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1. Introduction 

In this paper we consider a differential equation 

y" = M O y (>̂ q) 

with q e C°(j),j — (a, b) (a < b ^ oo) where A is a real parameter. The object of our 
study is to investigate the zero distribution of solutions and the zero distribution 
of the derivative of solutions of (kq), described as functions cp(t, X), \jj(t, X), x(t, X) 
and co(t, X). On applying the "generalized Wronskian" w : = y0y[ — yoyi, where y0 

and y! are respectively the solutions of the equations (k0q) and (r^q), we prove in 
analogy with [3] some results on the monotony of the functions (p, ij/, x and w with 
respect to the variable X, which are well known in case of q(t) 4= 0 on j . 

2. Basic definitions, relations and notation 

Let qeC°(j) and let X be a (real) number. Throughout our discussion we exclude 
the trivial solution of (kq). Suppose that x ej and u, v are solutions of (kq) satisfying 
the condition u(x) = 0, v'(x) = 0. Denote by cp(x, X) (x(x, X); a>(x, X)) the first zero 
(if any) of the function u (ii; v) lying to the right of the point x. The function <p is 
called the 1st kind fundamental dispeision of (kq) and in case of q(t) =j= 0 the functions 
X and a> are called respectively the 3rd and 4th kind fundamental dispersion of (kq). 
(Cf. [1, 2]). The functions x and co are introduced in analogy with [5]. 

Say, a function p e C°(j) possesses the property H if there is not a cluster point 
of zeros ofp lying on j . If the function p possesses the property H and X =f= 0, then Xp 
possesses this property, too. 
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Lemma 1. Let a function p possess the property H and let u be a solution of y" = 
= p(t)y. Then the zeros of u' have no cluster point on j . 

Proof. Suppose that the function p possesses the property H and there exists 
a nontrivial solution u of y" = p(t)y together with a sequence {t„}, tn ej, tn 4= c ej, 
lim tn = c where u'(tn) = 0. Then u'(c) = 0, u"(c) = 0 and because of u(c) 4= 0 
K-+00 

we have p(c) = 0. According to the assumption, p possesses the property H and 
therefore there exists a number e > 0 such that u(t) #= 0 for t e (c - e, c + e) and 

tn 

p(t) + 0 for / e (c - e, c + e) - {c}. Then u'(tn) - u'(c) = \p(t) u(t) dt 4= 0 holds 
c 

for all n for which tn e (c — e, c + e), which is a contradiction. 
Suppose that x ej and let q possess the property H. Let v be a solution of (^q) 

satisfying the condition v'(x) = 0. Denote by i/>(x, X) the first zero (if any) of v lying 
to the right of the point x. If q(l) 4= 0, then the function i/> is called the 2nd kind funda­
mental dispersion of (kq). (See [1, 2]). 

Every equation (kq) may be associated with the functions cp(t, X), #(/, X), co(t, X), 
and even with the function \\i(t, X) if q possesses the property H. Thereby it follows 
from the definition of these functions that they need not be defined for every t ej. 
On the assumption that the equation (kq) is oscillatory, i.e. the point b is the cluster 
point of zeros of a (and then of every) solution of (kq), these functions are defined 
for every t ej. 

Lemma 2. Let (k0q) be an oscillatory equation. Then x(h> ^o) < #('o> ^o) for 
*i < t0, ti ej, t0ej. 

Proof. We may assume without any loss of generality that a g tt < t0 < 
< #(ti> ^o)- Suppose that u, v are solutions of (k0q), u(tt) = v(t0) = 0, u'(^) = 
= v'(t0) = 1. Let x(f0, X0) S x(h > ô)« Then u'(t) > 0 for t e (t,, x(t0, X0)). We put 
H<r) :== u(t)v'(t) - u'(t)v(t), tej. Then w(t) = k (= a constant 4=0) and next 
k = u(t0), k = —u'(x(t0, X0)) v(x(t0, X0)). Because of u(t0) > 0 we have k > 0 and 
since v(x(t0, X0)) > 0, we have u'(x(t0, XQ)) < 0, i.e. a contradiction. 

Convention. In so far as a function at x0 passing to an infinite expression of the 
type "0/0" occurs in our consideration, the value of such a function at x0 will be 
defined as its limit (if any). 

In closing this section let us remark the following observation: If there exists an 
interval (c, d) cz j with q(t) < 0, then every solution of (kq) possesses at least two 
zeros on (c, d) for a sufficiently large X. 

3. Main results 

Theorem 1. Assume (k0q) to be oscillatory. If: 
a) X0 > 0, then (kq) is oscillatory also for every X = h and cp(t, Xt) > cp(t, X2) 

for X0 <. Xi < X2, tej; 

•V: 



b) X0 < 0, then (Xq) is oscillatory also for every X = X0 and (p(t, Xx) > (p(t, X2) 
for X2 < xx S V tej. 

X 
Proof. Suppose (X0q) to be oscillatory and ——~— > 0, which means that 

X — A0 

either 0 < X0 < X o r0 > X0 > X. Let x ej and let y0 and yl be solutions of (^oq) 
and (Xq\ respectively, with j0(x) = yx(x) = 0, y0(x) = y[(x) = l.Then y0((p(x,X0)) = 
= 0 and y0(f) > 0 for t e (x, (p(x, X0)). Assume cp(x, X0) ^ cp(x, X), consequently 
yx(t)>0 for te(x,cp(x,X0)). We set w(t) := y0(t)y[(t) - y0(0yi(0> tej. Then 
w' = (X — Xo) gyoyi and vt'(x) = 0. This gives 

<p(x, A0) (p(x, A0) 

0< I y'0
2(t)6t = y0(t) y'oW^^-Ao J q(t) y2

0(t) dt = 
X X 

h «yo)yo(t)»'(t)dt_ 
*-*o l yi(t) 

_ _. K [yo(i)w(t) |*(*-A°> «*">( w(Q V 

^-^o L .vi(o I* 1 U i ( o ; 
AQ * y ° Y *{o YHf 

A-A0 J Vy.(01 ' 
A which, however, contradicts the assumption ——--— > 0. Consequently <p(t, X) < 

X — X0 
X 

< cp(t, X0) for t ej and (?iq) is oscillatory for every X where ——^--—• > 0. The rest 
A — X0 

of this proof is carried out writing Xl and X2 for A0 and X into the above part of the 
proof. 

Remark 1. Suppose (A,0q) to be oscillatory. Then the statement of Theorem 1 on 
the oscillation of (Xq), where X0 S X and X ^ X0 are respectively X0 > 0 and A0 < 0, 
follows also from Theorem 2. 60 [7, p. 105] or from Lemma 3 [4]. 

Corollary 1. Let X0 > 0 and /et (X0q) be an oscillatory equation. Then 

lim cp(t, X) = <pq(t), tej, 
A->oo 

where 

j ; wfc«.,(0<o, 
«v ' [inf {x; x ej, t < x, q(x) < 0} when q(t) ^ 0 . 

Proof. Let xej. By Theorem 1 cp(x, X) is a decreasing function on the interval 
<A0, co). There exists therefore lim cp(x, X) whose value we denote as c; lim (p(x, X) = 

A-»oo A-*oo 

= c. Let q(x) < 0. Then there exists e > 0 with q(t) < 0 for te <x, x -f e> and 
hence necessarily c = x = ^(x ) . Let q(x) ;> 0. Then q(t) = 0 for f e <x, #,(*)> 
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(the case of x = <Pq(x) is not excluded) and there exists on every interval ($q(x), 
<Pq(x) + e>, e > 0, a subinterval (//e, ve) c (<Pq(x), <Pq(x) + e>, where q(t) < 0. 
Then, of course, every solution of (Xq) has at least two zeros on the interval (pe, v8) 
for a sufficiently large X; hence <Pq(x) <; <p(*, A) <; q>(&q(x), X) < <Pq(x) + s holds 
for such X and therefrom c = <Pq(x). 

Corollary 2. Suppose X0 > 0 and let (X0q) be oscillatory with <Pq(t) being the 
function defined in terms of Corollary 1. Then lim cp(t, X) = &q(t) uniformly on every 

A-+ oo 

compact subinterval of j exactly if $q(t) = lfOr te ($q(a), b) : = j \ , i.e. iff q(t) g 0 
for t e j \ and q(t) does not vanish in any interval ( c j \ ) . 

Proof. Suppose lim <p(t, X) to be uniformly converging on every compact sub-
A—> oo 

interval of/. Then <Pq(t) = lim cp(t, X) is a continuous function onf. 
A-> oo 

According to Theorem 1, the function cp(t, X) is a decreasing one in the variable X 
on the interval <A0,co) and since cp(t, X) is a continuous function for every Xe 
e <A0, oo) onf, then by the generalized wellknown Dini's theorem lim cp(t, X) = ^q(t) 

A-oo 

uniformly on every compact subinterval off. It is evident from the definition of <Pq(t) 
that this function is continuous on j exactly if <Pq(t) = t for tej\ ( = <<£q(a), b)) 
which occours precisely in case of q(t) ^ 0 for t ej\ and q(t) nonvanishing on every 
interval ( c j \ ) . 

Remark 2. If X0 = 0, then (X0q) is a nonoscillatory equation and it is easy to verify 
that the domain of the function <p(t, X0) is an empty set. There is, however, such 
a function q to be found where cp(t, X) is defined on the setfx R0 withf = <a, oo), 
R0 = ( - c o , co) - {0}. From [6] that say q may be replaced by any function 

x'o + K 

q e C°(j), q(t) ifE 0, q(t + K) = q(t) for t ej and f q(t) dt = 0 (x0 ej). 
Xo 

Theorem 2. Suppose that (X0q) is oscillatory. If: 

a) X0 > 0, then the function y(t, X) is defined at every point (t, X) ejx (X0, co) 
and i(t, Xx) > x(t, X2) for X0 ^ Xx < X2, t ej, 

b) X0 < 0, then the function x(t, X) is defined at every point (t, X) e j x ( - c o , A0> 
and y(t, XY) > l(t, X2) for X2 < Xt g X0, t ej. 

X 
Proof. Let xe/ and - — ^ y - > 0. Let next y0 and yt be solutions of (X0q) and 

x — x0 
(Xq), respectively, with yQ(x) = yv(x) = 0, y'0(x) = y[(x) = 1. Then y'0(x(x, X0)) = 0 
and'yo(t) > 0 for te(x,x(x,*o))- Assume that / . (f) > 0 for f e (x, x(x, X0)) and 
therefore *(*, X0) £ fa, A). We set w(t) := y0(t)y[(t) - y'0(t)yi(t), fey and get 
^ = (A _ / l o ) m j 1 , W ( x ) = 0. This gives 
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X(x,X0) X(.X,A0) 

0 < J y o
2 (0dř = y o (0> 'ó(0 l í < x ' ; ' o ) -A o J q(t)y2

0(t)dt = 
x x 

A0 * ( * " W _ _ _ _ _ _ _ .. 
A - A0 _ >«i(0 

*0 [y0(t)w(o |Z(,,яo), "(t°Y__o_YdЛ _ 
^ÃľL î(0 '* í Ы o / J ~ x 

[_j___________j_) -(--/-Y___ Ydtl 
A-A0 L y.(z(x,A0)) i U i ( 0 / J 

which yields a contradiction since j f e M Z ^ M + * f (__« Y d , > 0 

A 
and - — ~ — > 0. Consequently x(t, X) < x(t, X0) and thus the function %(t, X) is 

X — X0 

X 
defined at the points (t, X), where t e j and --—^-r— > 0. Writing Ax and X2 in the 

/i — X0 

above part of the proof for X0 and X satisfying the assumptions of the Theorem, 

we prove so the remaining part of its statement. 

Theorem 3. Suppose that (X0q) is oscillatory. If: 

a) X0 > 0, then the function co(t, X) is defined at every point (t, X) ej x <A0, oo) and 

co(t, Xt) > co(t, X2) for X0 __ Xx < X2, t ej, 

b) X0 < 0, then the function co(t, X) is defined at every point (t, X) ejx ( — oo, A0> 

and co(t, X{) > co(t, X2) for X2 < Xx __ X0, t ej. 

X 
Proof. Let x ej and ——'—— > 0. Let next y0 and yx be solutions of (X0q) and 

X — A 0 

(Xq), respectively, with.y0(x) = yx(x) = 1, y0(x) = yi(x) = 0. Then y0(co(x, X0)) = 0 

and y0(t) > 0 for t e (x, co(x, X0)). Assume that yt(t) > 0 for t e (x, co(x, X0)) and 

therefore co(x, X0) f_ oo(x, X). We set w(t) : = y0(0yi(0 - yo(Oyi(0> tej and get 

w' = (X — Xx) qy0yi, w(x) = 0. Then 

co(xfAo) CO(X,X0) 

o < J yo2(0df = y o ( 0 y o ( 0 i ; o C x ' " o ) - A o J 9(0>' 0(0 dt = 

1 ., 7A
 dt = ^ - ^O x yl(0 

r___)___ r<^o) ,co(r°Y___LYdřl 
*„L *(0 i \yi(0j J 

i0

 ra<y°Y M<o YH, 
X 

which is a contradiction. Therefore co(t, X) < co(t, X0), t ej and thus the function 
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k 
co(t, k) is defined at every point (t, k), where t ej and • • • °— > 0. If we replace y0 

A — A0 

and k in the above part of the proof by kx and k2 satisfying the assumptions of the 
Theorem, we prove so the remaining part of its statement. 

Lemma 3. Let xej and q possess the property H. Further let (k0q) be oscillatory 
and \j/(x, k0) > co(x, k0). If: 

a) k0 > 0, then \j/(x, k) > co(x, k) for k > k0, 
b) k0 < 0, then i/>(x, k) > co(x, k) for k < k0. 
Proof. Let xej, \j/(x, k0) > co(x, k0). Let if/(x, kx) < co(x, kx) for a number kt 

k k 
satisfying the inequality ~—-— > 0 and thus also the inequality -~—-—- > 0. 

k\ — k0 /-l A0 

Let y0 and yt be solutions of (k0q) and (A^q), respectively, y0(x) = yx(x) = 1, 
y'0(x) = y[(x) = 0. Then / -# (* , kx)) = 0, yx(t) > 0, y[(t) < 0 for t e (x, ^(x, kt)) 
and y0(t) < 0 for t e (x, \}/(x, A-.)), since by Theorem 3 we have co(x, k0) > co(x, kx). 
Setting w(t) := yo(0yi(0 - yo(Oyi(0> ' ej gives w' = (A- - A0) qy0yt and w(x) = 0. 
From this 

0 ^TWoj^Od* = y\(t)yo{t)\i{xAi) ~ h T\{i)yo{t)y,{t)dt = 
x x 

= - - A - J W'0) dr = —j-^y- *#(*, AJ) = 
* 1 ~ A0 x A1 — A0 

= -.——- yo(<K*> ^i)) yiOK*> ^i)) 
^1 ~" ^0 

Le. a contradiction to the fact that y0OK*> ^i))yi(iK*> Aj)) < 0. 

Theorem 4. Let xej and q be possessing the property H. Let (k0q) be oscillatory 
with \jj(x, k0) > co(x, k0). If: 

a) A0 > 0, then ij/(x, kx) > \j/(x, k2)for k0 g kx < k2, 
b) A0 < 0, then \j/(x, kx) > \}/(x, k2)for k2 < kx ^ A0. 

Proof. Suppose that xej and \j/(x, k0) > co(x, k0). Let 0 < A0 g kx < k2. Then, 
from Lemma 3, we obtain \j/(x, kx) > co(x, kx), \j/(x, k2) > co(x, k2) and consequently 
\J/(x, kt) = x(co(x, At), Aj), ij/(x, k2) = x(co(x, k2), k2). Theorem 2 and Lemma 3 
imply vKx, kx) = x(co(x, kx), kx) > %(co(x, k2), AJ > /(Oj(x, A2), A2) = i/>(x, A2), hence 
i/r(x, AJ > \jj(x, k2). We proceed similarly even in case of 0 > A0 ^ AX > k2. 

Theorem 5. Let xej and q be possessing the property H. Let (X0q) be oscillatory 
with k0q(x) > 0. If: 

a) A0 > 0, then \J/(x, kx) > \j/(x, k2)for A0 g kt < k2, 
b) kx < 0, then \p(x, kx) > \l/(x, k2)for k2 < kx g A0. 
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Proof. Let xej, XQq(x) > 0 and 0 < A0 ^ ^1 < A2, L e t y! and y2 be 
solutions of (^q) and (A_q), respectively, yt(x) = y2C0 = 1, yi(*) == y'2(x) = 0 and 
\jj(x, lx) f_ ^(x, A2). According to the assumption Aig(x) > 0, A2g(x) > 0 and there­
fore y[(t) > 0,y2(t) > Oforte(x,<K*,^i));yi(0 > 0,y2(t) > 0 for t e <x, $(x, A_)>. 
Setting w(t) := .M0y 2 (0 ~ yi(0y2(0, t ej, gives w' = (X2 - X,) qyxy2, w(x) = 0. 
From this it follows that 

o < J /1

2(0dt = ^(0y i (0 l f X ' A , ) -^ I «(0y?(0d( = 

= h "x\xo yiQw'O dt _ 
2̂ - Ai i >>2(0 

_ ! 

Я2 

Я 
X 

K fj_(0__(0 |»(X.A,) , *<Y'7__0_Yd í -
- ^ L ^ ( 0 lx i UwJ ' 
i i"j_(i(xi_____(__i_) +

wY'Y^^Yd/ 
2 

2 

contrary to - A _ _ > 0 and * ^ ^ ( ^ M > 0 . In a n a n a l o g o u s 
A 2 - ^ y20K*,A1)) 

fashion we proceed in case of 0 > A0 = A_ > A2. 

Remark 3, It becomes apparent from the proof of Theorem 5 that the assumption 
A0q(*) > 0 may be replaced by a weaker one: A0q(x) ;> 0 and A0q(0 > 0 in a right 
neighbourhood of the point x. 

BIBLIOGRAPHY 

[1] O. Boruvka : Linear Differential Transformations of the Second Order. The English Univ. Press, 
London 1971. 

[2] O. BopyBKa, Teopun zjio6ajibHbix ceoucme o6biKHOeeHHbix Auneimbix du&cfiepeHijua/ibHbix 
ypaenenuu emopoeo nopndKa. jIJy4)4)epeHHHHajibHbie ypaBHeHHH, Ns 8, XII, 1976, 1347—1383. 

[3] A. M. Fink and D. F. St. Mary : A generalized Sturm comparison theorem and oscillation 
coefficients. Monatsh. Math. 73 (1969), 207—212. 

[4] L. Markus and R. A. Moore : Oscillations and disconjugacy for linear differential equations 
with almost periodic coefficients. Acta Math. 96 (1956), 99—123. 

[5] F. N e u m a n : Note on the second phase of the differential equation y" = q{t)y. Arch. Math. 
(Brno), 2 (1966), 57—62. 

[6] S. S tanek : A note on the oscillation of solutions of the differential equation y" = Aa(t)y with 
a periodic coefficient, Czechoslovak Math. J. 29 (104), 1979, 318-323. 

17] C A. Swan son: Comparison and Oscillation Theory of Linear Differential Equations. Academic 
Press New York and London 1968. 

57 



Souhrn 

VLASTNOSTI Z Á K L A D N Í C H D I S P E R S Í ROVNICE 
y" = Aq(t)y 

SVATOSLAV STANĚK 

V práci je vyšetřováno rozložení nulových bodů řešení a nulových bodů derivace 
řešení rovnice 

y» = Xq(t)y, qeC%j), (Xq) 

kde j = <a, b) (a < b ^ co), které je popsáno pomocí základní centrální disperse 
1. druhu cp(t, X) rovnice (Xq) a pomocí jistých funkcí \[/(t, X), %(t, X) a co(t, X), které 
v případě q(t) =f= 0 (t ej) odpovídají postupně základním centrálním dispersím 
2., 3. a 4. druhu rovnice (Xq). Užitím „zobecněného wronskiánu" w : = y0yí — y0yí9 

kde y0 a yi jsou řešení rovnic (A,0q) a (X{q), je dokázána monotónnost funkcí cp, \j/, 
X & co vzhledem k proměnné X. 

Резюме 

СВОЙСТВА О С Н О В Н Ы Х Д И С П Е Р С И Й 
УРАВНЕНИЯ у" = Щ{1)у 

СВАТОСЛАВ С Т А Н Е К 

В работе исследовано расположение корней решений и корней их производ­

ных для уравнения 

у" = ХЧ(1)у,ЯеС°(А (кч) 

где у = с[а, Ь) (а < Ъ й оо). Их расположение описано при помощи основной 

дисперсии 1-го рода со(1, X) уравнения (X^) и некоторых функций ф(1, X), %((, X) 

и со((, X), которые в случае ^(^) ф 0 для I е] соответствуют постепенно основным 

дисперсиям 2-го, 3-го и 4-го родов уравнения (Хс\). С помощью „обобщенного 

вронскиана
44
 н>: = у0у[ — у0у1, где у0 и у1 решения уравнении (̂ о̂ ) и (Хгф$ 

доказана монотонность функций ср, ф, х и со относительно переменного X. 
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