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Preliminary note

This article is topically a close continuation of [3]. Our object now is to study
a distribution and to describe the properties of the so-called weakly conjugate points
which, together with the strongly conjugate points (whose distribution and properties
were considered in [3]), constitute a thorough description of zeros of any oscillatory
solution — more precisely: of any oscillatory bundle of solutions — of an ordinary
linear homogeneous differential equation of the fourth order. Its form is

Y@ + 10[g(0) y' O] + 3[3¢°() + "] ¥(1) = 0 )

where the function g(t)e CZ, I = (—o0, +0) and g(¢t) > 0 for all te(—o0, +00),
produced by iteration of an ordinary linear homogeneous differential equation of the
second order. Its form is

o) + qt) y(1) =0 ()]

whose basis [u(t), v(t)] is formed by a pair of linearly independent functions u(z), v(¢)
being of oscillatory type in the sense of [2] (that is, to every ¢ € (—o0, +0) there
exist infinitely many zeros of an arbitrary non-trivial solution of (2) lying to the left
and to the right of ¢) satisfying the condition

u(ty) = v'(ty) =0 (P)

where ¢, € (— 00, +00) is an arbitrary firmly chosen point. This implies that u’(to) +
+ 0, v(ty) # 0 and therefore the point ¢, is a simple zero of the function u(¢). It is
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known of the differential equation (1), called iterated to the differential equation (2)
that, if [u(?), o(t)] is a basis of (2), than #3(t), u*(t) o(t), u(t) v*(t), v*(t) is a basis
of (1) such that every non-trivial solution of (1) is of the form

4
y0 = ¥ Cut 700 () 3

4
where CieR,i=1,...,4, Y C} > 0.
i=1

Since we assume that (2) is oscillatory, it follows that any solution of this form is
oscillatory too, and therefore the differential equation (1) is in short called the oscil-
latory equation.

In view of the fact that the differential equation (1) is of the fourth order, it is
evident that any arbitrary zero of its non-trivial solution y(¢) is at most of multiplicity
v=3

Throughout every solution both of (1) and (2) will be understood to be non-trivial,
only.

Functions describing a distribution of the weakly
conjugate points of a bundle of solutions
of the differential equation (1)

Let t,e(—o0, +00) be an arbitrary firmly chosen point and let us consider
throughout that the system of all oscillatory solutions of the differential equation (1)
which are vanishing at this point, form a three-parametric bundle

W, Cy1, Cyy C3) = u(t) [C11? (1) + Cou(t) o(t) + Cyv*(1)] 4

3

with C;eR, 1 = 1,2, 3, such that Y C7 > 0 and [u(t), u(t)] being an oscillatory
i=1

basis of all solutions of the differential equation (2) satisfying the condition (P) at the

point #,.

For the point ¢, to be a three- (or two- or one-) fold zero of the solution y(t) of the
differential equation (1), it is (by Lemma 1 in [3]) necessary and sufficient if C; + 0
and C, = C3; =0 (or C, + 0 and C; = 0 or C; # 0), i.e. the subsystem of the
system (4) of all solutions of the differential equation (1) having at the point #,

1. a triple zero, is exactly of the form

y(t1 Cl) = Clu:’(t)’ Cl + 0

2. a double zero, is exactly of the form

W, Cy, Cy) = u*(t) [Cyu(t) + Cro()], C,*0
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3. a simple zero, is exactly of the form
W, Cy, Cy, C3) = u(t) [CuP(1) + Cou(t) v(t) + Cy0%(t)],  C; # 0.

Since (according to Theorem 1.1 in [3]) among all subsystems of the system (4)
of all solutions of the differential equation (1) there exist exactly two such ones
having all their zeros strongly conjugate, more precisely, exactly the subsystems of
the form

W, C) = Cuu(1), C 0

(with all zeros being triple) and

W(t, Cy, Cy, C3) = u(t) [Cy(t) + Cou(t) v(t) + C3v*(1)]
Cy+0, C2-4C,C,<0

(with all zeros being simple) whereby — as proved — all these zeros are incident
(they coincide) with all zeros of the function u(?) of the basis [u(t), v(t)] of the differ-
ential equation (2), it is possible (by Theorem 4.1 in [3]) to describe their distribution
by means of the function ¢,(t). Now let us consider only the remaining subsystems
of the system (4) of all solutions of the differential equation (1) having besides the
strongly conjugate zeros also the weakly conjugate ones. Such bundles of solutions
are the subsystems of the system (4) either of the form

¥, Cy, Cy) = u*(1) [Cyu(t) + Cu(1)], C,*0
or
y(t, Cy, Cy, C3) = u(t) [Cu*(t) + Cu(t) v(t) + C30*(1)]

C; * 0, where C% — 4C,C; = 0.

Function describing a distribution
of the weakly conjugate points of the subsystem

¥, Cy, Cy) = u*(t) [Cou(t) + Co(t)], C, * 0

As known, (see Theorem 2.2 in [3]), between any two neighbouring strongly
conjugate points of the subsystem

¥, Cy, Cy) = u*(@t) [Cuu(t) + Cu(t)], C,+0

of all solutions of the differential equation (1) having a zero at the point #,, with
multiplicity v = 2, there lies exactly one weakly conjugate point of this subsystem,
more precisely, with multiplicity 4 = 1.

While all the double strongly conjugate points of the above subsystem are co-
incident with all zeros of the function u(t) of the basis [u(t), v(t)] of the differential
equation (2), all the simple weakly conjugate points of this subsystem are coincident

105



with all zeros of the two-parametric subbundle of this subsystem:

Y¥(t, Cy, Cy) = Cyu(t) + Cyo(t)
where C, + 0.

However, every function y*(¢) belonging to this subbundle obtained in an
arbitrary choice of constants C;e R, i = 1, 2, C, + 0, is simultaneously a solution
of the differential equation (2) which is linearly independent of the solution u(t) of
this equation on the interval (—oo, +00). By the STURM separation theorem this
implies that all zeros of both functions u(t) and y*(¢) separate themselves mutually.

If we denote by T the nearest zero of u(t) lying to the right of the point ¢, (where
u(ty) = 0) and t¥ e (1o, T}) is a zero of the function y*(¢), then the nearest zero ¢
of y*(t) lying to the right of the point ¢7 lies between T, T,, where T, again is the
further neighbouring zero of the point T, of u(z) lying to the right of the point T},
i.e. tse(T,, T,) and so on.

Generally: If we denote by ?t,,, k = 0, +1, +2, ..., all the zeros of u(t) that are
the double strongly conjugate zeros of the subsystem y(¢, Cy, C,) of the solutions
of the differential equation (1), and if we denote by 't5,,,, k =0, +1, £2, ..., all
the (simple) zeros of whatever function y*(¢) of the subbundle y*(¢, C,, C,) obtained
in an arbitrary firm choice of the constants C,e R, i = 1, 2, (C, * 0), then always

2 1% 2
Ly < ke < “lapsz

e My eCly, Haps,) forall k =0, £1, +2, ...

On using the function ¢,(t), n = 0, £ 1, +2, ... (cf. [2]) describing a distribution
of all zeros of whatever solution of the differential equation (2) again, we observe
that this function may be used to describe not only the distribution of all the strongly
conjugate points 2t,, (as proved in Theorem 4.1 in [3]), but the distribution of all
the weakly conjugate points 't3, .., k = 0, +1, +2, ..., of the subsystem y(z, C;, C5)
of the solutions of the differential equation (1).

Function describing a distribution
of the weakly conjugate points of the subsystem

W, Cy, Cy, C3) = u(t) [Cluz(t) + Cu(t) ot) + Cal’z(t)]’ Cy 0

A general survey of zeros of the tree-parametric bundle y(¢, C;, C,, C;) of solutions
of the differential equation (1) resulting from the analysis of this algebraic structure
and the possibility to describe them by using the function ¢,(t) applied even to the
description of the weakly conjugate points, are given in

Theorem 4.2: Let ¢, € (—o0, +0) be an arbitrary firmly chosen point. Let us
consider a system

W, Cy, €y, Cy) = ult) [Cr(t) + Cyu(t) o(t) + Cav*(1)] ©)
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C.eR,i=1,2,3, C; %0, of all solutions of the differential equation (1), where
[u(?), v(t)] is a basis of an oscillatory differential equation (2) satisfying the condition
(P) at 1. Denote by T the neighbouring zero of u(¢) lying to the right of the point ¢,
(such that ¢y, T, are the neighbouring strongly conjugate points of an arbitrary
solution relating to the system (5)).

Then,

1. to the condition C% — 4C,C; = 0 there corresponds a subsystem of all solutions
of the differential equation (1) being exactly of the form (with an arbitrary non-zero
multiplicative constant C € R)

¥(t, €1, Cy) = u(t) yi(t, Cy, C3) (6)

where y(t, C{, C,) = C{u(t) + Cyu(t), C;eR,i = 1,2, C, # 0, denotes a two-para-
metric system of all solutions of the differential equation (2) linearly independent
with the function u(t), whereby every sclution relative to this system possesses exactly
one zero between 7,, T, which is a double weakly conjugate point of the subsystem
(6) of solutions of the differential equation (1)

2. to the condition C2 — 4C, C; > 0 there corresponds a subsystem of all solutions
of the differential equation (1) being exactly of the form (with an arbitrary non-zero
multiplicative constant C € R)

y(t’ Cll s C:’n C/l” C;) = ll(t) yl(ta Ci s CI/Z) yl(t9 Ci/a CIZI) (7)

where y,(t, C;, C;) = C{u(t) + Cv(t), y,(t, C{, C3) = C{u(t) + C3u(t), C;, C{ e R,
i=12, C,C;+0, C/C; — C,C{ 0, denotes two double-parametric systems
of all solutions of the differential equation (2) such that each two of the three functions
u(t), y,(t) and y,(t) are linearly independent on the interval (—oo, +o0). Hereby
either of the solutions y,(¢), y,(t) selected consecutively from the systems y,(t, C;, C5),
y,(t, C{, C%), with an arbitrary choice of constants C;, C{ e R, i = 1, 2, satisfying
the given conditions, possesses exactly one zero between ¢y, T, either of which is
a simple weakly conjugate point relative to the subsystem (7) of solutions of the
differential equation (1)

3. to the condition C} — 4C,C; < 0 there corresponds a subsystem of all solu-
tions of the differential equation (1) being exactly of the form (with an arbitrary non-
zero multiplicative constant C € R)

y(t, €y, €3, Cy, C3) = u(®) y*(1, Cy, C3, C1, C3 (®

where y*(t, C{, C;, C{, C3) denotes a four-parametric system of functions — more
precisely: a sum of the quadrates of two linearly independent solutions y,(t, C{, C,) =
= Cu(t) + Cyu(t), y,(t, C{,C3) = Ciu(t) + Cju(1), C;,C{eR, i=1,2, C/C; —
— C;C{ # 0 (hence C/* + C/* >0, i = 1,2) of the differential equation (2) —
which have no zeros on the interval (—oo, +00). It follows in this case that the sub-
system (8) of solutions of the differential equation (1), having all the (simple) zeros
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of the function u(t) as strongly conjugate points, has no weakly conjugate points.

Proof: By Lemma 1 [3] — with respect to the assumption of our Theorem — the
system of all solutions of the differential equation (1) vanishing together with the
function u(¢) at ¢, is exactly of the form

y(t, Cy, Cy, C3) = u(t) [CyuP(2) + Cou(t) v(t) + Cyv*(1)]

where C;eR, i =1,2,3, C; % 0, whose single, more precisely simple strongly
conjugate points are exactly all zeros of the function u(¢). The weakly conjugate
points of this system (so far such exist), may be only zeros of its three-parametric
subbundle

V¥, Cy, Cy, Ca) = Coi(t) + Coult) o(t) + Cyo*(t),  Cs # O.
1. Let C2 — 4C,C; = 0; we will show that there exist constants C/ eR, i = 1, 2,
C, # 0, such that for all t e (— o0, +00)
Cu2(t) + Cut) v(t) + Cy*(t) = K[Cu(t) + Cou(1)]?

with k # O holds.
Since [C{u(t) + C3v(1)]? = C3luX(t) + 2C{Cyu(t) v(t) + C;*v*(t), there must hold
at the same time

C, =kC?,  C,=2kC|C,, C;3=kC}
whence it can be seen that in case of C; #+ 0, then sgn C; = sgn C; = sgn k (Whereby

C; = 0 exactly if C;, = 0). On substituting for C,, C,, C; from the preceding
relations, it is easy to verify that

C3 — 4C,C; = (2kCiCh)* — 4K*CPCE =0

and vice versa.

The existence of the exactly one zero t* of an arbitrary function relative to the
two-parametric system of solutions of the differential equation (2) having the form

yi(t, €1, €)= Clu(t) + Cy(r),  Cr #0

between the two neighbouring simple zeros #,, T; of the function u(t), follows from
the STURM theorem on reciprocal separation of zeros of any two linearly independ-
ent solutions of the differential equation (2), since the function u(¢) on an interval
(—o0, +0) is linearly independent with an arbitrary function from the bundle
y.(¢, C{, C,), obtained in every choice of constants C/ R, i = 1,2, C, * 0.

All zeros of any oscillatory function from the three-parametric subbundle

yH(t, Cy, Cy, Cy) = Coi(t) + Cou(t) o(t) + Cyv*(t) = k[Clu(t) + Cio(t)]?
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where k & 0, C, =% 0, are thus exactly the only, more precisely twofold —~ weakly
conjugate points of the bundle of solutions

Wt, Cy, Cy, Cy) = u(t) [Cou(t) + Cou(t) v(t) + C30*(2)]

C; * 0, of the differential equation (1).
So, to describe them, we may use the function @,(f) [2].

2. Let C% — 4C,C; > 0; we will show that there exist the constants C/, C/eR,
i=1,2, C;Cy 0 and C/C; — C,C{ # 0, such that for all te(—o0, +00) it
holds (eventually up to an appropriate multiplicative constant k = 0):

Cu*(t) + Cou(t) v(t) + Cv*(t) = [Clu(t) + Cho(1)] . [Clu(®) + Chu(D)].

Because of
[Clu(t) + Coo(®)] [Ciu(r) + Cro(t)] =
= CiCiu*(t) + (C1C5 + CLCY u(t) (1) + C5C5v7(1),
it must hold at the same time also
C, = CiCy, C, = CyC{ + CiC3, C; = C3C;.
Hence we see that there must be both C, % 0 and C; + 0 (especially if C, = 0,

then for the purpose of —4C,C; > 0, it must be sgn C, = sgn C; both different
from zero, i.e. either C; > 0, C3 <0 or C; <0, C; > 0). Then it holds indeed:

C} — 4C,C; = (C5CY + C{C3)* — 4C(C(C4Cy =
= (C3C))* — 2C3C{CIC; + (C1Cy)* = (C4Cf = CiC3)* > 0

exactly if C;C{ — C{C} +0,i.e. exactly if both two-parametric systems y,(¢, C{, C;) =
= C{u(t) + Cyu(t), y,(t, C{, C3) = C{u(t) + C,v(t) of solutions of the differential
equation (2) are linearly independent and besides, (with respect to the condition
C,C; =+ 0), either of them is linearly independent with the function u(t). This implies
that all zeros of the system y,(t, C;, C,) are different from the zeros of the system
y.(t, C{, C3) and, at the same time, all zeros of both these systems mutually separate
among themselves (by the STURM separation theorem) and moreover they are
separating with all zeros of the function u(t), so that between any arbitrary two
neighbouring zeros of u(t) there always lies exactly one point of both the arbitrary
function relative to the two-parametric system y,(¢, C{, C,) and of the arbitrary
function relative to the two-parametric system y,(t, Cy, C3). All zeros, both the
strongly and the weakly conjugate ones, of the three-parametric bundle
¥, Cy, C,, C3) of solutions of the differential equation (1) are altogether simple
in this case.

By [2], the function ¢(t) may be applied to the description of all the weakly
conjugate points (i.e. zeros of any function of the both bundles y,(¢, C{, C,),
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y,(t, C{, C3)), as well as to the description of the strongly conjugate points (i.e. zeros
of the function u(?)) relative to the bundle y(¢, C,, C,, C5) of solutions of the differ-
ential equation (1).

3. Let C} — 4C,C, < 0; we will show that there exist real constants C;, C; R,
i=1,2 C?+C?>0and Ci?+ Cy* >0, C{Cy — C;C{ * 0, such that it holds
(eventually up to an appropriate non-zero multiplicative constant k € R) for all
te(—oo, +00):

Cu(t) + Cou() v(t) + C*(f) =
= [Clu(n) + Cao(]* + [Clu() + Cou(n]®
We will show first that there exist complex constants D], D; € K (where K denotes

the set of all complex numbers), i = 1, 2, such that it holds (up to an appropriate
non-zero multiplicative real constant again) for all ¢t € (—o0, + c0):

Cu?(t) + Cu() v(t) + C%() =
= [Diu(t) + Dyu()] . [Diu(t) + D3u()]
where D{D; — D,D{ £ 0.
Since
[Diu(t) + Dyv(6)] [Diu(t) + Diu()] =
= D, Diu*(t) + (DD + D3D}) u(t) v(t) + DyD3v*(t)
it must simultaneously hold
C, = DDy, C, = DiD; + D3Df, Cs = D3D;.
Since C;eR,i = 1,2, 3, C; + 0, then for the purpose D;D| e Rand D,D; € R — {0},

the complex numbers D}, D as well as D}, D, must be complex conjugate, i.e.
there exist numbers C;, C; e R, j = 1, 2, such that

Dy=C, +iC;, Dj|=C},—-iC;

D) = C; + iC3, D =C; —iC}
(where i is the complex unit), which leads to

C,=CP2+C? Cy=Cy¥+CH

Hereby (with respect to the assumption C2 — 4C,C, < 0, i.e. when there must be
sgn C; = sgn C3 % 0 for all C, € R), it holds

CP+CP*>0 and CPE+C2>0

simultaneously (in the following it appears that neither C{ = C, = 0 nor C| =
= C; = 0 hold).
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From this we get for C,:
C, = D{D; + DyD| =
= (C; +iC))(C; — iC3) + (C) + iC3) (€ — iCy) = 2CiCy + C{Cy)eR.
Since by the assumption C3 — 4C,C; < 0 and because of
C3 —4C,C5 = [2C1C; + CICH]* = 4CP + CT)(CF + C3?) =
= 4Q2C1C5CICE = CPCF = CYCY) = —4(CiC) — G0
there must be necessary C{C; — C,C; =% 0, and vice versa.

Consequently the three-parametric subsystem y*(t, Cy, C,, C3) = C,u?(t) +
+ CLu(t) v(t) + Cy*(t), Cs + 0, relative to the bundle y(t, Cy, C,, C;) of solutions
of the differential equation (1) may be written in this case as

Cu(t) + Cou(t) v(t) + C3v*(t) =
= (C7 + CP)u(1) + 2(CiC) + CIC) u(®) (1) + (C5* + C52) v*(1) =
= [Ciu(t) + Cyu()]* + [Ciu(®) + Civ(1)]>.
Since both the two-parametric systems y, (z, C{, C,;) = C{u(t) + C;u(t), y,(t, C{, C3) =
= Cju(t) + Cyv(t) of solutions of the differential equation (2) are on the interval
(— o0, +00) with respect to the assumption C,C; — C,C{ * 0 linearly independent,
then no zero can exist on the interval (—oo, +00), where both these systems of
functions would be vanishing at the same time. Hence it holds on the interval
(—o0, +0) that
[Ciu(t) + Cou(D]* + [Clu(t) + Cou()]* > 0.

The three-parametric bundle y(t, C,;, C,, C5) of solutions of the differential
equation (1) in this case being (up to an arbitrary non-zero multiplicative constant
C e R) of the form

(1, Cy, Cz, C3) = u(®) {[Ciu(t) + Coo(n]* + [Clu(®) + Cou(n]*}

has thus on the interval (— oo, +o0) exactly all simple zeros coinciding with all zeros
of the function u(t) only, which are mutually strongly conjugate. Hence all zeros of this
system may be described by means of the function ¢, (t) [2].

SUPPLEMENT

In closing we show one more way for describing the position of the weakly
conjugate points relative to the subbundles

¥(t, Cy, Cy) = u*(t) [Cu(t) + Coo(1)]
C;eR,i=12,C, 0, and
W, Cy, Cy, C3) = u(t) [Cyu(t) + Cu(t) v(t) + C3v*(t)]
C,eR,i=1,23,C,+0,C3-4C,C;20
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of solutions of the differential equation (1), following on the application of the
function #,(t) defined in § 4 in [3] for the purpose to describe the strongly conjugate
3
points relative to the bundle Y Cu*~(r)2*~(r) of solutions of the differential
i=1
equation (1) (and — as proved in Theorem 4.1 [3] — to be coinciding with the
function @.(t)).
In analogy with the preceding considerations in §4 [3], let us now introduce
a function describing a distribution of the weakly conjugate points relative to the
bundle ¥(t, Cy, C,, C;) of solutions of the differential equation (1) by following

Definition 4.2: Let us denote gty (¢), where v, pe{1,2}, v + u < 4, ©,€(0, 1),
k= +1, +2, ..., a function which associates a k"™ weakly conjugate point to the
point t e (— o0, +00) in the following way:

L.if v + u = 3, then J'n(t) is such a (2k — 1) conjugate point to the point ¢,
that the proportion of its distance to the 2k™ conjugate point to the point ¢, to the
distance of the 2(k + 1)* and the 2k™ conjugate points to the point ¢ is equal to @,

2.if v = p =1, then gy (t) is such a
a) 3m — 2)™ — (incase that k = 2m — 1, m = 0, +1, +2,...)

b) (3m — 1)™ — (in case that k = 2m, m = +1, +2,...)
conjugate point to the point ¢ that the proportion of its distance to the 3(m — 1)*

conjugate point to the point ¢, to the distance of the 3m™ and 3(m — 1)* conjugate
points to the point ¢ is equal to @,.

Theorem 4.3:

1. The interval I = (—o0, +0) is the interval of definition and the domain of
the function values of all functions g5 (t) introduced in the preceding Definition

2. For all k = +1, +2, ... it holds the inequality

Lowni(t) — t]sgn k >0
3. lim gm(t) = —oo, lim gin(t) = +o0
t—= - t—>+ oo

4. Ynt)eCi fork = +1, +2, ...

5. auni(t) > 0 for all te (—o0, +0) and for k = +1, £2, ...

6.

For all te(—w, +w), k = +1, +2,... and @, (0, 1) it holds

) = ne—1 () + O () — Mme-1(1)]
omdt) = me—1 () + O m() = Ne—1(1)]
corzi—1(1) = m () + 1O Lmt) = me-1(D)]
Lomak(t) = m—1(1) + 20k [mit) — me-1 (D]

1
whereby 0 < 0, < ,0, < 1, 0" = —z-(l@k + ,0)).
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Proof: All relations introduced in statement 6) of Theorem 4.3 follow directly
from Definition 4.2. With some modification — for example — of the first relation
in 6) in the form

o) = O + (1 — @) m— (1)

(and likewise of the others in 6)) it can be seen that on the interval (—co, +o0) there
exists a derivative

oD = Oui(®) + (1L = O ne—y(1) > 0

k = +1, +£2, ..., so that statement 5) generally is valid for the functions g (t),
k= 41, £2,... From the respective properties of the function #n,(t) given by
Theorem 4.1 [3] we get even all the remaining statements 1)—4) established by
Theorem 4.3.

From statement 6) of the preceding Theorem 4.3 immediately follows the

Corollary: It holds for all fe (—o0, +o0) and forallk = +1, +2, ...:
1.if v + p = 3, then

lim gin(t) = -1 (1)

Gr—>0+

lim gim(t) = (1),

Or—~1-
where O, € (0, 1)
2.if v =p =1, then

lim 1éi'72k—1(t) = lim zgi’ln(t) = 1-1(0)

1Ok—=0+ 20K—+0t

S S 11

lim g1 -1() = lim g 1,(t) = n(t)
10k—>1 "~ 20k— 1~

where 0 < (O, < ,0, < 1.

Theorem 4.4: Let n,(t) or Swm(f), where v,ue{l,2}, p,ne{+l, £2,...},
©,¢e(0, 1), denote the functions describing a distribution of the strongly or the
weakly conjugate points to an arbitrary point ¢ € (—oo, +00), introduced by De-
finition 4.1 [3] or 4.2.

Then for all k,me {+1, +2, ...} and for an arbitrary firmly chosen @, (or
0,, 8, ,0,) (0, 1), depending on the index n of the function §'n,(t), the following

relations hold:
l.ifv=2,u =1, then
oI(D) = &t Mi-n(1)]
2.ifv =1, p = 2, then
0 (D) = &l M- m(1)]
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3.if v=p =1, then

,1¢91k’12k—1(t) = 1$,t.nm[nk—m(t)] i
w0120 = Lon M- m(D)]

where 0 < 0, < ,0, < 1.

Proof: We will only prove the property 1) because the remaining properties
can be proved completely analogous.

By Theorem 4.3, 6), it holds for every point 7e€(—o0, +00), for all m =
= +1, 42, ... and for @,,€(0, 1):

g}nﬂm(r) = '7m—1(f) + @m[ﬂm(r) - r’m~1(r)]‘

For t© = n,_,(t), where k = +1, +2,..., and by utilizing the property of com-
position of the function n describing a distribution of the strongly conjugate points,
we obtain

é}nnm["k—m(t)] = "m—l[']k—m(t)] + @m[nm(rlk—m(t)) - rlm-—l(’]k-—m(t))]z
= Me—1(0) + O () — M- (D] = Hum(®)

and vice versa, q.e.d.
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Souhrn

FUNKCE POPISUJICI ROZLOZENI
NULOVYCH BODU
RESENI ITEROVANE LINEARNI
DIFERENCIALNI ROVNICE 4. RADU

VLADIMIR VLCEK

V préci, bezprostfedn& navazujici na [3], je studovano rozloZeni slab& konjugo-
vanych bodt svazki feSeni linearni diferencidlni rovnice 4. fadu

() + 10[g(1) O] + 3[3¢°(t) + ¢"®] »(t) = 0 M

kde funkce g(t)e CZ, I = (—o0, +0) a ¢(t) > 0 na int. (—o0, +00), ziskané iteraci
(oscilatorické) dif. rovnice 2. fadu tvaru

')+ q(t) y(t) = 0. ()}

Nejprve jsou vySetfovany dva (dvou- a tfiparametrické) podsvazky svazku feseni
dif. rovnice (1) s vyskytem jednoduchych resp. dvojndsobnych slabé konjugovanych
bodu.

Na zavér (s pouzitim vysledkli rozboru algebraické struktury p¥islu§sného homo-
gennjho funkcionalniho polynomu 2. stupng, obsaZzeného ve svazku feSeni dif.
rovnice (1)), jsou nalezeny i tvary odpovidajicich feSeni, vyjadfenych pomoci svazka
feSeni dif. rovnice (2).

V préici je ukdzano, Ze rozloZeni vSech slabé konjugovanych bodu feSeni dif.
rovnice (1) 1ze ve v§ech piipadech popsat toutéZ funkei ¢ (¢) [2], jakou bylo popsano
[3] rozloZeni siln& konjugovanych bodi feseni dif. rovnice (1).
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Pesrome

OYHKI MU OITUCBIBAIOIIME PA3JIOXEHUE
HVJIEBbBIX TOUEK PEHIEHU I UTEPUPOBAHHOI' O
JUHENHOTO JU®OEPEHLIMAJIBHOTO
VPABHEHUA 4-ro ITIOPAOKA

BJIAAVUMMUP BJIYEK

B paboTte, KoTOpast SBIAECTCS HEMOCPEACTBEHHBIM HPOAOJIKeHHEM paboTsr [3],
MCCIEAYETCS Pa3JIOKCHUE TaK Ha3bIBAEMBIX Ca00 CONPSOKEHHBIX TOYEK IMyYKOB
peteHuit JuHeHoro audGpepeHnaNbHOrO ypaBHeHus 4-ro mopsaka

() + 10[g(0) y' (O + 3B + ¢" (01 (1) = 0, )

¢ dynxoumeit q(1)e C¥, 1 = (—o0, +©0) u g(f) > 0 Ha unTepBange (—ow, + ),
KOTOpOe MOJIYYHTCS HHTepupoBanueM (KoyeOiroierocs) muppepeHiuaibHoro
ypaBHEHHUs 2-TO MOpsIKa

V(@) + g0y =0 0))

Ilpexne Bcero 34eCh M3Y4arOTCsl OBA TUIA ABYX- WM TPEXMAPaAMETPHYECKHUX
ny4ykoB peuicHui aud. ypashenus (1), y KOTOPBIX IOSIBISIOTCSA TOJIbKO cjiaGo
CONPSDKEHHBIE TOYKU.

B 3aKJIIOYEHUM — COIJIACHO € OOHAPYXKEHHEM BCEX BO3MOXKHBIX COOCTBEHHOCTEH
anrebpanyeckoro xapaxrepa, KacaromMXCs MMEHHO DPa3lOXKUMOCTH OHOPOIHOIO
(yHKIMOHATIBHOTO MHOTOYJIEHA BTOPOW CTemeHW, KOTOPBI COHEPKUTCS B TPEX-
napaMeTpHYecKoM Iyuke perieHni nud. ypasHenus (1) — MOCTPOCHBI COOTBETCTBYIO-
wye pewienuss nud. ypasHenus (1), KOTopble — KaX yKa3bIBae€TCS — 3aBUCAT Ha
Ny4Kax peleHuil caMoro aud. ypaBuedust (2), mpu moMoILM KOTOPBIX OHM U MPSIMO
BBIPAXKAFOTCS.

B paboTe nokasaHo, YTO pasyiokeHHue ciaabo COmpPsIKEHHBIX TOYESK pPelueHui aud.
ypasHeHus (1) B KaKIAOM OTACIBHOM CJIy4ae MOXHO OITMCATH COBCEM TOM kKe CaMOM
pyakoueit ¢, (¢) [2], xoTopas OblTa yxKe HCHOgb30BaHa [3] My OMMCHIBAHUS Pa3io-
XKECHWUA CHIIBHO CONPSIKEHHBIX TOYCK perieHuit qud. ypasuenus (1).
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