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In the following paper, I present the final and quite explicit version of the solution
of the equivalence problem for real hypersurfaces of the space of two complex
variables with respect to the pseudogroup of biholomorphic mappings. The first
(not very precise) solution was given by E. Cartan [1]; his method was improved
in [2]. My approach was presented earlier in [3]—[5].

1. Let M be a 3-dimensional differentiable manifold. At each point me M, be
given two different tangent straight lines ¢,(m), t,(m) = T, (M) such that the distribu-
tion of planes t(m) = {¢,(m), t,(m)} is non-integrable. The structure of this sort be
called an RR-structure on M. Let v, v, be vector fields on M such that v, (m) €t,(m),
v,(m) € t,(m) for each me M (or in a neighbourhood of a fixed point m, € M).
Define

vy = v, 0,] (1.1
the vector fields vy, v,, vy are then independent. Thus we are in the position to write
[0y, 03] = aey + a0, + asvs, [vs, v3] = byvy + byv, + byvy.  (1.2)

From the Jacobi identity

[evs [o2s 03] + [v2, [o, 0011 + [vss [vr,02]] = 0
we get
v by —vya, + aby —azb; =0
v,by — v,a, + asb; — azb, =0 (1.9)
v.by — vyay + a; + b, =0

Let & be an RR-structure on M. The couple (v, v,) of tangent vector fields on M
is called special if v e ty, v, € t, and [vy, [v, v4]], [v2, [v1, v2]] € T for each m e M.

Lemma 1. Let & be an RR-structure on M, my € M a fixed point. Then there is,
at least in a neighbourhood of mqy, a special couple (0F, v3) of tangent vector fields
associated to &.
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Proof. Let (v, v,) be any couple associated to &, and let

v =av;, v = P, (1.5)
Then

vii=[v},05] = —Bvoa.v; + av, . v, + afivy (1.6)
(o1, 03] = ) vy + () vz + a(Bo,a + 200, ) v,
[v3,03] = (D vy + () vz + BQBv,a + avyB) vs.
Chosing a, B solutions of
Bva + 2008 = 0, 2Bv,00 + av,f =0 .7

(0%, v}) is special. QED.
Now, let (v4, v,) be a special couple associated to &. Then we have, from (1.1),
(1.2) and (1.4),

[v1,v2] = 03, [v1, 03] = avy + bv,, [v2, v3] = cv;, — avy; (1.8)
v,a + v,b =0, v,a — v,c = 0. (1.9)

Let (1.5) be any other special couple; then a, 8 satisfy (1.7). Thus there are functions
P,, P, such that

vo = 2aPy, v,0 = —aP,; v B = —pPy, v, = 2BP,. (1.10)

The integrability conditions of (1.104,,) and (1.103, 4) are

vae = —a2u,Py + v,Py),  03f = PPy + 20.P,). (1.11)

Set
0Py = 0y, v Py = 02 (1.12)

then
vsa = —a(2Q; + 0,); 03B = B(Q, + 2Q,). (1.13)

The integrability conditions of (1.10,) + (1.13)), (1.10z) + (1.13,), (1.10;) + (1.13,)
and (1.10,) + (1.13;) are

203P1 + 201Q1 + leZ = _2P10 + sza U3P2 - 202Q1 o U2Q2 = 2P1(; + Pza,
v3P, + 0,01 + 20,0, = —Pia + 2Pyb; 203P, — 0201 — 20,0, = Pyc + 2Pa.

(1.14)
Set
v3P; = R, 03P, = Ra; 1.15)
then
0,0, = —R, — P18, 0,0, = —Pi5
0,0, = P,b, 0:2Q, =R, — Pa. (1.16)
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The integrability conditions of (1.12;) + (1.15;) and (1.12,) + (1.15,) are

1R — 030, — Py = —aQy,
Set
vP =S8y, U, Py = 85,
then

v Ry = Sic + 53 — Q4q,

viR, — 03Q, — bv,Py = aQ,. (1.17)
030; = S3, 030, = S4; (1.18)
vR, = S,b + S, + Q,a. (1.19)

The integrability conditions of (1.18,) + (1.12)), (1.18,) + (1.15,), (1.12,) + (1.18,),
(1.12;) + (1.15,),(1.16,) + (1.183),(1.16,) + (1.183),(1.165) + (1.18,)and (1.16,) +

+ (1.18,) are
v,8; = —2R, — Pja,
v;S; = 2R, — Psa,

v;Sy = 2R,b + P,v3b,

03S) — 0 Ry = —S1a — @b,
038, — VR, = Sha — Qs
0,83 + V3R, = —2R,a — P,(vsa + a* + bo),

(1.20)
0,583 = —2R,c — P,v;c,

0,84 — v3R, = —2R,a — Py(vsa — a® — bc).

Set
v, R, =T, V3R, = T, v,R, = T3, V3R, =T, (1.21)
and, furthermore,
U;S] = Ul’ U2S2 = Uz. (].22)
Then, in summary,
vy = 20Py, v B = —BPy,
D0 = —sz, UZﬂ = zﬁP27
v = —a(20, + Q,), vif = B(Q: + 20,),
v Py =Sy, v,P, = Q,, (1.23)
02P1=Q1, UZP2=SZ’
3Py = Ry, 03P, = R,,
0,0, = —R; — Pya, 010, = Pyb, vy Ry =Ty,
0,0, = —Pyc 0,0, = R, — Pa,  0,R) = Sic + S5 — Qya,
v30, = S, 03Q; = Sa, 3Ry = T,,
0 Ry = S50+ Sy + Qra, v,S, =VU,, v,S, = 2R, — P,a,
0,R; = T, 0,8y = —2Ry — Pya, 0,8, = Uy,
3Ry = Ty, 038, =Ty — Sia — @b, v35, = T5+ Sa — Q¢

v,S3; = —T, — 2R,a — P,(vsa + a* + bc),

0,83 = —2R;c — Pyv;c,

01S4 = 2R2b + szsb,
0,8, = Ty— 2R,a —P,(v3a — a* — be).
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Let (v,, vy), (v, v) be special couples associated to &, let them be related by (1.5).
Then (1.6,) turns out to be

vy = af(Pyo; — Piv; + v3); (1.24)
further,

[v}, v3] = aB(2Q, + 2Q, — 2P\ P, + a) v} + «*(=S; — P{ + b)v;,  (1.29)
[03,03] = B*(S: + P3 + v} — af(2Q, + 20, — 2P, P, + a) v}
Writing for v}, 03, v’ equations similar to (1.8), we have

a* = o, B2Q, + 2Q, — 2P\P, + a),  b* = o*(—S; — P} + b),
c* = BA(S, + P2 + o). (1.26)

Lemma 2. Let & be an RR-structure on M; let (v, v,), (v}, v3) be two special
couples associated to it and related by (1.5). Define

R =vwa — 2[vy,v,] b — 3ab, S = vyv,a — 2[vy, v,] ¢ + 3ac,
R¥ = vivia* — 2[v}, v5] b* — 3a*b*, S* = vivia* — 2[v}, v5] c* + 3a*c*.
(1.27)
Then
R* = u3fR, S* = aff®S. (1.28)

Proof. Using (1.26) and (1.23), we get

via* = o’B(—2P,S, — 2R, + 2P,Q, — 2P{P, — P a + 2P;b + va), (1.29)
vivka* = p{—~2P,U, — 2T, + 2Q, — 2Q, — 10P,P, — a) S, — 8P, R, + 6PQ, —
—2(P} — b) Q, — 6PiP, + 6P,P,b — 5Pia + 2P,v,a + 2P,v.b + v,v,a},
vib* = *p{—P,U,— T, + (4Q,+ 2Q, — 8PP, + a) S, — 4P, R, + 32P} — b) O, +
+ 2(P3 — b) Q, — 6P3P, — Pia + 6P,P,b — P v,b + P,0,b + v;3b},
via* = afX(—2P,S, + 2R, + 2P,Q, — 2P,P% — 2P,c — P,a + v,a),
vivia* = af*{—2P U, + 2T; + (2Q, — 2Q, — 10P,P, — a) S, + 8P,R, —

— 2P +¢)Q, + 6P2Q, — 6P,P3 — 6P,P,c — SP2a — 2P vyc + 2P,v,a + v,v,a},
vic* = af3{—P,U, + T3 + 20, + 4Q, — 8PP, + a) S, + 4P,P, +

+ 2P+ ¢)Q, + 3Q2P% — ¢)Q, — 6P,P3 — 6P P,c — P3a — Pv,¢c + Py c + vsc}

and (1.28) follows from (1.26) and (1.29).

The geometrical meaning of the relative invariants R, S is given by the following

Theorem 1. Let & be an RR-structure on M; let sgn RS = ¢ = +1 at me M.

For any special couple (v, v,) around m associated to & there are functions A;, B, C,
such that
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[oy, [ve, va]] = Aoy + Ay, [v2, [v1, v2]] = A0, — Aq0,,
[[ve, v2], Loy [o45 2111 = Bivy + Byos,
[lvys v2]s [va, [v4> v2]]] = Bsvy + Byv,, (1.30)
[vs, [vrs [ogs [ogs 03]7]] = Cooy + Cavy + Cifvy, v,],
[v2, [v2, [vg, o0, ©:]]]] = Cavy + Cspy + Colovy, v,].

Now, there is (at least in a neighbourhood of m) a special couple (v,, v,) such that
A(m) = B,(m) = By(m) = 0, C,m) =1, Cs(m) = —e. (1.31)

Let (v%, v}) be any other special couple around m satisfying the conditions analogous
to (1.31); then
vim) = soam),  oim) = souam); ey = 1. (132)

Proof. Let (v,, v,), (v}, v) be special couples associated to & let us have (1.5).
From (1.24) and (1.23), we get

vie = o?B(—2Q, — Q, + 3P, P,), V3B = af*(Q; + 20, — 3P,P)),

viP, = af(P,S; + R, — P,Q)), v3P; = af(—PS; + Ry + P2Q)),

U§Q1 = af(S3 — PR, + Pic — P,P,a), V30, = aB(So — PR, + P%b + P,Pa),
V3R, = af(P, Ty + T, — PySic — PS5 + P1Q,a), (1.33)

V3R, = af(—P, Ty + Ty + P,S,b + P,S, + P,0,a),
038, = af(P,U, + T, — S,a + 2P,R, — Qb + PZa),
38y = af(—P,U, + T3 + Sya + 2P,R, — Q,¢ — Pla).

It is just a matter of patience to compute

[o7, [v%, 05]] = «®B(—2P,S, — 2R, + 2P,Q, — 2P*P, — P,a + 2P,b + v,a) v’} +
+ a¥(— U, — 6PyS; — 4P + 4P b + v,b) v} + «*(=S, — P} + b) v},
(o1, [v3, 031] = [v3, [o1, 03]] =
= af?(—2P,S, + 2R, + 2P,Q, — 2P,PZ — 2P,c — Pya + v,a) v} +
+ a2B(2P,S, + 2R, — 2P,Q, + 2P%P, + P,a — 2P,b + v,b) v} — (1.34)
— af(2Q, + 2Q, — 2P,P, + a) v},
[qui’ [Ulz’ UJ]] = B3(U2 + 6P,S, + 4P§ + 4Pyc + v,¢) UT +
+ af?(2P,S, — 2R, — 2P,0Q, + 2P,P? + 2P c + P,a — v,a) v —
— (S, + P3 + 0035
[0, [v], 0311 = 2?B%{$;S, — (P; — ) S; + BP{ — b) S, + (1.35)
+ 283 4+ 25, — 4P,R, — 4P,R, — 60} — 80,0, — 203 +
+ (12P,P, — 5a) Q, + (4P,P, — 3a) Q, — 3P}P? + 4P,P,a + 3Pic +
+ P2b — Pv,a + Pyvja + vya — a* — be} vy + *p{—P, U, — Ty +
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+ (4Q, + 20, — 8PP, + @) S; — 4P,R, + 3(2P? - b) Q, +
+ 2(P? — b) Q, — 6P;P, + 6P, P,b — PZa — P,v,b + P,v,b + v3b} 03,
[l’; [v5, v3] = af*{—P,U, + T, + 2Q; + 4Q, — 8P,P, + a) S, +
+ 4P,P, + 2(P% + ¢) Q, + 3(2P3 + ¢) Q, — 6P,P3 — 6P,P,c —
— P2a — Pyv,c + Pyvsc + vye} v + o2B2{S,S, + BP3 + ¢) Sy —
— (P2 +b)S, — 2S5 — 25, + 4P,R, + 4P,R, — 20% — —80,0, —
— 6Q2% + (4P,P, — 3a) Q, + (12P,P, — 5a) O, — 3P2P? +
+ 4P,P,a — Pia — 3P3b + P,v,a — Pyv,a — via — a* — be} v},
[v% [UT’ [UT’ v3]]] = *p{—2P,U; — 2T, — 24P,P, + 2, + Qa) S; —
— 8P,R, + 22P? + b) Q, — 4P} — b) Q, — 4P}P, — 6P?a + 4P,P,b +
+ 2P,v,a + 2P,v,b + vyv,a + ab} v§ + o*{v,U; — 12P,U; — 557 —
— 2(23P} — b) Sy — 23P% + 22P%b + 10P,v,b + v,0:b + b} v —
— 203U, + 6P,S, + 4P} — 4P,b — v,b) v},
[v3, [v5, [v5, v311] = B*{v,U, + 12P,U, + 5S8% + 2(23P2 + ¢) S, +
+ 23P; + 22P2c + 10P,v,¢ + vy0,¢ — 2} ot +
+ af3{2P, U, — 2T; + 2(4P,P, + 2Q, + a) S, — 8P,R, + 4(P% + ¢) Q, —
— 2(2P2 — ¢) Q, + 4P,P} + 6P2a + 4P,P,c + 2P,v,c — 2P,v,a —
— vy05a + ac} vy — 2B3(U, + 6P,S, + 4P3 + 4P,c + v,0) vs.
Choosing at the point me M
2Q, + Q,) = 2P,P, — a, (1.36)
P,Uy + Ty = (4Q, + 20, — 8P,P, + a) S; — 4P,\R, + 32P] — b) 0, +
+ 2(P? — b) Q, — 6P}P, + 6P, P,b — P2a — P,v,b + P,v,b + v3b,

PU, — T, = (2Q, + 40, — 8P,P, + a) S, + 4P,R, + 2(P5 + ) Oy +
+ 3Q2P2 + ¢) Q, — 6P,P3 — 6P,Pyc — P2a — Pyv,c + Pyvic + v4c,

we get at m
[ 03]= (o3, [13,05]= (O] (1.37)
[o3, [o7, 031 = ok, [o3, [v3, 0311 = () o3
(o7, [v7, [0}, 03100 = oBRoY + () 03 + () 03
[vi, [v3, [v5, 03700 = () vf — 2B>Sv5 + () v
For

o= (eR39)YE, B =(RS™H'® atm (1.38)

the couple (v],v}) has the properties as described in (1.31). From R = R* = 1,
S = S* = ¢ at m, we get (1.32). QED.
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The following theorem has been proved in [4]:

Theorem 2. Let & be an RR-structure on M; let R =S =0 on M. Let me M.
Then there is a neighbourhood U = M of m and, on U, a special couple (v*, v}) as-
sociated to & such that

[UT’ [UT’ bj]] = [U; [UT? U;]] =0 (1.39)

Let us suppose the general case as described in Theorem 1. In this case, there is
a special couple (v,, v,) associated to & such that we have (1.8), (1.9) and

v,va — 203b — 3ab =1, vy0,a — 2v5¢ + 3ac = e. (1.40)
Set
U148 = Py U2a = Py, v3b = p;, U3C = Py. (1.41)

The systems (1.9) + (1.40) may be rewritten as (1.41) and
vb = —py, UyC = P2 v1py = 2p3 + 3ab + 1,
VP> = 2py — 3ac + e. (1.42)

The integrability conditions of (1.41; ,), (1.42,) + (1.41;) and (1.42,) + (1.41,)
are

U3d = v, Py — VP, v3py + Uyp3 — b = apy,
U3py — U1Pa + buye = —ap,. (1.43)
Set
vib = gq,, U6 =q,, UP1=qs) (1.49)

3Py = 43, U1P2 = {gs> U3P2 = (¢,4;
then (1.43) read

v3a = g — g5, v2P3 = ¢4y — 43 + apy, v1Pa = bq> + g5 + ap,. (1.45)

The integrability conditions of (1.41,) + (1.45,), (1.41,) + (1.45)), (1.44,) + (1.42),
(1.44)) + (1.413), (1.42,) + (1.44,), (1.44;) + (1.44,), (1.42,) + (1.443), (1.42)) +
+ (1.44,), (1.44;) + (1.44,), (1.445) + (1.42,), (1.445) + (1.445) and (1.42,) +
+ (1.44¢) are

U1qs — V145 = —q3 — apy — bp,, U295 — Uid6 =~ —4a — cpy + ap,,
v2qy = —3p; — 3ab — 1, v3qy — vp3 = —afr + bpy,
viqz2 = 3ps — 3ac + & 034, — VP4 = ag, T Py,
v s = 2¢py — q3 — ap; + 3bp,,
013 — 03Py = —2bqs + 3bqs + Saps + 34°D + a,
293 — V3qs = —ags + 2cpy + 3abc + ¢, 46 = 2bg, + q, — 3cp, — ap,,
v1qs — V3qs = 45 + 2bp, — 3abc y ¢,
24, — 203D = 3¢qs — 2¢qs — Sap, + 3a*c ~ ea. (1.46)
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Set
U1p3 =Ty, v3P3 = rs3, U2P4 =14, (1.47y

U3Pa = T'a) V23 = s, U1ds = rg;
then (1.46) implies

v2q; = —3ps — 3ab — 1, v3qy =TI~ aqy + bpy,
U1y = 3py — 3ac + & v3q, = T2+ ag;, — cpy,
vyq; = 2ry — 2bgs + 3bgg + Saps + 3a%b + a,
vaqs = 2ry + 3cqs — 2¢q5 — Saps + 3d’c — ea,
v1qs = 2¢q; — q3 — apy + 3bp,, U295 = 2bq, — 4cpy, (1.48)
v3qs = rs + ags — 2cpy — 3abc — ¢,
v19¢ = 2cq, + 4bp,, V2q¢ = 2bq, + 44 — 3cpy — ap,,
03¢ = te¢ — aqs — 2bp, + 3abc — ¢b.

The integrability conditions of (1.48; g) and (1.48,,11) reduce to
eb+c=0. (1.49)
Thus we get the following very important technical

Lemma 3. Let & be an RR-structure on M; let there exist a special couple (v, v,)
associated to & such that we have (1.8), (1.9) and (1.40). Then (1.49) is valid.

2. Let M be a 3-dimensional differentiable manifold. At each point m e M, be
given a tangent plane 7,, and an endomorphism J,, : 7,, — 1,, satisfying J2 = —id.;
let us suppose that the field of planes 7,, is non-integrable. Such a structure € on M
is called a CR-structure.

The purpose of this paper is to prove the following

Theorem 3. Let € be a CR-structure on M. Let us choose a vector field w on M
such that w(m) € t,, for each ,,€ M and
[w, [w, JwW]] = pw + qJw, [Jw, [w, Jw]] = rw — pJw, 2.1
wp + (Jw)gq = 0, (Uw)p — wr = 0; (2.2)
such vector fields do exist. Consider the functions

K= ww—Jw.Jw)(r —q) + 8[w, Jw]p — 3(r* — g7,
Ky=Ww.Jw+ Jw.w)(r —q) + 4w, Jw]p + 6p(r — q). 2.3)

(N If K, = K, = 0 on M, the vector field w may be chosen in such a way that
[w,[w,Jw]] =0, [Jw, [w,Jw]] =0. 249
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() If K? + K% > 0 on M, we may choose w such that

[w, [w, JW]] = qJw, [Jw, [w, Iw]] = rw, (2.5)
(Uw)qg =0, wr =0, (2.6)
wwq + Jw. Jwr = 3¢* — 3r* — 1, Jw.wg — w.Jwr = 0.
The conditions (2.5) + (2.6) determine w up to the sign.

Proof. Obviously, there is (at least locally) a tangent vector field w on M such
that w(m) & t,, and (2.1), (2.2) are valid. Let us write

wy = w, w, = Jw, ws = [w, Jw]. 2.7

Consider the complexification T¢(M) of the tangent bundle T(M) of M and the vector

fields
vy = wy + iw,, v, = My — DLW, vy = —2iws. (2.8)

Then
[v1,0,] = v, [0y, 03] = avy, + bu,, [v2, v3] = cvy — av, 2.9)

with
a=r-—gq, b=r+gq—2ip, c= —r —gq - 2ip. (2.10)

Let w* be another vector field satisfying w*(m) € t,, for each m € M and equations
(2.1*), (2.2*) in the obvious notation. If

w* = ow — aJw, (2.11)
we have
wi = ow, — ow,, wa = ow; + ow, (2.12)
and
v} = vy, vy = B, with o =g + io, f =0 — io.

It is easy to see that

R =ypv,a — 2vsb — 3ab = K, + iK,
) 2.19)
S = v,v,a — 2v5¢ + 3ac = K; — iK,
of course, (1.28) imply
K7 = (¢* — o) K, — 200(0* + 6) K, 215
K = 200(0* + o)) K + (¢* = 09 K, @13)
and, as a consequence,
K* 4 K2 = (0% + o) (K? + K2) (2.16)

In the case K; = K, = 0, we have R = S = 0, and we may apply Theorem 2. There-
fore, let us suppose K% + K2 > 0. Let K, + 0. Take ¢ = —K, + (K3 + K3),
o = K,; (2.15,) implies K3 = 0. Thus w may be chosen in such a way that K, = 0.
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Then (2.15) reduces to K} = (¢* — 6% K;, 0 = 200(0> + 6%) K, and we are in the
position to achieve K} = 1. Thus there is a tangent vector field w such that K, = 1,
K, = 0. But this implies R = § = 1. Thus b + ¢ = 0 according to Lemma 3, i.e.,
p = 0, and our assertions follow. QED.
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Souhrn
O TROJROZMERNYCH CR-VARIETACH
ALOIS SVEC
V nasledujici praci pfedkladam koneénou versi FesSeni problému ekvivalence pro

realné nadplochy prostoru dvou komplexnich proménnych vzhledem k pseudogrupé
biholomorfnich zobrazeni. Prvni feSeni bylo déno E. Cartanem [1]; viz téz [2]—[5].

Pesrome
O TPEXPASMEPHBIX LIP-MHOTOOBPA3UAX
AJIOVIC HIBEL]
B crenyronieit paboTe mpeasiaraeTcsl MOJHOE pelIeHHE MPOOJIeMbl SKBUBAJICHT-
HOCTH IJIs neﬁcrsnrenbnmx I‘HHCpIIOBCpXHOCTCﬁ IpOCTpaHCTBa ABYX KOMIUICKCHBIX

MEePEMEHHBIX B OTHOLUCHMH K MCEBIOrPYIIe OUrosoMopdHBIX HpeoOpa3oBaHwMil.
IMepBoe pewenue npemtoxenwt . Kaptan [1]; cMoTpu Toxe [2]—[5].
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