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If G # 9 is a set, then any I : Gx G — exp G is called a binary multioperation
on G. For a € G we shall write I(a) instead of I(a, a). Let G = (G, +) be a group,
I a binary multioperation on G. Let us denote the following conditions:

(1) Va,be GIceG; I(a,c) nI(b,c) # 9

(I2) Va,b,c,x,yeG;cellab)y=x+c+yelx+a+y,x+b+y
(I3) Va,beG; a # b= (I(a,b) # 8 = I(b, a) = 9)

(14) VaeG; ael(a)

(I5) Ya,b,ceG; cel(a, b) = (I(a, c) # 0 & I(c, b) # 0)

Theorem 1. Conditions I1 —I5 are mutually independent.

Proof. a) The independence of I1: Let (G, +) be an arbitrary group such that
card G = 2. Let us define 7 on G as follows: xe G = I(x) = {x}, x,ye G, x #
# y = I(x,y) = 0. Then 12 —15 are satisfied, but I has not property I1.

b) The independence of 12: Let Z, be the group of numbers 0, 1 with the
addition mod2. We put G = Z,, I0) = {0}, I1) = {1}, I(0,1) = {0, 1},
I(1,0) = 0. Then 1 €1(0,1), but 0 =1 + 1 ¢I(1 + 0, 1 + 1). Obviously Il and
I3 —15 are satisfied here.

¢) The independence of 13 is clear if G = Z, and I(x, y) = {0, 1} for each
x,yeG.

d) The independence of I4: Let Q be the additive group of the rationals, ,,<‘
the relation ,,to be strictly less than* in the natural ordering of Q and let (x, y) =
={zeQ;x<z<y}for x,yeQ, x < yand I(x,y) = 0 for x = y. Then I1 —13
and I5 hold, but I4 is not satisfied.

e) The independence of I5: Let G = Q and let (x,y) = {ze Q; x £ z < y}
for x, ye Q, x < y. Let us define I(x, y) = {x, ) for x < y, I(x) = {x} for each x
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and I(x,y) = 0 for y < x. Then for x < y it holds I(x, y) # 9, I(y, y) # ¢ and
y ¢ I(x, y). Evidently, I1 —I4 are satisfied.

For a binary multioperation I on a group (G, +) let us consider also the con-
dition

(A6) Va,be GIce GV x€G; I(c, x) = I(a, x) n I(b, x).

If (G, +, £) is an ordered group, then we put {x, y)> = {ze G; x £ z £ y} for
x<yand<{x,y) =0 fory & x.

Theorem 2. a) Let G = (G, +) be agroup, I a binary multioperation on G satisfying
I2—15. Let YV a,b e G; a £ b <>y, I(a, b) # 9. Then (G, +, <) is an ordered group.

b) A group G = (G, +) admits a directed (lattice) order if and only if there exists
a binary multioperation I on G satisfying I1 —1I5 (12— 16).

¢) Moreover, if I is a binary multioperation on a group G=(G, +) satisfying
I2—15 (I1—1I5, I2—16), then there exists an order (a directed order, a lattice order)
=< on (G, +) such that in (G, +, <) it holds {x, y) = I(x, y) for each x,y € G.

Proof. a) If a € G, then by 14 a € I(a), hence a < a.

Leta,be G, a < b, b < a. Then I(a, b) # 9, I(b, a) # 0, thus by I3 a = b.

Let a,b,ce G, a £ b, b £ c. Then I(a, b) # 0, I(b,c) # 0, hence by I5 be
€ I(a, c), therefore a < c.

Let a,b,x,ye G, a < b and let ce I(a, b). Then by 12 x + ¢ + y €
ellx+a+y,x+b+y,andsox+a+y=x+>b+y.

b) Let I satisfy [2—1I5 and let < be the order on G defined in a). If @, b, c € G,
a £ b, then c € {a, b) if and only if I(a, ¢) # ¥ and I(c, b) # 9. By IS5, this is equi-
valent with ¢ € I(a, b). Evidently for a £ b we have <{a, b> = I(a, b) = 0.

If I1 —1I5 are satisfied, then the ordered group (G, +, <) is directed.

Let 12 —16 be satisfied and let a, b € G. Let us suppose that ¢ € G is such that
I(c, x) = I(a, x) n I(b, x) for each x € G. Then I(c, ¢) = I(a, ¢) n I(b, c), hence by
14 I(a, ¢) # 9 and I(b, ¢) # 9, therefore in the order < defined in a)itisa < c and
b=<c LetyeG,a<y b=y Then I(a,y) = <a,y) and I(b, y) = {b, y> imply
I(a, y) n I(b, y) # 9, and so I(c,y) # 9. Therefore ¢ < y, i.e. ¢ = aV b. This
means that the order < is a lattice one.

Conversely, if (G, +, <) is an ordered group and if we put I(a, b) = {a, b) for
each a, b € G, then evidently 12 —14 are satisfied. Moreover, if (G, +, <) is directed,
then also Il is satisfied. Let (G, +, <) be lattice ordered, a, b, x, y€ G. Then
yeavb,x)aVbsy<x<@Sy<x&b<y<x)eyela x) n{b, x).
Therefore in this case 12 —16 are satisfied.
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Souhrn

CHARAKTERIZACE USPORADANYCH GRUP
POMOCI INTERVALU

JIRI RACHUNEK

V &lanku jsou definovana uspofadani grup pomoci vysledkt binarnich multi-
operaci. Specialné jsou charakterizované grupy, které pripoustéji usmérnéna, resp.
svazova, uspotfadani. Pfitom je dokazano, Ze vysledky multioperaci splyvaji s inter-
valy v usporadanych grupach.

Pesziome

XAPAKTEPU3ALONA YVIIOPAOAOYEHHBIX T'PVIIII
[MPY nMmoMomnu MHTEPBAJIOB

NNPXU PAXVHEK
B craTbe ompenensroTCs MOPSAKA TPYII HPU IOMOILM OMHAPHBIX MYJIbTHOIC-
panuii. B yacTHOCTM XapakTepH30BaHbI TPYIIIBI, KOTOPBIE NOIyCKAXOT HAIIPABIEH-

HBlE WJIM PEILETOYHbIE MOPAAKU. [IPUTOM MOKa3aHO, YTO Pe3yJbTATaAMHU MYJIbTH-
onepalyi sIBJISAIOTCS MHTEPBAJbl YHOPSIIOYEHHBIX TPy,
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