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1. INTRODUCTION

O. Boriivka in [2—5] and F. Neuman in [9] brought into relation the Floquet
theory for the oscillatory equation (q): ¥" = q(t) y, g€ C°(R), q(t + =) = ¢(t) for
teR (=(—o00, )) with the theory of phases and of central dispersions. They found
thereby an expression for characteristic multipliers of (q) through an appropriate
phase or through a central dispersion of (q). The present paper refers to the above
results. Let o be a phase and let ¢, denote the central dispersion of (q) with the
index n, x e R. There is proved the existence of the limits: lim (a(¢)/t), lim (@,(x)/n)

t>+tw n—+tow
and their values are expressed through the values of the characteristic multipliers

of ().

2. BASIC DEFINITIONS, NOTATIONS
AND AUXILIARY RESULTS

We will discuss differential equations of the form

(@ Y =q@®)y, qeC°R), q(t+n)=4q(@) forteR,

being oscillatory on R, that is, any nontrivial solution of (q) has an infinite number
of zeros on the right and on the left from any point ¢, e R. The trivial solution of (q)
will be excluded from our considerations.

Say that a function o : R = R, a e C°(R), is a (first) phase of (q) if there exist
independent solutions u, v of (q):

tga(t) = ut)o(t) onR — {reR,v(t) =0} M
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If € denotes the set of phases of the equation y” = —y, then for any & € € there is
eg(t) #0, et + n) =e(t) + m.signe' and hence

t.signe’ + ¢(0) — n < &(t) < t.signe + &0) + 7, teR. )]
It holds for any phase a of (q): ae C}(R), «'(f) # 0 for teR, limo(t) =

t—=voo

=v.signa’. o0 (v = +1). If o fits the relation (1), where u, v are independent
solutions of (q) and w := w' — u'v is their Wronskian, then

o(t) = —w/At) + v¥(),  teR. 3)

Let o be a phase of (q), n being an integer. Let o~ denote the inverse function
to the function o (onR). Put ¢,(¢) := a~*(a(t) + nx . sign &), t € R. The values of the
function ¢, are independent of the choice of the phase o of (q) and the function ¢,
is called the central dispersion (of the 1st kind) of (q) with the index n. This function
possesses the following properties:

0, € C’R), ¢,)>0, o@(t+m=0)+n forteR, @

and for any x e R and any positive integer s there holds

(—oo, x] =kU0((P—(k+ l)s(x)a @—ks(x)], [X, o) =kU0[(pks(x): D+ 1)s(x))' %)
From the definition of the function ¢, and from (4) we get
t=Xx+ @(x) —n<@t)<t—x+@,x) + 7, teR, ©6)

where x €R and » is an integer.

The above definitions and properties are stated in [1, 5] or they can be deduced
very simply.

Let xeR and y;, y, be solutions of (q) satisfying the initial conditions p;(x) =
= y5(x) = 0, yi(x) = y,(x) = 1. Following the Floquet theory ([5,7,8]), we
associate with (q) a quadratic algebraic equation

A= Ah+1=0, (d:=y(x+n)+ yx+ n),

whose roots (generally complex) g, 0~ (¢ # 0) are called the characteristic multipliers
of (q). It holds thereby:

Lemma 1 ([2-5]).
The equation (qQ) has real characteristic multipliers exactly if there exists an x eR
and a positive integer n such that ‘
@, (%X) = x + . )

If (7) holds for an x eR and ¢,(x;) = x, + n holds for an x,, then it can be
proved that necessarily n = m. Say that (q) has the cathegory (1, n) (see [5]), where n
is a positive integer, if the relation of (7) for an x eR is satisfied. In such a case
(=D (x)!/2 and (= 1) (@,(x))~ 1/ are characteristic multipliers of (@)-
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Lemma 2. ([3,5,9])
Let 0 < a < 1. Then e**™ are characteristic multipliers of (Q) exactly if there
exists a phase o of (Q) and an integer n such that

ot + ) = at) + 2n + a) m, teR. ®)

Say that (q) has the cathegory (2, n) (see [5]) with n being an integer exactly if ther
exists a number a € (0, 1) and a phase o of (q) satisfying (8).

3. PRINCIPLE RESULTS

Lemma 3.
Let n be a positive integer and (1, n) be the cathegory of (q). Then
lim o(t)/t = n .sign o’
t=t o
for any phase o of (q).
Proof. Let (1, ) be the cathegory of (q). By Lemma 1 this is fulfilled exactly if (7)
holds for an x e R, where ¢, is the central dispersion of (q) with the index n. Let «
be a phase of (q) and sign «’ = 1. Let {q,}, {b;} be arbitrary sequences of numbers,

lim g, = o0, limb, = —oo. If we prove lim a(a)/a, = lim o(b,)/b;, = n, then

k— o0 k— k= k=

necessarily lim «(t)/t = n. We can without any loss of generality assume for any
N k— oo

positiveinteger k thatb, < x < a,. Now we get from (4) and (7) thatforj = 0, 1,2, ...
¢;,(x) = x + jn and thus it follows from (6) that

t+ @) —nt—x=t+(-Dr<o,()<t+¢,x)+n—x=
=t+({+ D
Hence
t+(G-Drn<ou)<t+(G+Dn, teR, j=0,1,2, .. ©)

Writing ¢_ ;,(#) for 7 in (9) gives
P-u) +(=Dr<t<o_m()+(+Dm,

because @;,(¢-;,(2)) = t. This implies

t—G+Dr<o_;,)<t—-(U-Dm, teR,j=0,1,2,.. (10)
From (9) and (10) we obtain
t+(-Dr<ou®)<t+(G+Dn, teR,j=0, +1,+2,... (11)

From (5) and from the properties of the sequences {a}, {,} it is clear that the
members of these sequences a,, b, are expressable in the form: g, = ¢, (%), b =
= (P""jk(yk) where Xx € [x’ (0,,()(5)) (= [x’ x + 7!)), Yk € ((O_H(X), x] (= (x -7, x]) and
{&x}, {ji} are the sequences of positive integers, lim i = lim j, = co.

k-0 k- o
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Because of
a(ak) = a¢nik(xk) = Ot(xk) + nigm,
a(b) = 2¢ (1) = a(y) — miem,
a(x) < alx) < alx + 7), a(x — 1) < a(y) < o),
we find that
a(x) + nigw £ ala) < alx + n) + nir,
a(x — 1) — mim < ab) £ alx) — njm.

(12)

From (11) we now find the following inequalities

X+ @G -Drsxi+@G-Dr<ex) <%+ G+ Da<x+ G +2mn,
x"(jk+2)n<yk—'(jk+1)n<(p—njk(yk)<yk—(jk_l)néx—(jk—l)n-

Hence, for sufficiently large k

o x) + nin alay) - i(x + 7) + nin
x+ (@, +2)n a, x +(,—Dn’
a(x) — njym a(by) - a(x — 1) — njr
X—=(e+2)m b, x—(Uy—Dn ’
and, according to the Theorem on the limit of three sequences, we get lim a(a,)/a, =
k- o
= lim a(by)/b, = n.
k=
Let us assume thatsign o’ = —1andletus put f(t) := —o(t),t€R. Thensign g’ =
= 1 and since S is a phase of (q), it follows from the first part of the proof of Lemma 3
that lim a(t)/t = —lim B(¢)/t = —n and Lemma 3 is thus proved.
k=t o0 k—too
Lemma 4.

Let n be an integer, 0 < a < 1. Let (2, n) be the cathegory of (q) and e its

characteristic multipliers. Then, for any phase o of (qQ)

lim a(t)/t = |2n + a|sign o'

t—>+tw

Proof. Let n be an integer, a € (0, 1). Then, by Lemma 2, the equation (q) has

the cathegory (2, n) and its characteristic multipliers equal to e**™ precisely if there
exists a phase « of (q) satisfying (8). Let o := sign o’. We prove first that the state-
ment of Lemma 4 holds for this phase. Letting {a,}, {b,} be arbitrary sequences,
limag, = 0, limb, = —co0, then a = X, + §n, b, =y, — jim, where 0 < x,,

k—+ o k— w0

¥ < n for any positive integer k and {i}, {ji,} are the sequences of the integers,
lim i, = limj, = oo. Therefore

k- k-0
lim «(a,)/a, = lim o(x; + i,m)/(x, + i) =
. k— w0 k— o
= lim (o(x,) + ,(2n + a)n)/(x, + Gw) =2n +a =|2n + a0,
k- 0
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lim a(b)/by, = llm a(ye — JIx — Jikm) =

k— o0

= lim («(y) — ju(2n + a) n)/()’k —jmy=2n+a=|2n+alo.

k= o

Let o, be an arbitrary phase of (q). Then «; = ex for a phase ¢€ €, signoy; =o.
.sign ¢’. From (2) we find that

signe’ + (e(0) — 1)t~ < g(t)/t < signe’ + (e0) + m)¢t~!  for t>0
and
signe’ + (e(0) + )t < g(t)/t < signe’ + (e(0) — n)¢~!? for t < 0.

Hence lim ¢(t)/t = sign ¢’. Herefrom and from the first past of the proof of Lemma 4

tt—w
follows
lim «,(¢)/t = lim ex(t)/t = lim ea(t)/a(t) . lim a(f)/t =
t—+t o t—> + oo t=>+ o t—t oo
= |21+ a|o.signe’ =|2n + a|signa;.
Theerem 1.

Let (q) be an oscillatory equation, 0 < a < 1, and n be an integer. Then
(i) the equation (qQ) has the cathegory (1, n), where n is a positive integer exactly
if it holds for any (and then for every) phase a of (q) that
lim a(t)/t = n .signo’; (13)
t— o
(ii) the equation (q) has the cathegory (2, n) and e*"™ are its characteristic multipliers
exactly if it holds for any (and then for every) phase o of (q) that
lim a(?)/t = |2n + a|signa’; (14)
t=>t o
Proof. if the equation (q) has the cathegory (1, n), then the equality (13) follows
from Lemma 3.
If the equation (q) has the cathegory (2, i) and e**™ are its characteristic multipliers,
then (14) follows from Lermma 4.
Let us assume that (13) holds for any phase « of (q), where n is an positive integer.

Then (q) has real characteristic multipliers, because in the contrary case lim a(f)/t
t— oo
would not be equal to an integer (by Lemma 4). Let us assume that (1, m) is a cathe-

gory of (q). Then we get by Lemma 3 that lim a(¢)/t = m . sign o, which with respect

t— oo
to (13) holds exactly if m = n.
Let (14) hold for any phase « of (q). Then (q) has complex characteristic multipliers,
for in the contrary case lim a(t)/t would be equal to an integer (by Lernma 3).

t—>+ oo
Assume that (2, m) is the cathegory of (q) and e where p € (0, 1) are its character-
istic multipliers. Then by Lemma 4 lim o(?)/t = | 2m + b | sign &’ and with respect

t— t oo
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to (14) we get | 2m + b| = | 2n + a|. The last equality is satisfied for the integer
m, n and a, be(0,1) exactly if m = n and a = b. This completes the proof of
Theorem 1.

Corollary 1.
Let xy €R, u, v being independent solutions of (q), w 1= uv' — u'v. Then
(i) the equation (q) has the cathegory (1, n) exactly if

. -1 ¢ ds -1

lim t7° | T =1 |w|™4,

totw  xo U(S) -+ v(s)

+ani

(ii) the equation (Q) has the cathegory (2, n) and e**™ (0 < a < 1) are its character-
istic multipliers exactly if

t
. - d
lim ¢! s

—_— = |w 2 + a)|.
toto  x0 U(S) + v3(s) | ( )|

Proof. Letu, v be independent solutions of (q), w : = uv’ — u'v be their Wronskian

and « be a phase of (q) satisfying (1) and therefore also (3). Then sign a’ = —sign w
and after integration of (3) from x, to ¢ we get
t
ds

a(t) — alxg) = —ij; m?(T) .

Since
t
lim ()t = —w . lim "1 f 95
1ot t~tw  x u(s) + v7(s)
we find that
sign o’ lim a(t)ft = [w| lim 17 | ——95
‘t—'ioo t-+ o o uz(s) + U2(S)

and Corollary 1 immediately follows from Theorem 1.

Theorem 2.
Let @, be the central dispersion of an oscillatory equation (qQ) with the index k. Then
(i) the equation (q) has the cathegory (1, n) exactly if for any (and then for every)
xeR

lim @ (x)/k = nn~*

k-t o0
(ii) the equation (q) has the cathegory (2, n) and e**™ (0 < a < 1) are its character-;
istic multipliers exactly if for any (and then for every) x eR
lim @ (x)/k=mn|2n+a| *.
k- + oo
Proof. It follows from Theorem 1 that for any phase a of (q) there exist limits

lim a(t)/t being equal to one another and independent on the choice of the phase
t=t o0

o of (q).

90



Let xeR and a be a phase of (q). Then ¢, (t) = 2™ («(t) + k= . sign o"). Hence
lim @ (x)/k = lim «~*(a(x) + kn . sign «')/k =
k=t o0 k=t

= lim o Ma(x) 4 kn . sign o'}/(a(x) + kn . sign ') . lim (a(x) + kn . sign o)}k =
k-t o

k-t o
=7x.signa’. lim a” ')/t = = . sign o', lim t/a()
t>+ o t— +tw
whence we obtain
lim @u(x)jk = n.signa’. lim ifa(f). (15)
k= *t o t—too

This proves that there exist proper limits lim ¢, (x)/k for any x e R and it follows
k= +w

from (15) that their value is independent on the choice of x. Theorem 2 follows
immediately form Theorem 1 and (15).

Remark 1.
The existence of the proper limit lim ¢, (x)/k has been proved in [6].
k-0
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SOUHRN

O LIMITNICH VLASTNOSTECH FAZI
A CENTRALNICH DISPERSI OSCILATORICKE
ROVNICE y' =¢4(f)y S PERIODICKYM
KOEFICIENTEM

SVATOSLAV STANEK

V préci je vySetfovana diferencidlni rovnice
@ =490y, qeC’R), q@t+mn)=q@) proteR(=(-00, 0))

ktera je oscilatoricka na R. Necht a je fize a ¢, je centralni disperse rovnice (q)
sindexem n, x € R. Je dokdzana existence limit lim «(f)/¢, lim ¢,(x)/n a jejich hod-

t—>t oo n—t o

noty jsou vyjadfeny pomoci hodnot charakteristickych kofenii rovnice (q).

PE3IOME

OB MPEAEJBHBIX CBOWCTBAX ®A3
M LEHTPAJIBHBIX OUCHEPCUN KOJIEBJIIOIETO
VPABHEHUS 3" = p(1)y C IEPUOJUUYECKUM
KOD®OUILMEHTOM

CBATOCJIAB CTAHEK

B pabote usydaercs koJjiebsiromumecs Ha R (= (— o0, 0)) nudbepennuanpubie
ypaBHeHus

(@ Y =q)y, qe C*(R), q(t + n) = q(t), teR.

Iycts o dasa u ¢, uenrpasipyas mucnepceus ypasuenus (q) ¢ usickcoM n, x € R.

Hoxazano cymectoBanue lim af)/t, lim ¢,(x)/X v 3uavenyst 3TUX NPEIeNoB Tped-
t—>tw n—t o

CTaBJIeHbl C TIOMONIBLIO 3HAUCHIUH XapaKTePUCTHUCCKUX KOPHeH ypaBHenua (q).
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