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VLADIMIR VLCEK

(Received March 28, 1982)

In [1] there was introduced the concept of the so-called first conjugate point
of an arbitrary (nontrivial) solution of the n-th order linear differential equation

n—1
Y +k;0ak+1(t) y®@) =0, (D

which is direetly connected with the iteration of the second order ordinary linear
homogeneous differential equation having the form

y'(1) + q@) y(@) = 0, ' 2

where the function ¢q(¢) e C{"‘z’, I = (-0, +o), neN, n > 1, is understood to
be g(t) > 0 for all #el. Besides, equation (2) is assumed to be oscillatory in the
sense of [2], i.e. there exist infinitely many zeros of its arbitrary (nontrivial) solution
to every ¢ €I, lying both to the left and to the right of the point 7.

In the interest of brevity, differential equation (1) where (generally)

@iy (1) = a1[9(), ¢'<(1), ..., ¢"~2(@)],

k=0,1,...,n— 1, will be called the iterated differential equation of the n-th
order.

If we denote by [u(z), v(z)] the basis of the space of all solutions of (2), where
u(t), v(t) are two arbitrary oscillatory solutions of this equation, being linearly
independent in the interval I, then

[ (), w2 v(2), ..., W~ LK) 0*(@), ..., u(t) 0" 2(2), " H(D)],
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=0,1,...,n — 1, is a basis of the space of all solutions of (1). Every nontrivial
solution of the n-th order iterated differential equation (1) is thus of the form

) = 3, Cau 0 (o),
where C;eR, i=1,...,n(neN,n > 1) are arbitrary independent constants

(parameters) whereby ) C? > 0. Since (1) is of the n-th order, any arbitrary zero
i=1

of each of its (nontrivial) oscillatory solution is of multiplicity v =n — 1 at most.
In all what follows, we will understand under the solution both of (1) and (2),
the nontrivial solution, only.
The definition on the first conjugate point in [ 1] may be now extended in a natural
way:

Definition 1.2: Let ¢, € (— 00, +00) be an arbitrary firmly chosen point and let
y(t) be an arbitrary solution of (1) vanishing at the point ¢, [we will write “¢,,
expressing thus that ¢, is a v-tuple zero of such a solution, ve {1, ...,n — 1}].

Then we call by the m-th (m e N) conjugate point from the right [or from the
left] to the point “#,, the m-th zero of this solution y(z) lying from the right [or
from the left] to the point *¢,; we will write it as *z,, [or #¢_,,], where pe {1, ...,n—1}
denotes the multiplicity of such a point.

In [1] a theorem was expressed and proved in details guaranteeing the existence
of the first conjugate point to the point *¢, from the right of all multiplicities v €
€{l,...,n — 1}. We considered thereby a bundle of all solutions of (1) vanishing
together with the solution u(¢) of (2) at an arbitrary firmly chosen point ¢, €I

In analogy with the remark following Definition 1.1 in [1], it is clear — with respect
to the existence of the oscillatory bundles of solutions of (1) —that there always
exists the | m |-th conjugate point #¢,, € I to any arbitrary point *tpel,v=1,...,
...on— 1, wherem =0, +1, £2,..., of multiplicity convenient e {1, ..., n — 1}
from the right [for m > 0] or from the left [for m < 0].

Remark to conjugate points

Let t € (— 00, + 00) be an arbitrary firmly chosen point. Then

1. every point t* € (— 00, + 00) conjugate to ¢ is conjugate to itself (as a zeroth
conjugate point), i.e. the property of conjugacy of points is reflexive;

2. if the point t* € (— 00, + o0) is a conjugate point to ¢, then the point ¢ is also
a conjugate point to ¢* (i.e. the property of conjugacy of points is symmetric);
thus we speak hereafter of mutually conjugate points;

3. if the point t* € (— 00, +00) is a conjugate point to ¢ and t** € (— 00, + o) is
a conjugate point to ¢, then the point ¢** is a conjugate point to ¢ (i.e. the property
of conjugacy of points is transitive). ’
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With respect to the possible position of the first conjugate points of various solu-
tions of (1) [where instead of “‘a set of possible positions of the 1st conjugate point”
we will hereafter speak of “a set of the 1st conjugate points”] the following theorem
holds. ,

Theorem 1.2: Let 7, € (— 00, +00) be an arbitrary firmly chosen point. Let ¥(¢)
be a bundle of all solutions y(¢) of (1) vanishing at ¢, of the same multiplicity v e
e{l,....n —1},neN,n > 1, ie. Y('t) = 0,

Then the set of all 1st conjugate points #,, pe {1,...,n — 1} from the right
to the point *#, in case of

1. v=n — 1 is one-point and exactly "‘111’

2.v =n — 2 is an open interval ("~%z,, "~21,), when exactly

e (T, m2y),
etc.

n—-—1D)v=1

a) n even: is one-point and exactly 'z, or an open interval, whereby pe {1, ...,

wn—2}n>2,

b) n odd: is always an open interval, whereby pe {1,...,n — 2}.

Generally:

Ifv=n—-k, 1 <k £n -1, let us distinguish the following two possibilities:
1. The number 7 is even

a) if v is an even number (k even), then the set of first conjugate points 7, from
the right to the point *#, is always an open interval (the position of the first conjugate
point is not uniquely determined),

b) if v is an odd number (k odd), then the set of first conjugate points is either
one-point [the first conjugate point ##, from the right to the point *#, is uniquely
determined, whereby p = v], or an open interval [when the position of the first
conjugate point *¢, from the right to the point “¢, is not uniquely determined, whereby
ne{l,...,n - 2}].

2. The number n is odd

a) if v is an odd number (k even), then the set of ﬁrst conjugate points *¢, from
the right to the point “z, is always an open interval [the position of the first conjugate
points is not uniquely determined, whereby pe{1,...,n — 2}],

b) if v is even number (k odd), then the set of first conjugate points is either one-
point [the first conjugate point ¢, from the right to the point *¢, is uniquely determin-
ed, whereby u = v] or an open interval [the position of the first conjugate point #¢,
from the right to the point “¢, is not uniquely determined, whereby pe{l, ..., n—2}].

This theorem —together with the concept of the n-th conjugate point from the
right to the point ¢, introduced in the preceding Definition 1.2 —is a consequence
of Theorem 1.1 [1]. From the statement of Theorem 1.2 it turns out that the
character (type) of the set of first conjugate points ##, from the right to the point *¢,

117



is the same as in case when the order # of (1) and the multiplicity ve {1,...,n — 1}
of #, are of the same parity (i.e. either v, u are even at the same time or they are
odd at the same time), or they are of a different parity (i.e either » even and v odd
or conversely).

Theorem 1.3: Let “z, € (— o0, + o0) be an arbitrary firmly chosen point wherein
the bundle Y(¢) of all solutions y(¢) of (1) of multiplicity ve {1,...,n — 2}, neN,
n > 2 is vanishing and let the second conjugate point #¢, from the right to the point
*t, be uniquely determined. Then u = v and it holds for multiplicity ¢ of the first
conjugate point ¢, not uniquely given because °¢, € (*t,, 't,) that:

l.ifv=n — 2,theno = 1,

2.ifv=n— 3,theno = 2,
3.if v =n — 4, then either 0 = 1 or 6 = 3,
4.if v = n — 5, then either ¢ = 2 or o = 4,

n — 2)if v = 1, then

a) for neven: either 6 = 2oroc =4or...oroc =n — 2,

b) for n odd: eitherc = loro =3 o0r...orog =n — 2.

The position of the | k|-th (k = +1, £2,...) conjugate point from the right
or from the left to an arbitrary point ¢, € (— 00, + ) is displayed in the following
generalized

i

Theorem 1.4: Let “tpe(—0, + o), ve{l,...,n — 1}, neN, n>1, be an
arbitrary firmly chosen point and let Y(¢) be the bundle of all solutions y(¢) of (1)
vanishing at the point *#, of multiplicity v.

Then

1. every | k |-th conjugate point ##,, k = +1, +2, ..., is uniquely given to the
point "~ 1z,, whereby u = n — 1; at the same time there holds the inequality

n-ltk < n—ltk+1~

2.-every 2| k |-th conjugate point ##,,, k = +1, +2, ..., is uniquely given to the
point "~2t,, whereby u = n — 2 and the set of all | 2k + 1 |-st conjugate points
“tyr1,k = +£1, £2,..., to the point "~ 2, forms an open interval ("~ 2t,;, ™ty 4,),
whereby u = 1; at the same time there hold the inequalities

n—2 1 n-2
bk < a1 <7 a2

3. a) If the first conjugate point “#; from the right to the’poin’t n=3¢, is uniquely
given, then the arbitrary |k |-tk conjugate point ##,, k = +1, +2,..., is also
uniquely given, whereby p = n — 3; at the same time there holds the inequality

n-3tk < "~3tk+1-

b) If the set of all first conjugate points “¢; from the right to the point "~ 3¢,
forms an open interval, whereby p = 2, then the arbitrary 2|k |-th conjugate
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point °t,,, k = +1, +2, ..., to the point "~ 3¢, is uniquely given, where ¢ = n — 3.
The set of all | 2k + 1 |-st conjugate points “f,;+1, K = *1, £2,..., to the point
"=3;, forms an open interval ("~ 3t,,, ""3ty.+2), Where o = 2; at the same time
there hold the inequalities

-3 2 n-3
" < “lyer < Togssa-

c) If the set of all first conjugate points ##; from the right to the point "~ 3¢,
forms an open interval whereby u = 1, then

c,) the arbitrary 3 | k |-th conjugate point °f3,, k = 41, +2,..., to the point
n=3¢, is uniquely determined, where ¢ = n — 3,

c,) the set of all | 3k + 1 |-st conjugate points “t3k, ., k = +1, +2,..., to the
point "~3¢, forms an open interval (" 3t3,, 'f3,+,), wWhere ¢ = 1,

c,) the set of all | 3k + 2 |-nd conjugate points °t3,,,, k = +1, +2, ..., to the
point "~ 3¢, forms an open interval (3441, " >f3¢+3), where ¢ = 1 and there hold
the following inequalities

"y < Mager < Maera <" g

etc. '

Two kinds of points occur among the conjugate points. There are such whose
position is given by choosing.the point fy € (— o0, + 00) uniquely. On the other
side there are such whose position is determined by an open interval (whose boundary
points are conjugate points again) only. Conjugate points of the latter kind are
“movable” owing to the arbitrariness (choice) of the parameters occurring in the
form of the relative bundle Y(¢) of all solutions y(¢) of (1) vanishing at *¢, of multi-
plicity ve {l,...,n — 1}.

This leads us to their mutual distinguishing in the following

Definition 1.3: Let the points "y, “f; € (— o0, +0), where v, pe {1,...,n — 1},
neN,n>1, k= 41, +2,..., are conjugate points of a solution y(t) from the
bundle Y(z) of solutions of (1) vanishing at “#,.

Let us say that *7, is a strongly conjugate point to the point *#, exactly if all
solutions y(¢) from the bundle Y(¢) of solutions of (1), v-times vanishing at t, are
vanishing at ##, as well.

Every conjugate point to ‘f, being not strongly conjugate point to ‘'z, will be
called a weakly conjugate point to '¢,.

Thus, it holds by the above definition: the point t, € (— oo, + 00), where k =
= +1, +£2,..., is a weakly conjugate point to *t, € (— 0, +00), V€ {1,...,n =1},
if among all solutions (@) of (1) from the bundle Y(¢) v-times vanishing at “#y,
there exist at least two such solutions one of which is vanishing at 7, while the other
does not. )

The following two remarks give fuller account of the strongly and weakly
conjugate points belonging to an arbitrary bundle Y(¢) of oscillatory solutions y(t)
of (1) vanishing at "1, € (— o0, + o) being of multiplicity ve {I,...,n — 1}.
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Remark 1. Let ¢, € (— o0, 4+ 00) be an arbitrary firmly chosen point.

1. Every point T* € (— o0, + 00) strongly conjugate to ¢, is strongly conjugate
to itself (the property of the strong conjugacy of points is reflexive),

2. If T* e (— o0, +0) is a strongly conjugate point to t,, then the point ¢, is
also a strongly conjugate point to T* (the property of the strong conjugacy of
points is symmetric); hereafter, these will be referred to as ‘“‘mutually strongly
conjugate points”,

3.If T* e (— o0, +o0) is a strongly conjugate point to ¢, and T#* € (— 00, + o0)
is a strongly conjugate point to T* (preserving the same multiplicity of the point T*
possessed in case of the pair of points ¢, and T%), then the point T** is a strongly
conjugate point to ¢, (the property of the strong conjugacy of points is transitive).

Remark 2. Let 7, € (— o0, + 00) be an arbitrary firmly chosen point and let t* €
€ (— o0, +00) be a weakly conjugate point to #,. Then

1. t, is a weakly conjugate point to ¢* (the property of the weak conjugacy of two
conjugate points is symmetric),

2. if t** e (— 00, +00) is a strongly conjugate point to ¢*, then ¢** is a weakly
conjugate point to #,.

3. The property of the transitivity of the weak conjugacy for two pairs ¢, t*
and t*, t** of the mutually weakly conjugate points generally fails (i.e. it does not
generally follow from the weak conjugacy of ¢, t* and ¢*, t** that ¢, and t** are
weakly conjugate points).

In the following Theorem will be shown that the multiplicities v, u of the point
"ty € (— 0, + o) and to it strongly conjugate point *#, € (— 0, + 00) coincide for
every value v, ue{l,...,n — 1} and forallk = +1, +2,...

Theorem 1.5: Let “t,,"f; € (—o0, + ), where v, pe{l,...,n — 1}, neN,
n>1and k = +1, +2,..., be two conjugate points of a solution y(t) from the
bundle Y(t) of all solutions of (1) vanishing at “z,.

Then “1, is a strongly conjugate point to *#, exactly if

l.L.u=v=n-1,k=+1,+2,...,
2.u=v=n— 2, whereby k =2m,m = +1, +2,...,
3. p =v =n — 3, whereby
31.k=3m m= +1, +2,..., if there exist simple weakly conjugate points to

v
to, 'ty

32.k=2m, m = +1, +2,..., if there exist double weakly conjlugate points to
'tO’ "tlu

33.k=m,m= +1, £2,..., if there does not exist any weakly conjugate points
to “to, M1y,

4. =v = n — 4, whereby P
41.k =2mordm, m = +1, +2, ..., if there exist simple weakly conjugate points
to 'ty, *t, only
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42. k =2m, m = +1, +£2,..., if there exist triple weakly conjugate points to
vt05 utk’

43. k =3m, m = +1, +£2,..., if there exist both simple and double weakly
conjugate points at the same time to “¢,, *#,,

etc.

Proof: Let #, € (— o0, + o0) be an arbitrary firmly chosen point and let [u(z), v(t)]
be a basis of the oscillatory differential equation (2) such that both functions u(t),
v(t) together with their first derivatives u'(z), v'(¢) satisfy the condition

u(ty) = v'(t)) =0 (P)

at t, [so that v(zy) # 0, u'(f,) # 0]. Let y(¢z) be such a solution of (1) from the oscilla-
tory bundle Y{(¢) v-times, ve {l,...,n — 1}, vanishing at ¢, (so that “¢,). Then it
follows from statement of Theorem 1.4, applying Lemma 1 from [1] and by Defini-
tion 1.3 on strongly conjugate points that

1. if v = n — 1, then every zero of the solution y(¢) of (1) from the bundle

Y(t) = Cou" (1), C, #0

is a zero of the function »"~!(¢) at the same time and more precisely of multiplicity
(n — 1). Thus, every |k|-th (k = +1, +2,...) conjugate point *z, to "~ !¢, is
a strongly conjugate point to it at the same time, whereby u = n — 1
2.if v = n — 2, then all zeros of multiplicity (n — 2) of the solution y(¢) of (1)
from the bundle
Y(t) = u""2(t) [CLu(t) + Cou(1)],

C,eR,i=1,2,C, # 0, are zeros of multiplicity (n — 2) of the function w(t)
" at the same time, whereby there always lies exactly one simple zero of the two-
parametric system of functions

Y*(t) = Cuu(t) + Co(t)

between every two neighbouring zeros of multiplicity (# — 2) of the solution y(t)
of (1).

Thus, every | k |-th (where k = 2m, m = +1, +2, ...) conjugate point *#, to
"=2¢, is at the same time a strongly conjugate point to it, whereby u = n — 2.

3. If v = n — 3, then it holds for the point "~3t,, wherein every solution y(t)
of (1) from the bundle

Y(t) = " 73() [Cu2(t) + Chu(t) v(t) + Cyv*(1)],

CieR,i=1,2,3, C; #0, vanishes at the same time with the function u"~3(¢)
thatevery | k |-th [where k = 3mork = 2mork = m,m = +1, +2,...] conjugate
point ¢, to "~ 3¢, is to it a strongly conjugate point at the same time, whereby u =
= n — 3. This situation occurs exactly if there exist two simple zeros different
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from each other [or one double zero or there does not exist any zero] between two
arbitrary neighbouring zeros of multiplicity (n — 3) of the function #"~3(¢) of the
three-parametric system of functions

Y*¥(t) = Cu*(t) + Cu(t) v(t) + C5v*(1).

4. If v = n — 4, then it holds for the point "~*¢,, wherein every solution y(¢)
of (1) from the bundle

Y(t) = u" (1) [C;u3(t) + Cou*(t) v(t) + Cyu(t) v2(t) + Cu3(1)],

C;eR,i=1,...,4, C, # 0, together with the function u"~*(¢)(¢) vanishes at the
same time that every | k |-th conjugate point *#, [where k = 4mor k = 3mork =
=2m, m = +1, +2,...] to the point "~ ¢, is at the same time a strongly conjugate
point to it, whereby p = n — 4. This case occurs exactly if there exist three simple
zeros different from one another [or one simple and one double or exactly one
simple or exactly one triple zero] between two arbitrary neighbouring zeros of
multiplicity (n — 4) of the function #" ~*(¢) of the four-parametric system of functions

YHER() = i‘ Cau*~i(1) v (1)

etc.

1; — 1) If v = 1, then every solution y(¢) of (1) from the (» — 1)-parametric bundle
Y(t) = u(t) [Ciu""2(t) + Cou" () v(t) + ... + C,_ut) v"3(t) + C,_ 0"~ %(0)],

C;eR, i=1,2,....,n —2, C,_; # 0, together with the function u(t) vanishes
at the point '#,. All zeros of the function u(¢) which are altogether simple, are the
single strongly conjugate points of every solution y(¢) of (1) from this bundle at
the same time. The existence of zeros of the (» — 1)-parametric system of functions

Y*(t) ='T'§c,.u"““(x) o)

acting in the bundle Y(¢) decides about the existence of further zeros of the solution
y() of (1). :

In so far as such zeros exist, they are altogether weakly conjugate points to the
point 't [and to all zeros of the function u(¢) at the same time] and may have
multiples from 1 to (n — 2) inclusive.

Thus in case of ne N being odd there always exists at least one zero ¢* of the
system Y*(¢) on an open interval (‘t,, T;), where T, is a neighbouring zero of the
function u(t) lying to the right of the point '¢#,.

If such a point ¢* exists exactly one on the interval (1¢,, T;), then the system Y*(f)
is of the form

Y*(t) = [eyu()) + sz(t)]_;1 Cu" A0 (),
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n—2 .
‘wherec;eR,j = 1,2,¢, # 0and Y Cau" *"2(t)v'~!(¢) > 0or < Oon(—o0, + o).
i=1

Let us remark that the system Y*(¢)—for the reason of oscillatority of both
functions u(z) and c;u(t) + c,v(t), linearly independent on (— oo, 4+ c0)—has by
one zero of multiplicity 1 also at each open interval (T, Ty 4q), kK = +1, £2,...,
where T}, T, are two arbitrary neighbouring zeros of the function u(t).

Thus, in this case, all strongly conjugate points of any solution y(¢) of (1) from
the bundle Y(t) of the form

V() = utt) [eyut) + ex0(0] 3. Ca™'=2() =0
i=1

are *f,, where k = 2m. m = 0, +1, +2,..., whereby u = 1.

Consider a case, where the system Y*(¢) in the bundle Y(¢) of the solutions y(¢)
of (1) has exactly (n — 2) simple mutually different zeros 7, ..., 15, on (*ty, T;)—
generally: on every open interval (T}, Ty, ,), where k = 0, +1, +2, ...

Then it is [up to an arbitrary multiplicative constant C e R — {0}] of the form

n—2
Y*(1) = [ [egu(®) + cp0(0)],
i=1
where ¢, c;€R, j=1,...,n=2; neN, n >2, ¢;; #0 and where any two
-of the functions ¢, u(t) + c,;u(t),j = 1,...,n — 2, are linearly independent on the

interval (— o0, + o).
Then every | k |-th conjugate point *#, [where k = (n — l) m, m = +1, +2,...]
to the point ¢, is a strongly conjugate point to it at the same time, whereby p = 1.
If, for instance, the system Y*(z) has all its zeros exactly of multiplicity (n — 2),
then it is [up to an arbitrary multiplicative constant C e R — {0}] of the form

Y*(t) = [equ(r) + c;0(1)]" 73,

where c;eR,j=1,2,¢, # 0.

It then holds for all these zeros ¥ k= +1,+2,...,0 =n — 2, that on every
open interval (7}, Ty, ,), where Ty, T,,, are twc arbitrary neighbouring zeros
-of the function u(¢) again, there always lies by one of them.

Hence it holds in this case that p = 1 for an arbitrary | k |-th strongly conjugate
point “t;, k = 2m, m = +1, +2, ..., to the point ‘¢, of any solution y(t) of (1)
from the bundle Y(¢) = u(t) Y*(¢).

In this way we could continue considering the occurence of all possible zeros
of the system Y*(¢) from the (n — 1)-parametric bundle

Y() = u() ¥ Ca™ () o),
i=1

C,eR,C,_, #0,i=1,...,n — 1;ne N, n > 1, of all solutions y(¢t) of (1) vanish-
ing together with the function u(¢) at the point 'z,. Thereby we could consider
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these zeros of corresponding multiplicities (and all their admissible combinations
at the given even or odd neN) from 1 to (n — 2), n > 2.

But, in all such cases, we are led to the same conclusion, namely that the single
strongly conjugate points #f;, k = 0, +1, +2, ..., of the corresponding solutions
y(t) of (1) from the bundle ¥(¢) are simple zeros of the function u(t), whereby u = 1.

‘n—1

If the (n — 1)-parametric system of functions Y*(¢) = Y Ca"~*~1() v*~'(¢) has
i=1

no zeros on the interval (— oo, + 00) [which may occur at the given even ne N,
n > 2], then the single zeros of any solution y(¢) of (1) from the bundle Y(¢) =
= u(t) Y*(¢t) are exactly all simple zeros of the function u(t), only, being mutually
strongly conjugate.

It becomes apparent from the proof of Theorem 1.5 that all types of bundles Y(¢)
of solutions y(t) of (1) — with respect to how they were selected, see condition (P)—
are mutually vanishing at the zeros of the function u(¢) and namely of multiplicity
determined by the corresponding exponent of the function u(z). The strongly
conjugate points of all these bundles coincide, whereby the multiplicity of all
strongly conjugate points of the same bundle is the same.

All the bundles Y(t) of the oscillatory solutions y(¢) of (1) introduced, mutually
differ by the multiplicities of their strongly conjugate points. Moreover, this
difference is given by the possible existence of further zeros (weakly conjugate
points) of the bundles ¥{(t) of solutions of (1), lying always on the open intervals
between two neighbouring strongly conjugate points.

The occurence of weakly conjugate points of the bundles Y(¢) of the oscillatory
solutions y(¢) of (1) is summarized in

Theorem 1.6: Let "ty (— 00, + 00) be an arbitrary firmly chosen point of multi-
plicity ve{l,...,n — 1}, ne N, n > 1, wherein all bundles Y(¢) of oscillatory solu-
tions y(¢) of (1) are vanishing. Then

1. no weakly conjugate points exist to the point "~ !¢, (hence for k = +1, +2, ...
every point #t, conjugate to "~ ¢, is strongly conjugate),

2. there always exist weakly conjugate points to the point *~2¢,, every exactly
of multiplicity v = 1,

3. either no weakly conjugate points exist to the point "~3¢, or they exist either
all of multiplicity g = 1, or all of multiplicity p = 2,

4. there always exist weakly conjugate points to the point "~4¢, either all exactly
of multiplicity u = 1,
or all exactly of multiplicity u = 3,
or they are of multiplicity u = 1 or yu = 2,

n— 1) a) In case of an even n € N: weakly conjugate point to the

point ¢y, do not exist,
or all are of multiplicity u = 1,
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or are of multiplicity p = 1 or u = 2,
or are of multiplicity 4 = 1 or u = 3,

or all are of multiplicity u = n — 2,
b) In case of an odd n € N: weakly conjugate points always

exist. They are either

all of multiplicity g = 1,

or they are of multiplicity u = 1 or pu = 2,
or all are of multiplicity u = 3,

or they are of multiplicity p = 2 or p = 3,

or all are of multiplicity g = 7 — 2.

A survey on the existence and multiplicities of weakly conjugate points on an
open interval between two arbitrary strongly conjugate points of the bundle Y{(¢)
of solutions y(t)s of the differential equation (1) is given in the following

Theorem 1.7: Let "T*, *T** € (— 00, + 00) be two arbitrary neighbouring strongly
conjugate points of the bundle Y(¢) of all solutions y(¢) of the differential equation (1)
vanishing at these points of multiplicities ve {I,...,n — 1}, neN, n > 1.

1. If v = n — 1, then no weakly conjugate point of the bundle Y(¢) lies between
two points "1 T* "T1Tk*

2.If v = n — 2, then there lies exactly one, more precisely simple weakly conjugate
point ¢, between two points "~ 2T* "~ 2T** guch that

ltl e ("-ZT*, n-ZT**)_

3. If v = n — 3, then there lies no weakly conjugate point between two points
n=3T* mn=3T%% or there lies exactly one between them, and namely, a double
weakly conjugate point ¢, such that

2t1 € ("—3T*, n—BT**)’

or there lie between them exactly two, and namely, simple weakly conjugate points
1, t, different from each other, such that

ltl, 11‘2 € ("~3T*a n_sT**)-

4.If v = n — 4, then there lies either exactly one simple weakly conjugate point ¢,
between two points "T4T*, "TAT** je,

lt1 e (n—4T*’ "—4T**),

or there lie between them exactly two weakly conjugate points ¢,, ¢, different
from each other, one of which is of multiplicity g = 1 and the other of u = 2,
such that

lt1 s 2t2 e ("_4T*, "_4T**),
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or there lie exactly three between them, and namely, simple weakly conjugate points
t,,1,, t; different from one another, such that
1t1 > 1t29 1t3 € ("_4T*7 n—4T**),

or there lies exactly one between them, and namely, a threefold weakly conjugate
point ¢, such that

3t1 € ("_4T*, "_4T**)
etc.

n — 1)If v = 1, then
a) in case of an even n € N, n > 1, there lies no weakly conjugate point between
no—
2
weakly conjugate points ¢, ..., t, there inclusive their multiplicities puy, ..., i €

k
€{l,...,n — 2}, whereby } u; = k. Thus
i=1

both points 1T* !T** or for every k =2m, m = 1,2, ..., 2 , there lie k

mtls ceey uktk € (IT*, IT**)a

b) in case of an odd n e N, n > 1, there always lies at least one weakly conrjugate.
n-—1 ‘
2
conjugate points ¢, ..., t, inclusive their multiplicities u,, ..., e {1,...,n — 2},

k

point. Generally: forevery k =2m -1, m=1,2,..., , there lie k weakly

whereby Y u; = k. Thus again
i=1
B, Bt e (T, 1T*%),

The position of the | k|-th, &k = +1, £2,..., weakly conjugate point *#, of*
multiplicity g€ {1, ..., n — 2} to the point ¢, € (— %0, + 00), at which the bundles
Y(t) of all solutions y(¢) of (1) of multiplicity ve {1 ... n — 2} are vanishing, is
discussed into detail in the following

Theorem 1.8: etk =0 +1 +2 ...

1. Let Y(¢) be a bundle of all solutions y(t) of the differential equation (1) which
are vanishing at the strongly conjugate points of multiplicity (n — 2). Then it
holds for an arbitrary weakly conjugate point, at which this bundle vanishes that

_2 -—
"l < Myyy <" 2Tsas

where "”ZT,‘,";ZT k+2 are two arbitrary neighbouring strongly conjugate points,
of the bundle ¥(¢), } .
2. Let Y(¢) be a bundle of all solutions y(¢) of the differential equation (1) which
are vanishing at the strongly conjugate points of multiplicity (» — 3). Then
a) it holds for an arbitrary double weakly conjugate point, at which this bundle,
vanishes that
" < epy <" T,
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where "3T,, ""3T,,, are two arbitrary neighbouring strongly conjugate points
of the bundle Y(z), ,
b) it holds for arbitrary simple weakly conjugate points at which this bundle
vanishes that
n—3 1 1 n—3
Ty < ey < fiwz <" Thss,

where "737T,, ""3T,,, are two arbitrary neighbouring strongly conjugate points
of the bundle Y(¢).
3. Let Y(¢) be a bundle of all solutions y(¢) of the differential equation (1) which
are vanishing at the strongly conjugate points of multiplicity (n — 4). Then
a) it holds for an arbitrary threefold weakly conjugate point, at which this bundle
vanishes that ‘
"4 < gy <"k,

where ""*T,, ""*T,,, are two arbitrary neighbouring strongly conjugate points
of the bundle Y(z)

b) if there exist together with the simple weakly conjugate points also twofold
weakly conjugate points at which this bundle vanishes, then either

-4 1 2 -4

" < Thery < ey <" Tas
or

-4 2 1 -4

T < vy < hiyy <" Ts,

where "~4T;," *T,., are two arbitrary neighbouring strongly conjugate points
of the bundle Y(¢),
c) if there exist only simple weakly conjugate points at which this bundle vanishes,
then either
"TAT < ey <"y
or
"TAT < Miwy < Miwz < us <" Ty,

where ""*T,, ""*T,,, or ""*T,, ""*T,,, are two arbitrary neighbouring strongly
conjugate points of the bundle Y(¢)
etc.

n — 2) Let Y(t) be a bundle of all solutions y(¢) of the differential equation (1)
which are vanishing at the simple strongly conjugate points; let us denote by Ty,
'Tewm>, me{2,3,...,n — 1}, two arbitrary neighbouring of them.

I. Let ne N be even, n > 2. Then it holds for arbitrary weakly conjugate points
of the bundle Y(¢) whose sum of multiplicities is o € {2, 4, ..., n — 2} that

1. if ¢ = 2, then either

1
T < 'ipy < 'ea < 'Tirs
or
1 1
T, < 2tk+1 < Tys2s
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where 1T}, *Ty 45 or Ty, * T, are two arbitrary neighbouring strongly conjugate
points of the bundle Y(z).

2.if ¢ = 4, then

ith
?1 N 1Ty < 'Tyuy < 'y < My < 'fops < 'Tiys
" Ty < Moy < Mipy < Ptigs < 'Tys

T
° 1T, < Yoy < Meps < ps < Tiss
or

1T, < tyry < Myyo <oy <'Tiyy .

" Ty < ey < gy < 'Tiss

T
’ Ty < 'fhyy <3tyyy < 'Tias
or
’ T <3fiey < as < 'Tiys
or

1 4 1
T, <"thay < Tisas

where Ty, Ty, or Ty, 'Tyys or 1Ty, T4y or 1Ty, Ty, are two arbitrary
neighbouring strongly conjugate points of the bundle Y(¢)

etc.
n-2/.
5 /1fa=n—-2,then
either
lT 1t 1t lT
< ki1 <o < Thypoz2 < Jppn-y

or

or

T <" yy < 'y,
where ! T}, 1Ty 4, or T, * Ty, are two arbitrary neighbouring strongly conjugate
points of the bundle Y(z).

II. Let ne N be odd, » > 1. Then it holds for arbitrary weakly conjugate points
of the bundle Y(f) whose sum of multiplicities is ¢ € {1, 3, ..., n — 2} that
1.if ¢ = 1, then :

1
Ty < 'teay < 'Tiszs

where 'T,, ! Ty, , are two arbitrary neighbouring strongly conjugate points of the '
bundle Y{(¢) ‘

2.if 6 = 3, then
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either ' .
1 3 1
Ty < fiey < Ty,

or
1 1 2 .
Ty < ter < “hewr <'Ty,,
or
1 2 1
Ty < liwy < hewy ST,
or

1 1 1 1
T < vy < ez < hay < 1T,

where 'Ty, 'Tyyp o 'Ty, 'Tiys or *Ty, 'Tyyy are two arbitrary neighbouring
strongly conjugate points of the bundle Y(¢)

etc.
n—1/.
—_—/ feo=n-2, then
2
either
1 1 t
T < oy <ooo < lyipoz < 'Thppoy
or
or

1 -2 1
T <" “lewy < Tiys,

where ' T, ,! Ty 4p OF ' Ty, ' T, , are two arbitrary neighbouring strongly conjugate
points of the bundle Y(¢).

COOPAMKEHHBIE TOUKHI PEIIEHNN UTEPHPOBAHHOTIO
JUOOEPEHIMAJDBHOI'O YPABHEHU A n-I'0 IIOPATKA

Pesrome

B paboTe pemaercsi BOIPOC PA3JIOKEHHS HYJIEBBIX TOYEK IYYKOB KOJEOIIOMIMXCHA DEIIeHHI
WMTEPUPOBAHHOTO JHMHEHHOTo AuddepeHnaIbHOr0 YpaBHEHUS #-TO NOPSAKa B3LIAOM HAa HX
HACOOHOCTH. V3yyYaroTcsi HyJIEBBIE TOYKH ITyYKOB IIOCTENICHHO C HaCOOHOCThsMH » OT 1 mo n— 1.

IToHATHE TaK Ha3blBa€MOM HEPBOM CONPSUKEHHOR TOYKH CIpaBa B3IVIAOOM K IPOH3BOIBHOR
3aKPEIUIEHHO BEIOPAHHOM HYJIEBOM TOUKE fy € (—oo, +-00) pemeHust usyyaemoro muddepeHunans-
HOTO YPaBHEHHS PACIIUPEHO HA HOHATHE |k|-0f (k = =41, --2, ...) CONPAKEHHOK TOYKH COPABa HIIK
creBa K TOYKE fo.

Mexny BceMH CONPSUKCHHBIMM TOYKAME JIOGOR HacobHoctH v € {1, ..., n— 1} pasiauyaoTcs
TaK Ha3hlBAEMBIE CHIIBHO WM CIab0 CONPSDKEHHBIC TOYKH. B HECKONBKHAX TEOpEMax I[IOKa3aHO
IIOSIBIICHHE, HOMEP M HACOOHOCTH ONMHAKOBBIX CIa00 COIPSIKCHHBIX TOYEK ONHAKO MEXHY ABYMS
IPOU3BOJILHBIME COCEJHAMH CHIBHO CONPSDKEHHBIMH TOYKAMHU, OXHAKO H3Y9aeTCs BOIPOC CYIMECTBO-
BaHMs OOHM ABYX THIA CONPSDKCHHBIX TOYEK B IEJIOM Ha MHTEpBaNie (—oo, -+-00) H COOTHOIICHHR
MCEXIY HX HaCOOHOCTBSIMH BKIFOMHTEIILHO.

IToxa3biBaeTCs, YTO BCE HYJIEBBIC TOYKH C HACOOHOCTBIO ¥ = n— 1 CHJILHO CONPSDKEHHEIC;
JUIs Xaxqoi HECmeR HacOOHOCTH CYMECTBYIOT PANOM C CHIIbHO COUPAMICHHBIMH TOYKAMH TOXE
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cna6o compsKeHHbIe TOYKH. K CHIIBHO CONPSDKEHHBIM TOYKaM C HaCOOGHOCTBIO ¥ = 1 MOryT CyIne-
CTBOBAaTb CIIa00 CONPSDKEHHBIC TOYKM C HACOOGHOCTBAMM OT u = 1 10 4 = n — 2 BKJIIOYHTENLHO
(onst n€ N CYETHOTO HE JJOIDKHBI CYIIECTBOBATH HHM KaKHe CIab0 CONPSIKEHHBIC TOYKH — TOIHa
€[IMHCTBEHHBIMA HYJIEBBIMH TOYKAMH TaKMX IYYKOB DPEIICHHM ITOSBIAIOTCH TOJBKO CHIIBHO COIIp-
SDKEHHBIE TOYKH).

KONJUGOVANE BODY RESENI
ITEROVANE DIFERENCIALNI ROVNICE N-TEHO RADU

Souhrn

V praci je feSena otazka rozloZeni nulovych bodi jednotlivych svazku oscilatorickych feSeni
iterované linearni diferencidlni rovnice n-tého fadu s ohledem na jejich nasobnosti. Jsou vysetfovany
nulové body svazkli postupné s nasobnostmi od 1 do n —1.

Pojem tzv. prvniho konjugovaného bodu zprava vzhledem k libovolnému pevné zvolenému
nulovému bodu #, € (—c0, + o) feseni uvazované diferencidlni rovnice je roz§ifen na pojem | k |-tého
(k = +1, 42, ...) konjugovaného bodu zprava resp. zleva k bodu z,.

Mezi viemi konjugovanymi body libovolné nasobnosti » € {1, ..., n — 1} jsou rozlieny tzv. silnd
resp. slabé konjugované body. V nékolika vétach je ukdzano na vyskyt, poéet a nasobnosti jednotli-
vych slabé konjugovanych bodi jednak mezi dvéma libovolnymi sousednimi silné konjugovanymi
body, jednak jsou studovany otazky koexistence obou druht konjugovanych boda globainé na celém
intervalu (—oo, + o) vletné vztaht mezi jejich nasobnostmi.

Ukazuje se, ze v§echny nulové body nasobnosti v = n— 1 jsou silné konjugované; pro kazdou
nizsi nasobnost existuji vedle silné konjugovanych bodu téz slabé konjugované body. K silné konju-
govanym bodim ndsobnosti » = 1 mohou existovat slab& konjugované body s nasobnostmi 4 = 1
aZz do u = n—2 véetné (pfi sudém n€ N nemusi existovat Zidné slabé konjugované body, kdy
jedinymi nulovymi body takovych svazkl feseni jsou jen silné konjugované body).
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