = 1,.. . , 
. . . ,« — 1, where m = 0, +1 , +2 , . . . , of multiplicity convenient [ie{l9...9n — 1} 
from the right [for m > 0] or from the left [for m < 0]. 

Remark to conjugate points 

Let t e (— oo, + oo) be an arbitrary firmly chosen point. Then 
1. every point t* e (— oo, + oo) conjugate to t is conjugate to itself (as a zeroth 

conjugate point), i.e. the property of conjugacy of points is reflexive; 
2. if the point t* e (— oo, + oo) is a conjugate point to /, then the point t is also 

a conjugate point to t* (i.e. the property of conjugacy of points is symmetric); 
thus we speak hereafter of mutually conjugate points; 

3. if the point t* e ( — oo, +oo) is a conjugate point to t and t** e ( — oo, +oo) is 
a conjugate point to /, then the point t** is a conjugate point to t (i.e. the property 
of conjugacy of points is transitive). 
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With respect to the possible position of the first conjugate points of various solu­
tions of (1) [where instead of "a set of possible positions of the 1st conjugate point" 
we will hereafter speak of "a set of the 1st conjugate points"] the following theorem 
holds. 

Theorem 1.2: Let t0 e (— oo, + co) be an arbitrary firmly chosen point. Let Y(t) 
be a bundle of all solutions y(t) of (1) vanishing at t0 of the same multiplicity v e 
e{l , . . . ,w - l},weN, n > 1, i.e. Y(v/0) = 0. 

Then the set of all 1st conjugate points % , n e {1, . . . , n - 1} from the right 
to the point vt0 in case of 

1. v = n — 1 is one-point and exactly n~1t 
2. v = n - 2 is an open interval (n~2t0,

 w ^ 2 ) , when exactly 
Xh^r\^2t2\ 

etc. 

n- 1) v = 1 
a) n even: is one-point and exactly it1 or an open interval, whereby fie {1, ..., 

. . . , « - 2}, n > 2, 
b) H odd: is always an open interval, whereby fie {1 , . . . , n — 2}. 

Generally: 
If v = n — fc, 1 < & 5£ #i •— 1, let us distinguish the following two possibilities: 

1. The number « is even 
a) if v is an even number (k even), then the set of first conjugate points % from 

the right to the point vt0 is always an open interval (the position of the first conjugate 
point is not uniquely determined), 

b) if v is an odd number (k odd), then the set of first conjugate points is either 
one-point [the first conjugate point fit1 from the right to the point % is uniquely 
determined, whereby // = v], or an open interval [when the position of the first 
conjugate point % from the right to the point % is not uniquely determined, whereby 
/ze{ l , . . . ,« - 2 } ] . 
2. The number n is odd 

a) if v is an odd number (k even), then the set of first conjugate points fttl from 
the right to the point % is always an open interval [the position of the first conjugate 
points is not uniquely determined, whereby / i e{ l , . . . , n — 2}], 

b) if v is even number (k odd), then the set of first conjugate points is either one-
point [the first conjugate point % from the right to the point vt0 is uniquely determin­
ed, whereby pt = v] or an open interval [the position of the first conjugate point % 
from the right to the point % is not uniquely determined, whereby fie {1 , . . . , « —2}]. 

This theorem —together with the concept of the «-th conjugate point from the 
right to the point t0 introduced in the preceding Definition 1.2—is a consequence 
of Theorem LI [1]. From the statement of Theorem 1.2 it turns out that the 
character (type) of the set of first conjugate points flt1 from the right to the point v/0 
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is the same as in case when the order n of (1) and the multiplicity v e { l , . . . , « — 1} 

of /0 are of the same parity (i.e. either v, \i are even at the same time or they are 

odd at the same time), or they are of a different parity (i.e either n even and v odd 

or conversely). 

Theorem 1.3: Let v/0 e (— oo, + oo) be an arbitrary firmly chosen point wherein 

the bundle Y(t) of all solutions y(t) of (1) of multiplicity v e { l , . . . , n — 2}, n e N, 

n > 2 is vanishing and let the second conjugate point fit2 from the right to the point 
v/ 0 be uniquely determined. Then \x = v and it holds for multiplicity o of the first 

conjugate point at1 not uniquely given because atY e (v/0,
 v/2) that: 

1. if v = n — 2, then o = V 

2. if v = n — 3, then o = 2, 

3. if v = n — 4, then either o = 1 or o = 3, 

4. if v = n — 5, then either <r = 2 or o = 4, 

#2 - 2)if v = 1, then 

a) for n even: either o = 2 or o = 4 or .. . or o = n — 2, 

b) for H odd: either <r = 1 or o = 3 or .. . or o = n — 2. 

The position of the | k |-th (k = ± 1 , ± 2 , . , . ) conjugate point from the right 

or from the left to an arbitrary point /0 e (— oo, +00) is displayed in the following 

generalized 

Theorem 1.4: Let v/0 e (— oo, +00), v e {1,.. ., n — 1}, n e N, n > 1, be an 

arbitrary firmly chosen point and let Y(/) be the bundle of all solutions y(t) of (1) 

vanishing at the point v/0 of multiplicity v. 

Then 

1. every I k |-th conjugate point % , k = ± 1 , ± 2 , . . . , is uniquely given to the 

point n~1t0, whereby \i = n — 1; at the same time there holds the inequality 

1t ^ n ~ l t n - Ь 

2. every 2 J k |-th conjugate point M/2it, k = ± 1 , ± 2 , . . . , is uniquely given to the 

point "~ 2 / 0 , whereby \i = n — 2 and the set of all | 2k + 1 |-st conjugate points 

%fc + i>^ = ± '-J ± 2 , . . . , to the point n ~ 2 / 0 forms an open interval ("~2/2Jt,r2 ~ 2 / M + 2 ) , 

whereby \i = 1; at the same time there hold the inequalities 

*2fc < ł2fc+l < 2̂fc + 2-

3. a) If the first conjugate point % from the right to the point "~ 3 / 0 is uniquely 
given, then the arbitrary | k |-/h conjugate point M/fc, k = ± 1 , ± 2 , . . . , is also 
uniquely given, whereby \i = n — 3; at the same time there holds the inequality 

Һ < 4+i-

b) If the set of all first conjugate points fit1 from the right to the point "~ 3 / 0 

forms an open interval, whereby \i = 2, then the arbitrary 2 [ k |-th conjugate 
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point at2k, k = + 1, +2, . . . , to the point n~3t0 is uniquely given, where a = n - 3. 
The set of all | 2k + 1 |-st conjugate points at2k + l, k = ±1 , +2 , . . . , to the point 
n~3t0 forms an open interval (n~3t2k,

 n~3t2k + 2), where a = 2; at the same time 
there hold the inequalities 

n-3f ^ 2t ^ n-3f 
l2k < l2k+\ < l2k + 2-

c) If the set of all first conjugate points % from the right to the point n"3/0 

forms an open interval whereby \i = 1, then 
Cj) the arbitrary 3 | k |-th conjugate point at3h, k = + 1, +2 , . . . , to the point 

n~3t0 is uniquely determined, where a = n — 3, 
c2) the set of all | 3k + 1 |-st conjugate points %k + 1 , k = +1, +2 , . . . , to the 

point n~3t0 forms an open interval (n~3t3h,
 1t3k+2), where a = 1, 

c3) the set of all | 3k + 2 |-nd conjugate points at3k + 2, k = +1, +2 , . . . , to the 
point w"3t0 forms an open interval (lt3k + 1,

 n~3t3k+3), where o = 1 and there hold 
the following inequalities 

n-3f - lf ^> If ^ n-Zt 
l3k < r3k+i < l3k + 2 < *3fc + 3 

etc. 
Two kinds of points occur among the conjugate points. There are such whose 

position is given by choosingAhe point t0e(—oo, +oo) uniquely. On the other 
side there are such whose position is determined by an open interval (whose boundary 
points are conjugate points again) only. Conjugate points of the latter kind are 
"movable" owing to the arbitrariness (choice) of the parameters occurring in the 
form of the relative bundle Y(t) of all solutions y(t) of (1) vanishing at vt0 of multi­
plicity v e {I, ..., n — 1}. 

This leads us to their mutual distinguishing in the following 

Definition 1.3: Let the points vt0, % e (— oo, +oo), where v,jie {1 , . . . , n — 1}, 
weN, n > 1, k = +1 , +2 , . . . , are conjugate points of a solution y(t) from the 
bundle Y(t) of solutions of (1) vanishing at vt0. 

Let us say that ^tk is a strongly conjugate point to the point vt0 exactly if all 
solutions y(t) from the bundle Y(t) of solutions of (1), v-times vanishing at vt0 are 
vanishing at % as well. 

Every conjugate point to vt0 being not strongly conjugate point to vt0 will be 
called a weakly conjugate point to vt0. 

Thus, it holds by the above definition: the point tke(— oo, + oo), where k = 
= ±1 , ±2 , . . . , is a weakly conjugate point to vt0 e (— oo, + oo), v e ( 1 , . . . , « — 1}, 
if among all solutions y(t) of (1) from the bundle Y(t) v-times vanishing at %, 
there exist at least two such solutions one of which is vanishing at tk while the other 
does not. 

The following two remarks give fuller account of the strongly and weakly 
conjugate points belonging to an arbitrary bundle Y(t) of oscillatory solutions y(t) 
of (1) vanishing at vt0 e (—oo, +oo) being of multiplicity ve{l n — 1}. 
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Remark 1. Let t0 e (— co, + co) be an arbitrary firmly chosen point. 
1. Every point T*e(— co, +co) strongly conjugate to t0 is strongly conjugate 

to itself (the property of the strong conjugacy of points is reflexive), 
2. If T* e (— co, + co) is a strongly conjugate point to t0, then the point t0 is 

also a strongly conjugate point to T* (the property of the strong conjugacy of 
points is symmetric); hereafter, these will be referred to as "mutually strongly 
conjugate points", 

3. If T* e (— co, + co) is a strongly conjugate point to t0 and T** e (— co, + co) 
is a strongly conjugate point to T* (preserving the same multiplicity of the point T* 
possessed in case of the pair of points t0 and T*), then the point T** is a strongly 
conjugate point to t0 (the property of the strong conjugacy of points is transitive). 

Remark 2. Let t0 e ( — co, + co) be an arbitrary firmly chosen point and let t* e 
G (— co, + co) be a weakly conjugate point to t0. Then 

1. t0 is a weakly conjugate point to t* (the property of the weak conjugacy of two 
conjugate points is symmetric), 

2. if t** e (~co, +co) is a strongly conjugate point to t*, then t** is a weakly 
conjugate point to t0. 

3. The property of the transitivity of the weak conjugacy for two pairs t0,t* 
and t*, t** of the mutually weakly conjugate points generally fails (i.e. it does not 
generally follow from the weak conjugacy of t0, t* and t*, t** that t0 and t** are 
weakly conjugate points). 

In the following Theorem will be shown that the multiplicities v, \x of the point 
yt0 e ( — co, + co) and to it strongly conjugate point % 6 (— co, + oo) coincide for 
every value v, fie {1, ...,n — 1} and for all k = +1 , +2 , . . . 

Theorem 1.5: Let vt0,
 ntk e ( — oo, +co), where v, fie {1,...,« — 1}, neN, 

n > 1 and k = +1 , +2 , . . . , be two conjugate points of a solution y(t) from the 
bundle Y(t) of all solutions of (1) vanishing at vt0. 

Then % is a strongly conjugate point to % exactly if 

1. /* = v = n — l , k = +1 , + 2 , . . . , 
2. ix = v = n — 2, whereby k = 2m, m = +1 , + 2 , . . . , 
3. \i = v = n — 3, whereby 

3.1. k = 3m, m = +1 , +2 , . . . , if there exist simple weakly conjugate points to 
*o» h > 

3.2. k = 2m, m = +1 , +2 , . . . , if there exist double weakly conjugate points to 
v / *t 

3.3. k = m, m = +1 , + 2 , . . . , if there does not exist any weakly conjugate points 
to W 

4. /x = v = n — 4, whereby 
4.1. k = 2m or 4m, m = +1, +2 , . . . , if there exist simple weakly conjugate points 

to W only 
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4.2. k = 2m, m = +1 , ±2 , . . . , if there exist triple weakly conjugate points to 
*0> lk> 

4.3. k = 3m, m = +1 , ±2 , . . . , if there exist both simple and double weakly 
conjugate points at the same time to vt0, Hk9 

etc. 
Proof: Let t0 e ( — oo, + GO) be an arbitrary firmly chosen point and let [u(t)9 v(t)] 

be a basis of the oscillatory differential equation (2) such that both functions u(t)9 

v(t) together with their first derivatives u'(t)9 v'(t) satisfy the condition 

u(t0) = v'(t0) = 0 (P) 

at t0 [so that v(t0) # 0, u'(^o) ^ 0]- Let y(t) be such a solution of (1) from the oscilla­
tory bundle 7(0 v-times, v e {1 , . . . , n — 1}, vanishing at t0 (so that % ) . Then it 
follows from statement of Theorem 1.4, applying Lemma 1 from [1] and by Defini­
tion 1.3 on strongly conjugate points that 

1. if v = n — 1, then every zero of the solution y(t) of (1) from the bundle 

Y(t) = WHO, Ci^O 

is a zero of the function u""1^) at the same time and more precisely of multiplicity 
(n — 1). Thus, every | k |-th (k = ±1 , ±2, . . . ) conjugate point *tk to n~1/0 -S 
a strongly conjugate point to it at the same time, whereby fi = n — 1 

2. if v = n — 2, then all zeros of multiplicity (n — 2) of the solution y(t) of (1) 
from the bundle 

7(0 = w"-2(0[Ciw(0 + C2v(0], 

Ct 6 R, i = 1,2, C2 it 0, are zeros of multiplicity (n — 2) of the function un~~2(t) 
at the same time, whereby there always lies exactly one simple zero of the two* 
parametric system of functions 

7*(0 = C!u(0 + C2v(t) 

between every two neighbouring zeros of multiplicity (n — 2) of the solution y(t) 
of(l). 

Thus, every | k |-th (where k = 2m, m = ±1 , ±2, ...) conjugate point % to 
n~2t0 is at the same time a strongly conjugate point to it, whereby \i — n — 2. 

3. If v = n — 3, then it holds for the point n~3l0, wherein every solution y(t) 
of (1) from the bundle 

7(0 = u"-3(0[CiW2(0 + C2u(t)v(t) + C3v
2(0], 

C,eR, i = 1,2, 3, C3 ¥= 0, vanishes at the same time with the function un"3(0 
that every | k |-th [where k = 3m or k = 2m or k = m, m = ± 1, ±2 , . . . ] conjugate 
point % to n~3/0 is to it a strongly conjugate point at the same time, whereby n = 
= 71 — 3. This situation occurs exactly if there exist two simple zeros different 
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from each other [or one double zero or there does not exist any zero] between two 
arbitrary neighbouring zeros of multiplicity (n — 3) of the function un~3(t) of the 
three-parametric system of functions 

Y**(t) = Cu2(t) + C2u(t)v(t) + C3v
2(t). 

4. If v = n — 4, then it holds for the point n~4 l0 , wherein every solution y(t) 
of (1) from the bundle 

Y(t) = u"-4(t)[C!u3(0 + C2u
2(t)v(t) + C3u(t)v2(t) + C4t>

3(0], 

Ci e R, i = 1,..., 4, C4 =£ 0, together with the function un~4(t)(t) vanishes at the 
same time that every | k |-th conjugate point % [where k = 4m or k = 3m or k = 
= 2m, m = ± 1, ±2 , . . . ] to the point "~4/0 is at the same time a strongly conjugate 
point to it, whereby \x = n — 4. This case occurs exactly if there exist three simple 
zeros different from one another [or one simple and one double or exactly one 
simple or exactly one triple zero] between two arbitrary neighbouring zeros of 
multiplicity (n — 4) of the function u"~4(t) of the four-parametric system of functions 

4 

Y***(t) = XCu4"^)^"1^) 
i = l 

etc. 

n — 1) If v = 1, then every solution y(t) of (1) from the (n — l)-parametric bundle 

Y(0 = u(t) [C!u"~2(0 + c2u
n~\t)v(t) + ... + c_2u t)v"-3(t) + C-i"w~2(0]> 

C e R, i = V 2, ..., n — 2, C_ x ^ 0, together with the function u(t) vanishes 
at the point 1t0. All zeros of the function u(t) which are altogether simple, are the 
single strongly conjugate points of every solution y(t) of (1) from this bundle at 
the same time. The existence of zeros of the (n — l)-parametric system of functions 

Y*(0 = Z1ci«"-i-1(0fi"1(0 
i = l 

acting in the bundle Y(t) decides about the existence of further zeros of the solution 
y(t)of(l). ( 

In so far as such zeros exist, they are altogether weakly conjugate points to the 
point 1t0 [and to all zeros of the function u(t) at the same time] and may have 
multiples from 1 to (n — 2) inclusive. 

Thus in case of n e N being odd there always exists at least one zero t* of the 
system Y*(t) on an open interval (%, Tt), where Tt is a neighbouring zero of the 
function u(t) lying to the right of the point 1t0. 

If such a point t* exists exactly one on the interval (1/0, FJ, then the system Y*(t) 
is of the form 

y*(0 = [clU(0 + c2v(t)] "ictu"-1-2^1-1®, 
i=l 
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n-2 

where c, e R,f = 1, 2, c2 # Oand £ Cy"" 1 " 2 ^)^" 1 ^) > O o r < Oon(-oo, + oo). 
i = i 

Let us remark that the system Y*(t)-for the reason of oscillatority of both 
functions u(t) and cxu(t) + c2v(t), linearly independent on (-00, +00)—has by 
one zero of multiplicity 1 also at each open interval (Tk, Tk + 1), k = ±1 , ±2,..., 
Where Tk, Tk + 1 are two arbitrary neighbouring zeros of the function u(t). 

Thus, in this case, all strongly conjugate points of any solution y(t) of (1) from 
the bundle Y(t) of the form 

no = u(t)[Clu(t) + c2v(ofz Ctin-l-\t)J-\t) 
£ = 1 

are %, where k = 2m. m = 0, ±1 , ±2,..., whereby \i = 1. 
Consider a ease, where the system Y*(t) in the bundle Y(t) of the solutions y(t) 

of (1) has exactly (n - 2) simple mutually different zeros /*, . . . , l*_2 on (^0, Tt)~ 
generally: on every open interval (Tk, Tk + 1), where k = 0, ±1 , ±2,... 

Then it is [up to an arbitrary multiplicative constant C e R — {0}] of the form 

Y\t)=Y[ IciAt) + c2Jv(t)l 
1=1 

where cxj, c2j e R, j = 1,...,« — 2; H e N, n > 2, c2j ^ 0 and where any two 
of the functions c1}u(t) + c2jv(t),j = \, ...,n — 2, are linearly independent on the 
interval (—00, +00). 

Then every | k |-th conjugate point litk [where k = (n — \) m, m = ±\, ±2,...] 
to the point 1t0 is a strongly conjugate point to it at the same time, whereby fi = I. 

If, for instance, the system Y*(t) has all its zeros exactly of multiplicity (n — 2), 
then it is [up to an arbitrary multiplicative constant C e R - {0}] of the form 

Y*(t) = [c!u(t) + c2v(lxr2, 
where c, e R , ; - 1, 2, c2 ^ 0 . 

It then holds for all these zeros at*, k = ±\, ±2,..., a = n — 2, that on every 
open interval (Tk, Tk + 1), where Ffc, Ffc + 1 are two arbitrary neighbouring zeros 
of the function u(t) again, there always lies by one of them. 

Hence it holds in this case that \i = 1 for an arbitrary | k |-th strongly conjugate 
point ^tk, k = 2m, m = ±\, ±2, . , . , to the point 1t0 of any solution y(t) of (1) 
from the bundle Y(t) = u(t) Y*(t). 

In this way we could continue considering the occurence of all possible zeros 
of the system Y*(t) from the (n — l)-parametric bundle 

Y(t) = u(t)ZCiu
n-i-\t)vi-1(t), 

* = 1 

C^eR, Cn_x 7-̂  0, i = 1,..., n — \;neN,n > V of all solutions y(t) of (1) vanish­
ing together with the function u(t) at the point % . Thereby we could consider 
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these zeros of corresponding multiplicities (and all their admissible combinations 
at the given even or odd n e N) from 1 to (n — 2), n > 2. 

But, in all such cases, we are led to the same conclusion, namely that the single 
strongly conjugate points %, k = 0, ±1 , ±2 , . . . , of the corresponding solutions 
y(t) of (1) from the bundle Y(t) are simple zeros of the function u(t), whereby \i = 1. 

n - l 

If the (n — l)-parametric system of functions Y*(t) = £ Ciu
n~i~1(t)vi~1(t) has 

no zeros on the interval (— oo, +00) [which may occur at the given even neN, 
n > 2], then the single zeros of any solution y(t) of (1) from the bundle Y(t) = 
= u(t) Y*(t) are exactly all simple zeros of the function u(t), only, being mutually 
strongly conjugate. 

It becomes apparent from the proof of Theorem 1.5 that all types of bundles Y(t) 
of solutions y(t) of (l)-with respect to how they were selected, see condition (P)~ 
are mutually vanishing at the zeros of the function u(t) and namely of multiplicity 
determined by the corresponding exponent of the function u(t). The strongly 
conjugate points of all these bundles coincide, whereby the multiplicity of all 
strongly conjugate points of the same bundle is the same. 

All the bundles Y(t) of the oscillatory solutions y(t) of (1) introduced, mutually 
differ by the multiplicities of their strongly conjugate points. Moreover, this 
difference is given by the possible existence of further zeros (weakly conjugate 
points) of the bundles Y(t) of solutions of (1), lying always on the open intervals 
between two neighbouring strongly conjugate points. 

The occurence of weakly conjugate points of the bundles Y(t) of the oscillatory 
solutions y(t) of (1) is summarized in 

Theorem 1.6: Let vt0e(— 00, + 00) be an arbitrary firmly chosen point of multi­
plicity ve{ l , . . . , » — I}, neN, n > 1, wherein all bundles Y(t) of oscillatory solu­
tions y(t) of (1) are vanishing. Then 

1. no weakly conjugate points exist to the point"~ 1tQ (hence for k = ± 1, ± 2 , . . . 
every point % conjugate to n~it0 is strongly conjugate), 

2. there always exist weakly conjugate points to the point n~2t0, every exactly 
of multiplicity v = 1, 

3. either no weakly conjugate points exist to the point n~3f0 or they exist either 
all of multiplicity \i = 1, or all of multiplicity \i = 2, 

4. there always exist weakly conjugate points to the point w~4t0 either all exactly 
of multiplicity fi == 1, 

or all exactly of multiplicity ^ = 3, 
or they are of multiplicity \L = 1 or /* = 2, 

11 — 1) a)In case of an even neN: weakly conjugate point to the 

point 1/0 do not exist, 
or all are of multiplicity /* = 1, 
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or are of multiplicity \x = 1 or \i = 2, 
or are of multiplicity \i = 1 or \i = 3, 

or all are of multiplicity \i = n — 2, 

b) In case of an odd « e N : weakly conjugate points always 

exist. They are either 
all of multiplicity \i = 1, 
or they are of multiplicity \i = 1 or \x = 2, 
or all are of multiplicity JU = 3, 
or they are of multiplicity \i = 2 or JJ = 3, 

or all are of multiplicity \x = n — 2. 

A survey on the existence and multiplicities of weakly conjugate points on an 
open interval between two arbitrary strongly conjugate points of the bundle Y(t) 
of solutions y(t)s of the differential equation (1) is given in the following 

Theorem 1.7: Let VF*, VF** e (— co, + oo) be two arbitrary neighbouring strongly 
conjugate points of the bundle Y(t) of all solutions y(t) of the differential equation (1) 
vanishing at these points of multiplicities v e {1, . . . , n — 1}, n eN, n > 1. 

1. If v = n — 1, then no weakly conjugate point of the bundle Y(t) lies between 
two points n~xT*, n~1T**. 

2. Ifv = n — 2, then there lies exactly one, more precisely simple weakly conjugate 
point tx between two points n~2T*, n~2T** such that 

1 t1e(n- 2r* ,"- 2r**) . 

3. If v = n — 3, then there lies no weakly conjugate point between two points 
^"3T*, "-"3T**, or there lies exactly one between them, and namely, a double 
weakly conjugate point tx, such that 

2 t 1 e( n - 3 r* , n - 3 F**) , 

or there lie between them exactly two, and namely, simple weakly conjugate points 
tl912 different from each other, such that 

ltl9
 lt2e(n-2T*,n~3T**). 

4. If v = 7? — 4, then there lies either exactly one simple weakly conjugate point tx 

between two points W-4F*, «-4r**} j # e # 

itie(n-4T*,n-*T**)9 

or there lie between them exactly two weakly conjugate points tx, t2 different 
from each other, one of which is of multiplicity ^ = 1 and the other of /x = 2, 
such that 

1 t 1 , 2 t 2 G( , , - 4 r* , r t - 4 r**) , 
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or there lie exactly three between them, and namely, simple weakly conjugate points 
t1,t2, t3 different from one another, such that 

1 t 1 , 1 t 2 , 1 t 3 G C - 4 r * / - 4 r * * ) , 

or there lies exactly one between them, and namely, a threefold weakly conjugate 
point tt, such that 

*t1G(n-*T*,n~4rT**) 
etc. 

n - 1) If v = 1, then 
a) in case of an even neN, n > 1, there lies no weakly conjugate point between 

n — 2 
both points 1T*, lT**, or for every k = 2m, m = 1,2,...,—-—, there lie k 

weakly conjugate points t1,...,tk there inclusive their multiplicities fi1,..., jike: 
k 

€ {1 , . . . , n — 2), whereby £ fij = k. Thus 
J = I 

/*! t1,...,
fl%e(1T*,1T**), 

b) in case of an odd n e N, n > 1, there always lies at least one weakly conjugate 

point. Generally: for every k = 2m — 1, m = 1, 2 , . . . , — - — , there lie k weakly 

conjugate points t1, ...,tk inclusive their multiplicities fit,..., fik e {1 , . . . , n — 2}, 
k 

whereby ]T pj = k. Thus again 
1=i 

<llt1,...,<
lktke(1T*, *T**). 

The position of the | k |-th, k = ±1 , ±2 , . . . , weakly conjugate point % of 
multiplicity \i e {1 , . . . , n — 2} to the point v/0 e (— oo, + oo), at which the bundles 
Y(t) of all solutions y(t) of (1) of multiplicity ve{l ... n — 2} are vanishing, is 
discussed into detail in the following 

Theorem 1.8: Let k = 0 ±1 ±2 ... 
1. Let Y(t) be a bundle of all solutions y(t) of the differential equation (1) which 

are vanishing at the strongly conjugate points of multiplicity (n — 2). Then it 
holds for an arbitrary weakly conjugate point, at which this bundle vanishes that 

n-2nr ^ - 1 / ^- n — 2^r> 
i f c ^ ?Jt + l ^ lk + 2> 

where n~2Tk,
n~2Tk+2 are two arbitrary neighbouring strongly conjugate points 

of the bundle Y(t), 
2. Let Y(t) be a bundle of all solutions y(t) of the differential equation (1) which 

are vanishing at the strongly conjugate points of multiplicity (n — 3). Then 
a) it holds for an arbitrary double weakly conjugate point, at which this bundle^ 

vanishes that 
n — Jt^p %. n — Znp 

i k < - lk + \ ^ xk + 2-> 
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where n~3Ffc,
 n~3Tk + 2 are two arbitrary neighbouring strongly conjugate points 

of the bundle Y(t), 
b) it holds for arbitrary simple weakly conjugate points at which this bundle 

vanishes that 
n-3nr 1. lf . n-3nn 

i f c < *fc + l < *fc + 2 < Jfc + 3> 

where n~3Ffc,
 n~3Tk + 3 are two arbitrary neighbouring strongly conjugate points 

of the bundle Y(t). 
3. Let Y(t) be a bundle of all solutions y(t) of the differential equation (1) which 

are vanishing at the strongly conjugate points of multiplicity (n — 4). Then 
a) it holds for an arbitrary threefold weakly conjugate point, at which this bundle 

vanishes that 
n — Anr ^ 3 f ^- n — Ann 

*k < 'fc+1 < ifc+2J 

where n~4Tk,
 n~4Tk+2 are two arbitrary neighbouring strongly conjugate points 

of the bundle Y(t) 
b) if there exist together with the simple weakly conjugate points also twofold 

weakly conjugate points at which this bundle vanishes, then either 

n-4rp 1. ^ 2f ^ n-4-rp 
J f c < * f c + l < *fc + 2 < ifc + 3 

or 
n-Arp 2f ^ l f ^ n-Arp 

2k < 'fc+1 < 'fc + 2 < -*fc + 3> 

where n~4Ffc, "~
4Tfc + 3 are two arbitrary neighbouring strongly conjugate points 

of the bundle Y(t), 
c) if there exist only simple weakly conjugate points at which this bundle vanishes, 

then either 
n-Ann ^ lf ^ n-Arp 

xk < lk+l < ifc + 2 

or 
Tic < h + i < h + 2 < h + 3 < ~fc+4> 

where n~4Tk,
 n~4Tk + 2 or n~4Ffc,

 n~4Tk + 4 are two arbitrary neighbouring strongly 
conjugate points of the bundle Y(t) 
etc. 

n — 2) Let Y(t) be a bundle of all solutions y(t) of the differential equation (1) 
which are vanishing at the simple strongly conjugate points; let us denote by 1Tk> 
1 Tk+m, m e {2, 3 , . . . , n — 1}, two arbitrary neighbouring of them. 

I. Let n e N be even, n > 2. Then it holds for arbitrary weakly conjugate points 
of the bundle Y(t) whose sum of multiplicities is a e {2,4,..., n — 2} that 

1. if <T = 2, then either 

^fc < fk+l < h + 2 < -̂ fc + 3 

or 
f̂c < h + i < Tk+29 
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where xTk9

 xTk+3 or xTk,
 iTk + 2 are two arbitrary neighbouring strongly conjugate 

points of the bundle Y(t). 
2. if a = 4, then 

either 

or 

or 

or 

or 

or 

or 

or 

Tк < -Ffc+l < -Ifc + 2 < tк + ъ < řfc + 4 < Tk+5 

Tк < tк+l < tk + 2 < tk + ъ < Ffc + 4 

Tк < tк+i < tk + 2 < tk + ъ < ľfc + 4 

Tк < ífc + l < tк+2 < tк + ъ < Tfc + 4 

Tк < tк+í < tk + 2 < Tк + Ъ 

Tк < tk+í < tk + 2 < Tк + Ъ 

Tк < tк+í < tк + 2 < Pfc + з 

Tk < tk + i < Tk + 2, 

where lTk,
 1Tk+Ar or xTk9

 xTk+A or xTk,
 xTk+3 or xTk,

 xTk+2 are two arbitrary 
neighbouring strongly conjugate points of the bundle Y(i) 

etc. 

if a = n — 2, then 
2 

either 
Tk < h+x < ... < tk+n-2 < Tk+n_x 

or 

or 

Tk <
n tfc+i < Tk+2, 

where * r*, x Tk+n_ t or x Tk,
x Tk+2 are two arbitrary neighbouring strongly conjugate 

points of the bundle Y(t). 
II. Let « e N b e odd, n > 1. Then it holds for arbitrary weakly conjugate points 

of the bundle Y(t) whose sum of multiplicities is a e {1, 3 , . . . , «- 2} that 
1. if a ss 1, then 

2* < 'k+i < Tk+2, 

where 1T fc,
 1 r k + 2 are two arbitrary neighbouring strongly conjugate points of the 

bundle Y(t) 
2. if a = 3, then 
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either 

-*fc < 4+1 < Ifc + 2 
or 

xTk < xtk + l <2tk + 2 <1Tk + 3 

or 
lTk <2tk + i < % + 2 < 1Tk + 3 

or 

f̂c < 4 + 1 < 4 + 2 < 4 + 3 < 1Ffc + 4, 

where Ffc, Tk + 2 or Tk, Tk + 3 or Tfe, Tfc + 4 are two arbitrary neighbouring 
strongly conjugate points of the bundle Y(t) 

etc. 

n - 1 

2 

either 

or 

if cr = n — 2, then 

f̂c < 4 + 1 < ••• < 4 + «~2 < -Tfc+n-i 

or 

Tu < 4 + i < I^c + 2> 

where 1 -T f c , 1 r f c + I l . 1 or 17T

k, 1Ffc + 2

 a r e t w o arbitrary neighbouring strongly conjugate 
points of the bundle Y(t). 

С О П Р Я Ж Е Н Н Ы Е Т О Ч К И Р Е Ш Е Н И Й И Т Е Р И Р О В А Н Н О Г О 

Д И Ф Ф Е Р Е Н Ц И А Л Ь Н О Г О У Р А В Н Е Н И Я п-ГО П О Р Я Д К А 

Резюме 

В работе решается вопрос разложения нулевых точек пучков колеблющихся решений 
итерированного линейного дифференциального уравнения п-то порядка взглядом на их 
насобности. Изучаются нулевые точки пучков постепенно с насобностьями V от 1 до л — 1. 

Понятие так называемой первой сопряженной точки справа взглядом к произвольной 
закреплешю выбранной нулевой точке (0 е (—оо, +00) решения изучаемого дифференциаль­
ного уравнения расширено на понятие |к|-ой (/с = ± 1 , -1:2, ...) сопряженной точки справа или 
слева к точке г0. 

Между всеми сопряженными точками любой насобности *>е{1, ..., п — 1} различаются 
так называемые сильно или слабо сопряженные точки. В нескольких теоремах показано 
появление, номер и насобности одинаковых слабо сопряженных точек однако между двумя 
произвольными соседними сильно сопряженными точками, однако изучается вопрос существо­
вания оби двух типа сопряженных точек в целом на интервале (—оо, +оо) и соотношений 
между их насобностьями включительно. 

Показывается, что все нулевые точки с насобностью V = п — 1 сильно сопряженные; 
для каждой ннсшей насобности существуют рядом с сильно с^прященными точками тоже 
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cjia6o corrpaaceHHBie TOHKH. K CHJTBHO conpjDKeHHHM To^KaM c Haco6HocTtK> v = 1 MoryT cyine-
CTBOBaTb CJia6o COIIpH3KeHHBle TOHKH C HaCOÓHOCTbHMH OT u = 1 A O u = n — 2 BKJHOHHTeJIBHO 
(ftJÍSL ř í G N CHeTHOrO He flOJIECHBl CyDTeCTBOBaTb HH KaKHe cjia6o COirpfl5KeHHble TOHKH — Tor^a 
eflHHCTBeHHHMH HVJíeBBlMH TOHKaMH TaKHX nyHKOB pemeHHH n05IBJlHK>TCfl TOJIbKO CHJIBHO COnp-
^DKeHHBie TO-TKH). 

KONJUGOVANÉ BODY Ř E Š E N I 
ITEROVANÉ D I F E R E N C I Á L N Í R O V N I C E N-TÉHO ŘÁDU 

Souhrn 

V práci je řešena otázka rozložení nulových bodů jednotlivých svazků oscilatorických řešení 
iterované lineární diferenciální rovnice n-tého řádu s ohledem na jejich násobnosti. Jsou vyšetřovány 
nulové body svazků postupně s násobnostmi od 1 do n — 1. 

Pojem tzv. prvního konjugováného bodu zprava vzhledem k libovolnému pevně zvolenému 
nulovému bodu t 0 e (—oo, + co) řešení uvažované diferenciální rovnice je rozšířen na pojem | k |-tého 
(Je = ± 1 , ± 2 , . . . ) konjugovaného bodu zprava resp. zleva k bodu t 0 . 

Mezi všemi konjugovanými body libovolné násobnosti v e {1,. . . ,n — 1} jsou rozlišeny tzv. silně 
resp. slabě konjugované body. V několika větách je ukázáno na výskyt, počet a násobnosti jednotli­
vých slabě konjugovaných bodů jednak mezi dvěma libovolnými sousedními silně konjugovanými 
body, jednak jsou studovány otázky koexistence obou druhů konjugovaných bodů globálně na celém 
intervalu (—co, +oo) včetně vztahů mezi jejich násobnostmi. 

Ukazuje se, že všechny nulové body násobnosti v = n — 1 jsou silně konjugované; pro každou 
nižší násobnost existují vedle silně konjugovaných bodů též slabě konjugované body. K silně konju-
govaným bodům násobnosti v = 1 mohou existovat slabě konjugované body s násobnostmi JUL — 1 
až do fA — n — 2 včetně (při sudém n e N nemusí existovat žádné slabě konjugované body, kdy 
jedinými nulovými body takových svazků řešení jsou jen silně konjugované body). 
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