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Consider a linear homogeneous differential equation of the 4¢4 order

YY) + 10[g(0) y' O] + 3[3¢*() + ¢"(0] ¥(®) = 0, (n

which arises in iterating the linear homogeneous differential equation of the 2nd
order

Yy + q(0) y(0) =0, @

where the function g(f) € C*(— o0, + @), g(#) > 0 for all ¢ € (— %, + o0) and is such,
that the differential equation (2) is oscillatory [to every ¢ € (— oo, 4 c0) there exists
an infinite number of zeros of an arbitrary nontrivial solution of (2) lying both to the
left and to the right of the point 7].

As we know, if [u(f), v(f)] is a basis of (2), then every nontrivial solution of (1)
is of the form

4
y@) =Y Cu* (D' T, )
i=1

4
where C;eR,i=1,...,4, Y C? > 0, whereby it follows from the oscillatority of (2)
i=1

and with respect to the evenness of the order of (1) that it is oscillatory, too. Therefore,
for the sake of brevity, we call the differential equation (1) also oscillatory.

Since the differential equation (1) is of the fourth order, it may be seen that an
arbitrary zero relative to any of its nontrivial solution is at most of multiplicity three.
Hereafter, under a solution of (2) and (1) we will understand a nontrivial solution,
only.
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It was proved in Lemma I [1] that if 1, € (— 00, + ) is an arbitrary firmly chosen
point, then every solution y(¢) of the oscillatory differential equation (1) vanishing
at t, is of the form

3
Ly =Y Cu*7'(t)v' (), C3 + 0,
i=1
exactly if ¢, is a simple zero of the solution y(¢)
2
2. y(t) =Y Cu* ()" 1(1), C, + 0,
i=1

exactly if ¢, is a double zero of the solution y(t)
3' y(t) = C1u3(t), Cl :/é 0’

exactly if 1, is a triple zero of the solution y(r), where [u(¢), v(£)] is such a basis
of (2) that
u(to) =0,  v'(fp) = 0. P

In the theorem below we make an assertion on a mutual relation between two bundles
having different types of solutions of the oscillatory differential equation (1). We
will show that to every solution y,(#) relative to the twoparametric bundle

W1, Cy, C3) = u(t) [Cou(t) + Cou(n)], (S2)

C;eR,i= 1,2, C, # 0, of a solution of (1) there corresponds the solution Y(?)
(even a whole subbundle of such solutions which differ from each other by an
arbitrary nonzero multiplicative constant) relative to the threeparametric bundle

Y(t, Cy, Cy, C3) = U@ [C{U*(1) + CU®) V(1) + C3V2(1)], (S3)

CieR,i=1,2,3, C; # 0, of a solution of (1) such that both solutions y(t), Yo(?)
possess the same zeros whose multiplicities were, however, interchanged (with respect
to the strong or weak conjugacy of the points) and thus at the same time there occurred
an exchange of the weakly conjugate points for the weakly ones and vice versa.
Thereby, the mutual transformation of the bundle of solutions of one type onto
a bundle of solutions of the second type is realized through the exchange of the basis
[u(n), v()] of the oscillatory differential equation (2) for an appropriate basis
[U(t), V(t)] relative to the same differential equation. As we know, such an exchan-
ge may be realized through a regular centroaffine transformation. We show finally
that the both bundles (S,), (S;) of solutions of (1) with the properties considered
and expressed in two different bases of solutions of (2) are essentially of the same
form (and with respect to the coincidence of their zeros with interchanged multi-

plicities, dual in some degree).
Theorem 1: Let %1, %t,, *t, € (— o0, + o) be three consecutive strongly conjugate
points of the multiplicity v = 2 relative to a twoparametric bundle (S,) of the solutions

of the oscillatory differential equation (1). Let next 't;, 't3 € (— o0, + o) be two
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consecutive simple weakly conjugate points to the point 2t, [being simultaneously
zeros of a solution of (2)] belonging to the same bundle (S,) and lying respectively
between the points %t,, ¢, and %t,, %t,, so that

2 < Uty <y < Mty < Py 4)
is true.

Then there exists a certain threeparametric bundle (S;) of solutions of the same
differential equation (1) such that the points 'z,, '¢; are its two consecutive simple
strongly conjugate points, whereby the points 2#,, *t,, *t, are the three consecutive
double weakly conjugate points to the point '#, belonging to the same bundle (S;).
Hereby the point 1, lies between the points %¢,, %t, and the point 'z, lies between the
points ?t,, %t, i.e. (4) holds again.

Proof: From the previous considerations (used for the first time in the proof of
Lemma 1) it becomes obvious that there exists a basis [u(¢), v(£)] of the oscillatory
differential equation (2) satisfying the condition (P) at the point ¢, € (— o0, + ).
According to Statement 2. of Lemma 1, all solutions y(f) of the oscillatory differential
equation (1) vanishing together with the function u(¢) at the point ¢, with the multi-
plicity v = 2, form (up to an arbitrary nonzero multiplicative constant) a twopara-
metric bundle exactly of the form

w(t, Cy, Cp) = u?(t) [Cu(r) + Cro(n)], (S

where C;eR, j = 1,2, C, # 0, are arbitrary parameters. Since all the double zeros
ty€(—00, +0), k =0, +1, +2, ..., relative to this bundle, representing its only
mutually strongly conjugate points are at the same time the zeros of the function u(z),
we see that

Wty) = u(ty) =0

(so that these equalities hold also for the three given points #,, t,, t,; this condition
will be written hereafter only for the point #,). It holds for the remaining simple
Zeros ty 4, €(—00, + @), k =0, +1, +2, ..., relative to the bundle (S,), which
are altogether weakly conjugate to all foregoing points ¢,, that they simultaneously
represent the zeros of the twoparametric system of functions y*(¢, Cy, C;) =
= Cu(t) + C,u(r) being on (-- 00, + co) linearly independent on the function u(r).
In other words
Y api1) = V(i1 €y, C) = 0.

Hereby (according to Statement L., Theorem 2.3 in [1]), it holds for all k = 0, +1,
+2, ... that

1 2 2
a1 € Clays “lakt2)-

This implies that between any two neighbouring strongly conjugate points 5, , >3, 4,
there always lies exactly one weakly conjugate point 'f,,+; being at the same time
a zero of an arbitrary function y§(¢) resulting from the system y*(z, Cy, C,) at a (firm)
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choice of both constants C,, C, (C, # 0). Thus especially for k = 0, 1
y('t) = y5't) =0, i=1,3,

so that for both constants C; e R, j = 1, 2, relative to the system y*(¢, C,, C,), with
preassigned points ¢, 3 from the given pentand of points in the assumption of the
Theorem, there must hold

Cu(t) + Cy(t) = 0,

whence — because of u(t,) # 0, i = 1,3, — we get
CZU(Ii)
“T T

[where specially C; = 0 < v(;) = 0, because C, # 0]. Hence, all solutions y(¢) of (1)
vanishing together with the function u(f) [with respect to the condition (P) being
satisfied at ¢, | with a multiplicity v = 2 at the strongly conjugate points *t,, (among
which the given points 1,, t,, ¢, belong) and with a multiplicity 4 = 1 at the weakly
conjugate points 't,,,,, k = 0, +£1, +2, ..., (among which also the given points f;,
i = 1, 3, belong), are exactly of the form

Cou*(t)
u(t;)

where C, € R — {0} is an arbitrary constant.

Let us now look for such solutions Y(¢) of the same differential equation (1) that
are simply vanishing at the points ¢;, i = 1, 3, (with both these points being thereby
mutually strongly conjugate) and that are at the same time doubly vanishing at the
points #,, t,, t, (with these points being weakly conjugate to the points #,, 73).

Assume that [U(), V(1)], where

U() = cyqu(t) + cy,0(1),
V(t) = cpu(t) + cp0(0),

wWt, Cy) = [—o(t) u(®) + u(y) v(D)], (S3)

(T)

c;€R, B,j=1,2, ¢1¢a5 — €456, # 0 [which means that the centroaffine trans-
formation (T) is regular], is such a basis of an (oscillatory) differential equation (2),
that the functions U(r), V(¢) satisfy the condition (P) at the point ¢,.
Then — according to Statement 1. of Lemma I — all solutions Y(¢) of (1) simply
vanishing at ¢; (and at the same time also at ¢,) together with the function U(z), i.e.
for which

Y(t) = Ut) = 0, i=1,3,

form a thereparametric bundle (up to an arbitrary nonzero multiplicative constant)
being exactly of the form

Y@, Cf, €3, CY) = U@ [CLUXn) + C3U(n V(1) + C3V2()], (S3)

where Cie R, i = 1,2,3, C; # 0, are arbitrary parameters.
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From the condition U(t;) = 0, i = 1, 3, it can be now readily seen how to choose
the function U(f): in order to be vanishing at all zeros of the functions CFu(t) +
+ C;v(t) from the forefound form of the solution

L Cuk(n)
y(t, Co) = —2—=—=[Ciu(t) + C30v()]
u(t;)
of the differential equation (1), where C¥ = —o(t,), i = 1,3, C3 = u(t), i = 1, 3,
meeting the assumption of the Theorem, it must necessarily be linearly dependent
with it on (— oo, + 0), i.e. there must exist a constant A € R — {0} such, that
U(t) = A[ —o(t;) u(t) + u(t) o(@)].
As is known from the Ist part of the proof of Theorem 1.1 and also from Theorems 1.3
and 2.3 in [1], a threeparametric bundle (S;) of the solutions Y(z) of (1) in order to
possess double weakly conjugate points, there must between its parameters C; € R,
Jj=1,2,3, exactly hold
C: = 4CCj.

Hence the solutions Y(¢) searched, satisfying the conditions required must belong to
(S;) of the form
l](t) ’ ’ 2 ’
o [C U@ + 2C3V(H)]7, (Sy)

3

Y(1,C;, C) =

where C;eR, j = 2,3, C5 # 0, which we get from (S;) after some modification
r2
writing CZ' for Cy.

3
Here all the double weakly conjugate points — let us write them as T, k =

=0, +1, £2, ..., — of such a bundle are simultaneously the zeros of a twopara-
metric system Y*(z, C,, C3) = C,U(t) + 2C;V(f) of functions on (— 00, + ®)
linearly independent of the function U(f). If we write them also as 2T,,, then (ac-
cording to Statement 2. of Theorem 2.3 [1]), we have

2Towe (Maoys Mok
k=0,=+1, +2,..., whereby between two arbitrary neighbouring simple strongly
conjugate points '#,_ (,'#, 4, of the boundle (S;) there always lies its exactly one zero
2T, (k =0, +1, +2, ...), which represents at the same time the zero of an arbitrary
function from the system Y*(t, C;, C3). This function may be always obtained from
the system above in a firm choice of constants C;eR, j = 2, 3.

Thus, in order that these weakly conjugate points T, of its may be exactly the
points t,,, k = 0, £ 1, +2, ..., the system of functions Y *(¢, C,, C;) must necessarily
be on (— o0, 4 ) linearly dependent on the function u(f), by means of which [and
by means of the function o(f) from the original basis [u(?), v()] of (2)] the foregoing
solution y(f) of (1) was expressed, i.e. there must exist a constant ¥ € R — {0} such
that

C,U(t) + 2C3 V(1) = su(t).
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However, because of u(f3) = 0 for t = 15, k =0, +1, +2, ..., we have
CU(ty) + 2C3V(ty) = 0

for every x, whence we get that for both parameters C;eR, j = 2,3 [in view of
Ulty) # 0]
2C5V(te)

U(to)

holds. It follows specially that C, = 0 < ¥(#,) = 0, for C; # 0.

Thus, all the solutions Y(¢) of (1) vanishing together with the function U(¢) with the
multiplicity v = 1 at the strongly conjugate points 'z, ,, (among which the given
points ¢, t; belong) and with the multiplicity ¢ = 2 at the weakly conjugate points
2ty k=0, £1, £2, ..., (among which also the given points #,, t,, t, belong) are
exactly of the form “

rvca—%?m[vwowo+wmwm2 (%)
0 .

Ch= -

where C; € R — {0} is an arbitrary constant.

It still remains to determine the coefficients ¢;; (7, j = 1, 2) of the transformation (T)
used, specifying by means of both functions u(?), v(¢) of the original basis [u(t), v(t)]
both functions U(¢), ¥(¢) in the new basis [U(£), V(1)] of (2), where exactly the bundle
(S%) of all solutions Y(f) was expressed.

Writing, however, both conditions for the coincidence of the corresponding zeros
in both bundles (S3) and (S¥)

U(t) = A —o(t;) u(t) + u(t) v(0)]
— V(te) U(t) + Ulzy) V() = xu(t)

Um=ipumwo+mmwm

V() = U( 5 {[x — Au(t) V(o)1 u(1) + Au(t;) V(to) (1)},
we get [in comparing with (T)] that
e = —A(ty)
Ci12 = /1”(")
Cyy = U(t [% — Av(t;) V(to)],
Cry = U( )lu(t) (0)’

[whereby — in view of Axu(t;) U(to) # 9 — in fact
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Au(t;)
U(to)

C11€22 = €12€p = — +0

holds], which was to be demonstrated.
Completely analogous we could prove

Theorem 2: Let 't,'t,,'t, € (— 00, + ®©) be three immediately consecutive
strongly conjugate points with multiplicity v = 1 of a certain threeparametric bundle
(S5) of solutions of an oscillatory differential equation (1) and let %¢, , %3 € (— o0, + )
be two immediately consecutive double weakly conjugate points to 'z, [being
simultaneously the zeros of a solution of (2)] belonging to the same bundle (S;) lying
respectively between the points 1y, !t, and 't,, !t,, so that

o < 2ty < 't < %ty < ity (%)

Then there exists a certain twoparametric bundle (S,) of solutions of the same
differential equation (1) such that the points 2t,, ?t; are its two immediately con-
secutive double strongly conjugate points, whereby the points ‘¢, 't,, 'z, are three
immediately consecutive simple weakly conjugate points to the point ?¢, belonging
to the same bundle (S,), with the point 2, lying between the points 't,, '#, and
the point ?¢, lies between the points 't,, '¢,, i.e. (5) holds again.

Remark 1. In the above mutually dual theorems there is shown as their corollary
that among the weakly conjugate points whether it be of the twoparametric bundle (S,)
or of the threeparametric bundle of the special form (S;) of the solutions of (1)
there exists a relation characteristic for the strongly conjugate points (see Defini-
tion 2.1 [1]), i.e. that all the weakly conjugate points always belong to the same bundle
of solutions of (1) representing at the same time the zeros of the functions from the
subsystem y*(t, C,, C,) [with respect to the bundle (S,)] or Y*(1, C;, C;) [with
respect to the bundle (S3)] mutually differing by an arbitrary nonzero multiplicative
constant C € R —are mutually strongly conjugate among themselves. This property
appears in passing from one basis of the differential equation (2) to an other one,
whereby the transformation realizes not only between both bundles of solutions
(S,) and (S;) mutually, but also an exchange of all the weakly conjugate points for
the strongly conjugate points and vice versa. The mutual position of all these zeros
is to such a transformation invariant. This fact will be of importance for determining
the position of the weakly conjugate points by means of functions describing their
position with respect to that of the strongly conjugate points in the corresponding
bundle of solutions of the differential equation (1) which especially shines up after
identifying the functions describing the position of the strongly conjugate points
with the function ¢,(7) introduced in [2]. On functions of this type see [1] and [3].

Remark 2. Notice that in the main, in both foregoing theorems the formulation
of a certain five-point boundary value problem was involved (with prescribed multi-
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plicities of points) for an oscillatory differential equation (1). It was known in advance
about the triple or about the couple of points alternating (along with their multi-
plicities) in the given pentand that the corresponding boundary value problem with
three or two points (naturally with the multiplicity 1) is solvable for two linearly
independent solutions of an oscillatory differential equation (2).

It was shown at the same time that this problem with the properties required
and concerning the decompositions and multiplicities of the given five points is
always solvable in two ways in correspondence to solutions of (1) chosen either
from (S,) or (S3).

Unlike to the first case (in Theorems 1 or 2), where an exchange of the solution y(z)
of (1) from (S,) for the solution Y(¢) of the same equation from (S;) was involved,
vanishing at the same points as the solution y(7) with a simultaneous exchange of
the strong conjugacy for the weak conjugacy at the same zeros and vice versa,
combined with an exchange of a basis of (2) for another basis of (2), we will give
one more case where the coincidence of all zeros was reached in both bundles (S,)
and (S;) of solutions of (1) with one and the same (properly chosen) basis [u(t), v(0)]
of (2) whereby the properties of a strong or weak conjugacy of zeros (with distinct
multiplicities) in both bundles were retained simultaneously.

We will formulate the respective Theorem for such two bundles of solutions of
the differential equation (1) bearing in mind that the condition (P) has been just
satisfied by both functions «(¢), v(¢) in both bundles (S,), (S;) simultaneously at an
arbitrary firmly chosen point ¢, € (— o0, + ™).

Theorem 3: In two different bundles

y(t, Cy, Cy) = u*(t) [Cru(r) + Coo(1)], (S2)
C,eR, =12 C,#0,

and
P, €/, Cy, C3) = u(t) [C{u*(t) + Cyu(t) vo(t) + C30*(D)], (S3)

C;eR, j=123, Cy; #0,

of solutions of one and the same oscillatory differential equation (1) expressed by
means of both functions u(¢), v(t) from the basis [u(r), v(t)] of the oscillatory differen-
tial equation (2) and vanishing together with the function #(z) at an arbitrary firmly
chosen point ¢, € (— oo, + o) there realizes a mutual coincidence of all their zeros,
so that both bundles (S,), (S;) are vanishing

1. at the same points f,, € (—00, +), k=0, £1, +2,..., [being strongly
conjugate points for both bundles and namely double for (S;) and simple for (S;)]
and

2. at the same points #,,.,€(—00, +®), k =0, +1, £2, ..., [being weakly
conjugate points for both bundles and namely simple for (S;) and double for (S;)]
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exactly if there exists a constant A e R — {0} such that

AC3
2C2 ’

AC
C,=iC;, Ci==2

Ci = >

simultaneously holds.

Proof: The Statement 1. of the above Theorem on a mutual coincidence of all
(double) strongly conjugate points %t,, € (— o0, + ®), k =0, +1, +2, ..., of (S,)
with all (simple) strongly conjugate points 't, € (— o0, +®), k =0, +1, +2, ...,
of (S;) follows (according to Statements 1. and 2. of Lemuma 1) just from the very
form of both these bundles of solutions y(f) and y(z) of the differential equation (1),
expressed by means of the functions u(i), v(f) relative to one and the same basis
[u(®), v(r)] of the oscillatory differential equation (2) satisfying the condition (P) at
the point ¢, € (— o0, + ®) i.e. for k = 0. The Statement 2. of the above Theorem
on a coincidence of all (simple) weakly conjugate points *t5, . € Ctay, Lok 2)s
k=0,+1, +2,..., of (S,) with all (double) weakly conjugate points 2T, €
€ty ae42), k=0, £1, £2, ..., of (S;) will be readily obtained in applying
the relation C;* = 4C{C; for the parameters CieR,j=1,2,3, C; # 0, necessary
and sufficient (see the Isz part of the proof to Theorem 1.1 and the Statement 2a)
of Theorem 2.3 [1]) for the existence of the double weakly conjugate points *T; 44,
k=0,+1, +£2, ..., of (S;) assuming thus the form

ar ’ Y u(l) ’ ’ 2 ’
(8, C3, C3) = —— - [Ciu(t) + 2C50(1)] (S%)
4C}
and besides from the condition of the mutual coincidence of all zeros f,,,, and
Tove1, k=0,+1,+2,..., of both twoparametric systems of functions, namely

y*(t3 Cl > CZ) = Clu(t) + C2U(’),
[appearing in the bundle (S,)] and
PE(t, C,, C3) = Cuu(t) + 2C50(2),

[appearing in the bundle (S;)],
with respect to the assumptions C, 0 and C; # 0 linearly independent of the
function u(¢) on (— oo, + o).

The last condition which at the seme time expresses the coincidence of all weakly
conjugate points f,y 4, Taxs1> K =0, £1, £2, ..., (of distinct multiplicities) of
both bundles (S,), (S;), since

y(1t2k+19 C,,.C) = y*(1t2k+17 C.Cy)
and

)A"(Zsz 1> Ca, C3) = ﬁ*z(ZTk—H’ C,, C3),

forall k = 0, 1, +2, ..., is exactly the linear dependence of these both systems of
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functions on the interval (— oo, + o), i.e. the existence of the constant A R — {0}

such that
DH(e, CZI’ C:;) = Ay*(t, C17 C,),

which means that at the same time

C,=4C; and Cj= ’lg" ,
2
(so that C{ = ;g‘) and therefore the second of both bundles, i.e. the bundle (S5)
2

of the solutions y(¢) of (1) then is of the form

(1, €y, C;) = Cu(®) [Cou(t) + Co(0]?,

where C<= 2é e R — {0} is an arbitrary constant.
2

Specially: if C; = 0 holds in (S,), then C; = C, = 0 must hold in (S;) and the
mutual coincidence considered of all corresponding zeros (with distinct multiplicities)
occurs now in oneparametric bundles (S,), (S5) in the form

¥(t, C3) = Cou(2) v(),
$(t, C3) = Csu(t) v’ (1),
where C,, C; € R — {0} are arbitrary parameters.

It is worth mentioning that at (S,), (S;) with equally denoted initial both para-
meters, i.e. at the bundles

y(t, C,, Cy) = u?(t) [Cu(r) + Cu(t)],
C,eR,i=1,2,C, # 0,and

P, Cy, Cyy Cy) = u(t) [CruP (1) + Cou(r) v(t) + C30*(1)],

CyeR — {0},

of solutions of the same differential equation (1), the mutual coincidence considered,
of their all corresponding zeros (i.e. including the weakly conjugate points)— with
respect to the condition on nontriviality of solutions of (1)—cannot occur [since
the nonlinear system of the three algebraic equations for the parameters C; € R,
i=1,23:

Ci(AC, — 2Cy) =0,
iC, — C, =0,
ACy — 3Cy = 0,

meeting the necessary and sufficient condition of such a complete coincidence given
in the statement of the theorem just proved, possesses only one trivial solution C, =
= C, = Cy = 0 atevery A R].
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Remark 3. Let us consider besides the bundle (S,) of solutions y(¢) of the differen-
tial equation (1) written by means of the functions u(z), v(r) from the basis [u(?), v(r)]
of the differential equation (2) satisfying the condition (P) at a point ¢, € (— 0, + )
the bundle (S;) of solutions Y(¢) of the same differential equation (1), written by
means of the functions U(¢), V(f) from another basis [U(t), V(t)] of (2) satisfying
the condition (P) at a point T, € (— o0, + o). Thus—according to Statement 2. or
Statement 1. of Lemma I—the twoparametric bundle (S,) or the threeparametric
bundle (S;) of solutions y(¢) or of Y(¢) of (1) vanishing together with the function
u(t) or U(¥) at t, with the multiplicity v = 2 (i.e. 2¢,) or at T, with the multiplicity
v =1 (i.e. 'Ty), is exactly of the form

¥(t, Cy, Cy) = u*(t) [Cou(t) + Cyu(h)], (S2)
CieR,i=1,2,C, #0,0r

Y(t, Cy, Cy, Cy) = U@ [C{U*(t) + C,U@) V(1) + C3 V(D] » (S3)

CieR,j=1,23,C; #0.
Let us try to find the coefficients ¢;;€R, i,j = 1,2, of the centroaffine trans-

formation
U@) = ¢y u(t) + c2000),

(T
V(t) = cyu(t) + c50(1),

where ¢,¢;5 — ¢(,¢;; # 0 such that the mutual coincidence of both the strongly
conjugate points 2t,,, 'T,,, k =0, +1, +2, ..., and the weakly conjugate points
Yoewt> 2Tanry, K=0,+1,+2,..., of (S,) and (S;) occurs on the interval
(_ 00, + OO)

Since we assume at (S;) the existence of the double weakly conjugate points for
which 2T, . € Ty, *Thes2), k=0, +1, +2, ..., there must hold for its para-
meters C;eR, j = 1,2,3, C; # 0, the condition C;2 — 4C/C; = 0, hence it must
be of the form

Y(t, C;, C3) = i [C:U@) + 2C3V (D] (S%)
3
It becomes apparent now that for both bundles (S,), (S;) to be vanishing (with
distinct multiplicities) at the same mutual strongly conjugate points, there must exist
a constant » € R — {0} such that
U@) = xu(),

which means that both functions U(¢) and u(¢) are linearly dependent on the interval
(—o, + ) so that Ty, = 15, k=0, +1, £2, ..., (thus specially for k = 0:
T, = to) whence it follows that both pairs of the functions u(r), v(t) and U(r), V()
meet the condition (P) at the same point #,, where simultaneously u(ty) = U(t,) = 0,
while v(t,) # 0, V(t,) # 0.
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For both bundles (S,), (S3) to be vanishing (with distinct multiplicities) at the same
weakly conjugate points, i.e. for to hold Thyx 4y = ty 41, k=0, +1, +£2, ..., there
must exist a constant 2 € R — {0} such that

C,U(0) + 2C3V (1) = A Cyu(t) + Cro(1)],
wherefrom we get for t = ¢, that
AC,0(1o)
V(to) !
Combining these, we obtain the following result
U(t) = »u(t),
(AC, — %C3) V(to)

20, =

V(to)

FO= " O ey
so that [in comparing with (T)] ‘
Cig = %,
¢, =0,
cry = (AC; — %C3) V(1o) ,
Cyo(to)
V(t
V(to) _ 2C, %V (to)

where + 0

—=;in fact ¢;1¢5 — €105 =
i) 2C, lto)

In this way we obtain following

Statement: The bundles (S,) and (S3) of solutions y(f) and Y(#) of the differential
equation (1) in the forms and with conditions given in Remark 3 are vanishing at the
same strongly conjugate [for (S,) double, for (S3) simple] points t,, € (— 00, + ™),
k=0,+1, £2, ..., and simultaneously at the same weakly conjugate [for S,)
simple, for (S;) double] points ¢, . ; such that t,, . | € (£35, 12+2), kK =0, +1, £2, ...,
if between the bases [u(?), v(t)] and [U(r), ¥(1)] of the oscillatory differential equa-
tion (2) there holds (T) with the just found expression of coefficients ¢;; e R, i,j = 1,2,
of this transformation.

Specially: At U(t) = u(f) [so that x = 1] and V() = v(f) we get a necessary and
sufficient condition for the mutual coincidence of the strongly conjugate points and
simultaneously of the weakly conjugate points relative to both bundles (S,), (S3)
of solutions y(r), Y(t) of (1) according to Statements I. and 2. of the foregoing
Theorem.

Now we will show two different types of bundles of solutions of (1). Namely
a oneparametric bundle

v, C) = Cu(t), C,eR - {0}, (Sy)
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and a certain form of a threeparametric bundle

Y(t, C{, C;, C3) = U(t) [C{U*(1) + C,U(t) V(1) + C3V3(1)], (S3)
CjeR,i=1,2,3,C,+#0,

whose all zeros mutually coincide. They however differ from one another by their
multiplicities: while all zeros of the bundle (S,) have the multiplicity v = 3, all those
of (S;) have the multiplicity v = 1.

Theorem 4: There exist to every solution y,(f) from (S,) of the solutions of (1),
whose all zeros are triple, a subbundle of the solutions Y(¢) (differing from one
another by an arbitrary nonzero multiplicative constant) from the bundle (S;) of the
solutions of the same differential equation (1) such that all zeros of Y,(¢) are sim-
ple and coincide with all zeros of yo(f). All zeros of y,(r) and Y(¢) from both bund-
les (S,), (S;) are thereby mutually strongly conjugate.

Proof: We require from the functions u({t), v(f) from the basis [u(7), v(1)] of the
oscillatory differential equation (2) to satisfy the condition (P) at an arbitrary firmly
chosen point ¢4 e (— o0, +c0) again. Thus, all the zeros t, € (— o0, +®), k =
=0, +1, +2, ..., of every solution y,(f) of the oscillatory differential equation (1)
from a oneparametric bundle (S,) are simultaneously the zeros of the function u(?);
they are altogether triple and mutually strongly conjugate (see Statement 3. of
Lemma 1 and Statement 1. of Theorem 2.1 [1]).

The existence of solution Y(f) [or of the subbundle of all such solutions differing
from one another by an arbitrary nonzero multiplicative constant] from (S;) of
the solutions of (1), such that all its zeros coincide with all zeros of the solution y(f)
from the bundle (S,) of the solutions of the same differential equation (1) having
thereby altogether the multiplicity v = 1, will be proved by constructing such
a solution.

Let us choose the function U(r) from the basis [ U(r), V(#)] of the same differential
equation (2) so that U(r) = Au(r), where 2 € R — {0}, such that both functions U(r)
and u(?) linearly dependent on the interval (— oo, + c0) are vanishing at the same
points f,, k = 0, +1, +2, ...; hence, they both meet the condition (P) at the same
point ¢,. The condition C5 # 0 in (S;) means (according to Statement 1. of Lemma I)
that all solutions Y(¢) of (1) from (S;) are simply vanishing at all zeros of the function
U(t) [and thus simultaneously of the function u(r)]. In other words, the points 7,
k=0,+1, +2, ..., are also strongly conjugate (according to Statement 3. of Theo-
rem 2.1 [1]—altogether simple) points of (S;) of the solutions of (1).

Now it is necessary to determine the condition for the constants C{ e R, i = 1, 2, 3,
C; # 0, so that the threeparametric system of all functions of the form

Y*(t, C{, Cy, C3) = C{Ut) + C,U@t) V(i) + C3V(1),
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from the bundle (S;) doesnot possess any zeros on the interval (— oo, + o) [and
thus, the bundle (S;) of solutions Y(¢) of (1) doesnot possess any weakly conjugate
points]. This condition exactly means (according to the Ist part of the proof of
Theorem 1.1 [1]) that the inequality C;?> — 4C{C; < 0 holds, whence it specially
follows that there must sgn C| = sgn C5 # 0; then

Y(t, Cy, C5, C3) =
= YO c2u2y 1 acs[c;UG V() + CVAD) + CLUND] — CRUNW)) =

4c,
- %'L{[CZ'U (1) + 263V + (4C{C5 — CH U (D)} =
3
= 'U(t‘)‘ F? G* S
ac, L O+GOL (S

where the functions F(7) = \/4C1’C§ — C’3U(1) and G(t) = C,U(t) + 3C;¥V () form
a pair of linearly independent solutions of (2), hence they do not possess any common
zeros on the interval (— oo, + o).

Consequently F3(f) + G*(t) > 0 for all € (— oo, + o) and thus the only zeros
of every solution Y(¢) of the differential equation (1) from the bundle (S5) that we
constructed from the bundle (S;) are exactly the simple zeros *t,, k = 0, +1, +2, ...,
of the function U(r) [i.e. also of the function u(f)], coinciding with all (triple) zeros 3¢, ,
k=0, +1, £2, ..., of every solution y,(¢) from the bundle (S,) and they are thereby
in both bundles (S,) and (S3) mutually strongly conjugate.

Remark 4. It is generally possible to construct a form of (S3) of the bundle (S;)
[in which the relation 4C/C; — C3* > 0 holds between the parameters C;eR,
i=1,2,3C; # 0] with required properties of the coincidence of all zeros relative
to any solution Y(¢) with all zeros of y(f) from the bundle (S,) of solutions of the
same differential equation (1) so that between both these bases [u(f), v(f)] and
[U(r), V(1] of the oscillatory differential equation (2) we choose a regular centro-
affine transformation in the form

u) = cqu(®),
V(t) = cru(t) + cp50(0),

where ¢;;eR, i,j =12, ¢;; =0 and where ¢,,¢,, # 0; at this transformation all
zeros of both functions U(f) and u(r) coincide (are immovable).

Remark 5. Similarly to the foregoing Theorems 1—3, also in the last case the
Statement of Theorem 4 is closely connected with some boundary value problems
formulated for the oscillatory differential equation (1).

As a consequence of this theorem we get the following
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Statement: If a solution yo(f) of an oscillatory differential equation (2) vanishes
on a given set of points M = {#.}, f,e (— o0, + ), k =0, +£1, £2, ..., lim ¢, =
k=~

= —oo, lim f, = + 00, so that yo(,) = 0 and thereby yo(2) # O for all € (t, t, +y),
k= +

te < tewr, k=0, +1, £2, ..., then all solutions Y(f) of the oscillatory differential
equation (1) are vanishing as well on this set M and namely either of the form Y,(¢) =
= Cyg(t) [with the multiplicity v = 3] or of the form Y,(r) = Cy,(f) [¥3(?) + y3(1)]
(with the multiplicity v = 1), where C e R — {0} is an arbitrary constant and where
y1(1), y,(t) are two arbitrary on the interval (— oo, + o) linearly independent solu-
tions of the differential equation (2).
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Souhrn

O TRANSFORMACICH SVAZKU RESEN{
ITEROVANE LINEARNI DIFERENCIALNI ROVNICE 4. RADU

VLADIMIR VLCEK

V préci jsou vySetfovany vzadjemné transformace dvou- a tfiparametrickych svazki feSeni itero-
vané linearni diferencialni rovnice 4. fadu, pfi nichZ je u obou svazkt dosaZeno koincidence viech
jejich nulovych bodt za soucasné vymény slab&é konjugovanych bodu za silné konjugované body
a naopak. Tato vyména je realizovdna pomoci vymeény jedné baze oscilatorické dif. rovnice (z niz
uvaZzovand dif. rovnice 4. fadu vznikne iteraci) za jinou bazi téZe rovnice 2. fadu uZitim vhodné
centroafinni transformace.

Déle je — pfi jedné a téZe bazi dif. rovnice 2. fddu — ukdzdna transformace mezi uvedenymi
svazky feSeni dif. rovnice 4. fadu, pfi niZ se dosahuje koincidence viech nulovych bodu svazkl pfi
ponechani vlastnosti jejich silné resp. slabé konjugovanosti, av§ak kdy dochdzi k vzajemné vymé&né
jejich nasobnosti.
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Nakonec je uvaZovana takova transformace mezi jednoparametrickym svazkem a jistym typem
tfiparametrického svazku feSeni dif. rovnice 4. fadu, pfi niZ viechny nulové body obou svazki —
jakoZto silné konjugované body s riznymi ndsobnostmi — koinciduji.

Pestome

O TPAHCOOPMAIIUAX NNYYKOB PEIMEHU
UTEPNPOBAHHOIO JIUHENHOTO JUO®O®EPEHI[UAJILHOIO
YPABHEHM A 4-TO NOPATKRA

BJIAAVMMHUP BJIYEK

B pabote usyyarorcs TpaHcHOpPMaUMH MEXHY IBYMS THUIA MYyYKOB KOJIEOIOMIMXCH pPEMICHAR
HMTEPHPOBAHHOIO JIMHEWHOro nuddepeHunanbHOro ypaBHeHns 4-ro nopsigka. IIpH mepBhIX ABYX
(B3aHMHO IyaJIbHbIX) OTOOpaXXeHUAX ABYX- M TPEXIAPAMETPUYECKHAX MYYKOB HA CeOsl, OCYIIECTBIICH-
HBIX IIPA oMoy HeHTpoadduuHbIX TpaHchopMauuit napa 6a3UCOB OXHOrO H TOTO X€ JTHHCRHOroO
opHOpoAHOro IubdepeHIHaNbHOrO ypaBHEHHsT 2-r0 NOPsigKa (M3 KOTOPOrO COOTBCTCTBYIOLICC
nrddepeHHanbHOE ypaBHEHHE 4-TO HOPSAKA BO3HHUKIIO IIOCTIE UTEPALMHA), JOCTUTACTCA COBNANCHAS
BCEX HyJIed 3THX MYYKOB PEIIEHH, HO OOMEHHBAIOTCH C1ab0 CONMpPsIKEHHBIE TOYKH 33 CHIIBHO CO-
TIPSHKEHHBIE TOYKH M HA000pOT.

Hanee — npu ToM xe camoM 6azuce nuddepeHanbHOro ypaBHeH!S 2-T0 OpAaka — [IOKa3aHa
TaKasi TpaHChOpMalMs BBEACHHBIX MYYKOB peuteHuil quddepeHinanbHoro ypasHeHus 4-ro nopska,
TIpH KOTOPOR B3aMMHOTO COBIAJCHHA BCEX HYJIeH 00EUX My4YKOB JOCTHIAETCS IIPH B3aHMHOR 3aMeHe
HX HacoOHOCTeH.

IIpn nmocnegHed TpaHchopMauMu OJHO— M TPEXIIAPAMETPHYECKHUX IYYKOB DEIUIEHMH HOCTH-
racTCs COBNAJIEHWE BCEX MX HYJICH KaK CHJIBHO COMPSIKEHHBIX TOYEK (MPH B3AHMHO OTIMYAIOUTHXCH
HacobHOCTSAX).
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