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Introduction 

O. B o r u v k a in [ 3 - 6 ] and F. N e u m a n in [14, 15] brought into relation the 
Floquet theory for both-sided oscillatory equations (q): y" = q(t)y, q e C°(R), 
q(t + n) = q(t) for teR(= ( — oo, oo)) with the phase and dispersion theory. The 
present paper brings into relation the Floquet theory for nonosciliatory equations (q) 
with the theory of hyperbolic and parabolic phases [7 — 11]. 

2. F u n d a m e n t a l c o n c e p t s and lemmas 

We shall investigate differential equations of type 

f = q(t) y, qe C°(R), q(t + n) = q(t) for t e R, (q) 

being nonosciliatory on R. Then it follows from [12] that an equation (q) is dis-
conjugate (on R), which implies that every (nontrivial) solution of (q) has at most 
one zero on R. The trivial solution will be excluded from our consideration. 

Let x e R and yi9 y2 be solutions of (q), yx(x) = y2(x) = 0, yf
x(x) = y2(x) = 1. 

According to the Floquet theory every equation (q) may be associated with the 
algebraic quadratic equation 

A2 - Al + 1 = 0, (A := y[(x + n) + y2(x + n)), 

enerally complex) O, — (O 4= 0) are called the characteri 
Q 

of (q). In the case of a disconjugate equation (q) we come to the following. 

whose roots (generally complex) O, —(O 4= 0) are called the characteristic multipliers 

; 



Lemma 1. Let (q) be a disconjugate equation. Then the equation (q) has only positive 

characteristic multipliers O, — and there exist independent solutions u, v Of(q) satisfying 

either 

u(t + n) = O . u(0, i?(t + TT) = — . v(t), 0 * 1, (1) 

Or 

u(t + n) = u(t) + v(t), v(t + 7i) = v(t), £ = 1. (2) 

In case Of Q = 1 the equation (q) dOes nOt possess all n-periodic solutions. 
Proof. If (q) has complex characteristic multipliers, then if tollows from [4, 12] 

that (q) is oscillatory. Consequently the disconjugate equation (q) may have only 

real characteristic multipliers O, —. If Q < 0, there exists according to the Floquet 
Q 

theory a solution u of (q) satisfying u(t + n) = Q . u(t) for t e R. Then for (every) 
t! e R we have u(tx + n). u(tx) ^ 0. Thus the solution u has at least one zero on 
<t1? tx + 7i>. Naturally, - c o and oo represent the cluster points of the zeros of u 
and the equation (q) is oscillatory, which is a contradiction. Therefore O > 0. Let 
O = 1 and let all solutions of (q) be 7i-periodic. Let u be a solution of (q). Then 

1 ds 
u(t) + 0 for t G R. Let t0 e R and put v(t) : == u(t) J —— for t e R. Since visa solu-

t0 u (s) 
tion of (q), it represents a 71-periodic function. Now from v(t + n) = 

w " ^ , , / ' , ds '+* ds \ , . ' 7 ds 
= u(t + n) J - _ = tt(0 J — - + J - — = v(t) + u (t) J - — we have 

to u (s) Vo u (s) t u (s) / t u (s) 
1 + 71 ds w(0 I "T"— = 0 f ° r t E *» which is a contradiction. Consequently (q) does not 

r u (s) 
possess all ^-periodic solutions. It follows from the Floquet theory that there exist 
independent solutions u, v of (q) satisfying either (1) or (2). 

Remark 1. If we have O + 1 for the characteristic multipliers Q, — of a disconjugate 
Q 

equation (q), then obviously, there always exist independent solutions u, v of (q) 
satisfying (1), u(t) > 0, v(t) > 0 for t e R and | uv' - u'v \ = 2. 

Let us say with [7] that a function a e C°(i), i c= R is a (first) hyperbolic phase 
of (q) on i, if there exist independent solutions u, v of (q) satisfying | u(t) \ < \ v(t) \ 
on i and 

1 / s " ( 0 r 
tgha(0 = —7T- f o r te1-v(t) 

Then a e C3(i), a'(t) * 0 and q(t) = - ~ - ^ + - 1 f ^ ( 0 ^ + a'2(t) for 1 6 i. If for 
2a'(0 4 V «'(0 
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a hyperbolic phase a of (q) is i = R and 1im a(t) = -signoe' . oo, Hm a(0 -
t-*-ao r -*-oo 

= sign a ' . oo, then (q) is a pure disconjugate equation (on R). 

Lemma 2. Let (q) be a disconjugate equation. Then there exist independent solutions 
u, v Of(q) satisfying u(t) > 0, v(t) > OfOr t e R and | uv' - u'v I = 2 iff there exists 
a hyperbolic phase a Of (q) defined on R where 

u(t) . J^« f , ( 0 = J - P ^ l ^ ^ e R ( 3 ) 

Vl a'(t) | V| a'(t) I 

Proof. (=>) Let u, v be independent solutions of a disconjugate equation (q) 
satisfying u(t) > 0, v(t) > 0 for t e R and | uv' - u'v | = 2. We set ux(t) := u(0 -
— v(t), vt(t):= u(t) 4- v(l), t e R . Then ul9 vl are independent solutions of (q), 
vt(t) > 0, | uj(0 | < | vi(t) | for t e R and | uX - u;^ | = 2 | uv' - u'v | = 4. We 

define on R a hyperbolic phase a of (q) by the relation tgh a(t) = l . Then 

. 2sinha(t) ,,v 2cosha(0 r t1 r r-n U /.\ 
ux(t) = — _: , vx(t) = — - = = L r - as follows from [7J- Hence u(t) = 

V |a ' ( t ) | V|a'(OI 
1 , , x , NS expa( t ) s 1 , , x / xx e x p ( —a(0) 

= T M 0 + »i(0) = ;^— , K 0 = -y (» i (0 - / ' i(0) = ~ r—— • 
2 V | a ' ( t ) | 2 V | a ' ( t ) | 

(<=) Let a be a hyperbolic phase of a disconjugate equation (q) on R and let u, v 
be the function defined by (3). Following Theorem 5 [8] u, v are independent solutions 
of (q), u(0 > 0, v(t) > 0 for t e R. It is easy to verify that | uv' - u'v | = 2. 

Say with [10, 11] that a function a e C°(i), i a R represents a (first) parabolic 
phase of (q) on i if there exist independent solutions u, v of (q), v(0 4= 0 for tei 
satisfying 

a(t) = 4 ^ for t e i . 
v(t) 

Then a e C3(i), a'(t) #= 0 and a(t) = - - ^ + A f ^ A for t e i. If for a para-
2a'(t) 4 V a'(t) / 

bolic phase a of (q) is i = R and lim a(t) = —sign a ' . oo, lim a(t) = sign a ' . oo, 
f-+ - CO f->co 

then (q) is a special disconjugate equation (on R). 
Let § be the set of all functions h, h e C3(R), h'(t) 4= 0 and h(t 4- n) = h(t) 4-

4- n . sign h' for t e R. 

Definition 1. Say, equations (q t) and (q2) have the same behaviour if they are 
either pure disconjugate with the same characteristic multipliers or are special discon­
jugate. 
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3. Main results 

Theorem 1. An equation (q) is disconjugate andQ, — are its characteristic multipliers, 
Q 

O > 1, iff (q) is pure disconjugate and there exists a hyperbolic phase a Of(q) On R 
satisfying 

a(t + n) = a(t) + a, t e R, (4) 
where a = In O ( > 0). 

Proof. (<=) Let O, — be the characteristic multipliers of a disconjugate equation 
Q 

(q), O > 1. Then, following Lemma 1 and Remark 1, there exist independent solutions 
u, v of (q), u(t) > 0, v(t) > 0 for t e R and | uv' - u'v | = 2 satisfying (1). By Lemma 2 
there exists a hyperbolic phase a of (q) on R for which (3) applies. Since 

u(t + n) 2 u(t) 
= Q V(t + 71) * v(t) ' 

we have 
exp 2a(t + n) = O2 . exp 2a(t) = exp 2(a(l) + a), 

where a = In O ( > 0). Hence a(t + TI) = a(t) + a and (q) is pure disconjugate. 

(<=) Let a be a hyperbolic phase of a pure disconjugate equation (q) on R satisfying 
(4), where a = In O ( > 0). Then (q) is a disconjugate, the functions u, v defined by (3) 
are independent solutions of (q) and 

u{t + -.) = ^E£L±J- = 5-PW0JJ.) = e X 0 ; 
V| a'(t + TC) | V| a'(0 | 

v(t + n) = .5XP(Z<1±J- = ̂ P i ^ L ^ - = ,-vt). 
Vl «'(t + n) | V| «'(01 

From this it follows that e" = Q, e~a = — are the characteristic multipliers of (q) 
Q 

and Q > 1. 

Theorem 2. Le, (q.) 6e « , - tiis-j^te ^ a / / 0 « W / „ e , 1 * e Us characteristic 

multipliers, Q > 1. Let cube a hyperbolic phase Of(qi) On R satisfying (4). Then equations 
(qx) and (q2) have the same behaviour iff there exists a hyperbolic phase a2 of (q2) 
satisfying 

#2(0 = sign h'. a(h(0), t e R 
for a he § . 

Proof. (=>) Let (q t) be a pure disconjugate equation and let equations (q t) and 
(q2) possess the same behaviour. Following Theorem 1 there exist then a hyperbolic 
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phase a2 of (q2) on R satisfying a2(t + n) = a2(t) + a, where a = In O ( > 0). We 
put h(t) := a~\oi2(t)) for t e R. Then sign h! = 1 and h(t + TC) == a_ 1(a2( l + n)) = 
= a - 1(a 2( t ) + a) = a_1(a2(/)) + TT = h(t) + TT. We see that h e § . 

(<=) Let h e § and a2(t) := sign h'. a(h(t)) be a hyperbolic phase of (q2) on R. 
Then (q2) is a pure disconjugate equation, a2(t + n) = sign h'. a(h(l + 7r)) = 
= sign h' . a(h(l) + n . sign h') = sign h' . (a(h(t)) + a . sign h') = a2(l) + a(a = 

= l n O > 0 ) and the formula q2(t) = - ^ ^ - + ~ ( a - 2 ^-V + a'2(f) yields 
2a2(t) 4 \ a2(t) / 

q2(l + n) = q2(l). Next we obtain from Theorem 1 that (q2) possesses the characte­
ristic multipliers Q, —. Hence the equations (qt) and (q2) have the same behaviour. 

Q 

Theorem 3. An equation (q) is disconjugate and has the characteristic multipliers 

~,Q = hiff 
Q 

on R satisfying 

D, —, Q = 1, iff (q) is special disconjugate and there exists a parabolic phase oc of (q) 
Q 

a(t + n) = a(t) + sign a', t e R. (5) 

Proof. (=>) Let (q) be a disconjugate equation and let O, — be its characteristic 
Q 

multipliers, O = 1. Following Lemma 1 there exists a .--periodic solution v of (q), 
« ds 

v(t) + 0 for t e R. Let t0 e R and put u(t): = v(l) J — — , t e R. Then u is a solution 
fo V (s) 

ft + K ds V 1 1 f + * ds 
of (q). It follows from f - — ) = —~ ~ — = 0 that f — — = a 

\ i v2(s)J v2(t + 7i) v2(t) t v2(s) 
for t e R, where a is a constant, a > 0. Put a(t) : = -^7-—, t e R. Then a is a para-

w a . v(0 
bolic phase of (q) on R, sign a' = V 

u(t + TC) 1 t+
c
n ds , , 1 f 7 ds 

a(t + 71) = V = — f — — = a(t) + — f -z— = 
a.v(t + n) a f

J
0 v\s) a \ v2(5) 

= a(0 + sign a' 

and (q) is special disconjugate. 

(<=) Let a be a parabolic phase of a special disconjugate equation (q) on R 

satisfying (5). Then (q) is a disconjugate equation. Putting u(t) := ~~U===r. sign a', 
V| a'(0 I 

v(t) := —== ;.-, t e R, then u, v are independent solutions of (q) and 
VI a'(t) I 
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a(t + 7t) . a(t) + sign a' . 
u\t + TI) = --====== . sign a = - = = r - . sign a 

VI «'(' + * ) ! V |a '(OI 

. sign a' + — = = t/(t) + KO. 
V| a'(0 I V| a'(0 I 

v(t + n) = - = - = KO-
V|a ' ( t + n)\ V |a ' (OI 

Hence O, — with O = 1 are the characteristic multipliers of (q). 
Q 

Theorem 4. Let ( q j bc a special disconjugate equation and let a be its parabolic 
phase satisfying (5). Then equations (qx) and (q2) have the same behaviour iff there 
exists a parabolic phase a2 of (q2) On R satisfying 

a2(t) = a(h(t)\ * e R, 
for a he § . 

Proof. (=>) Let (qx) be a special disconjugate equation and let (qA) and (q2) 
possess the same behaviour. Let a be a parabolic phase of (qx) satisfying (5). Then 
a - 1 ( l + v) = a _ 1 ( t ) + V7C. sign a' with v = + 1 . Following Theorem 3 there exist 
a parabolic phase a 2 of (q2) on R satisfying a 2(t + n) = a 2(t) + s igna 2 . We set 
h(t) := a~1(a2(t)) for t e R. Then sign h! = sign a'. sign a 2 and h(t + n) = 
= a - 1 ( a 2 ( t + 7r)) = a _ 1 ( a 2 ( t ) + sign a 2) = a _ 1 (a 2 ( t ) ) + 71. sign a ' . s igna 2 = h(t) + 
+ n . sign W. Hence a 2 = ah, where h e § . 

(<=) Let h e § and a 2(t) : = a(h(t)) for t e R be a parabolic phase of (q2) on R. 
Since sign a 2 = sign a'. sign h' we have a 2(t + n) = a(h(l + 7r)) = a(h(t) + % x 
x sign h') = a(h(t)) + sign h'. sign a' = a 2(t) + sign a 2 and the formula q2(t) = 

= - _^iii_ + —-l~2±2- ] yields ^r9(t + 7r) = q2(t). Consequently the equations 
2a2(t) 4 V «i(0 / 

(qj) and (q2) are special disconjugate and have the same behaviour. 

R E F E R E N C E S 

[1] F. M. A r s c o t t : Periodic Differential Equations. Pergamon Press, Oxford 1964. 
[2] O. Borůvka : Ĺinear Differentiaì Transformations of the Second Order. The English Univ. 

Press, London 1971. 
[3] O. B o r ů v k a : On central dispersions of the differential equation y" = q(t)y with periodic 

coefficients. Lecture Notes in Mathematics, 415 (1974), 47—60. 
[4]O, Borůvka : Sur les blocs équations différentielles y" = q(t)y aux coefficients périodique. 

Rеnd. Mat. 8 (1975), 519—532. 
[5] O. Bоrůvka : Sur quelques compléments à la théorie de Floquet pour les équations différentielles 

du deuxième ordre. Ann. Mat. Pura Appl. Ѕ. IV, CII (1975), 71—77. 

98 



[6] O. Бopyвкa, Teopuя глoбaлъныx cвoйcmв oбыкнoвeнныx лuнeйныx дuффepeнцuaлъныx 
ypaвнeнuй вmopoгo nopядкa. Диффepeнциaльныe ypaвнeния, JVЬ 8, т. XII, 1976, 1347—1383. 

[7] J. Krbiľa: Vlastnosti fáz neoscilatorických rovnic y" — q(t) y definovaných pomocou hyper-
bolických polárných súradnic. Sborník prací VŠD a VÚD, 19 (1969), 5—11. 

[8] J. Krbi ľa : Existencia a neohraničenosťprvej hyperbolickej fázy neoscilatorickej diferenciáïnej 
rovnice y" = q(t)y. Sborník prací VŠD a VŰD, 25 (1969), 5—13. 

[9] J. Krbiľa: Pure disconjugate homogeneous linear differential equations of the second order. 
Zborník vеdеckých prác VŠL Zvolеn, (1972), 241—248. 

[10] J. Krbiľa: Application von parabolischen Phasen der Dìfferentialgleichung y" = a(t)y. Sbomík 
prаcí VŠD а VÚD, IV. vеd. konf., 1. sеkciа, (1973), 67—74. 

[11] J. Krbiľа: Explicit solutions of several Kummeťs nonlinear differential equations. Mаt. Čаs., 24, 
No 4 (1974), 243—348. 

[12] L. Mаrkus аnd B. A. M o o r е : Oscillation and disconjugacy for linear differential equations 
with almost periodic coefficients. Actа Mаth., 96 (1956), 99—123. 

[13] W. Mаgnus аnd S. Winklеr : HìlГs Equation. Intеrsciеncе Publishеrs, Nеw York 1966. 
[14] F. N e u m а n : Note on bounded non-periodic solutions of second-order linear differential equations 

with periodic coefficients. Mаth. Nаch., 39 (1969), 217—222. 
[15] F. N e u m а n аnd S. S tаnek: On the structure of second-order periodic differential equations 

with given characteristic multipliers. Arch. Mаth. (Brno), XIII (1977), 149—158. 

Souhrn 

POZNÁMKA K DISKONJUGOVANÝM 
D I F E R E N C I Á L N Í M ROVNICÍM 2. ŘÁDU 

S P E R I O D I C K Ý M I K O E F I C I E N T Y 

SVATOSLAV STANĚK 

V práci jsou vyšetřovány diferenciální rovnice typu 

f = q(t) y, ^ C°(R), q(t + n) = q(t) pro t e R, (q) 

které jsou diskonjugované na R. Funkce aeC°(R) se nazývá hyperbolická fáze rov­
nice (q) na i ( c R)jestliže existují její nezávislá řešení u, v: | u(t) | < | v(t) | a tgh a(t) = 

-= _-lf p r o t E i Jestliže rovnice (q) má hyperbolickou fázi a na R pro niž platí 
v(t) 

lim oc(t) = - s i g n a ' . 0 0 , lim a(t) = signa' . oo, pak (q) je ryze diskonjugovaná 
t-> — oo f-> oo 

rovnice R. Funkce /? e C°(R) se nazývá parabolická fáze rovnice (q) na i 

jestliže existují její nezávislá řešení ui, vi : vx(t) =# O a /?(/) = —--—- pro t e i. 
víV) 

Jestliže rovnice (q) má parabolickou fázi p na R pro niž platí lim jS(t) = 
f-> - 00 

= -sign p' . oo, lim p(t) = sign^'. oo, pak (q) j e speciálně diskonjugovaná rovnice 
ř-> oo 

na R. 
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Podle Floquetovy teorie lze ke každé rovnici (q) přiřadit jistou kvadratickou 

rovnici, jejíž kořeny O,— (O + 0) se nazývají charakteristické kořeny rovnice (q). 

V práci je dokázáno: 

Rovnice (q) je diskonjugovaná a O, — (O > 1) jsou její charakteristické kořeny 
Q 

právě když (q) je ryze diskonjugovaná rovnice a existuje hyperbolická fáze a rovnice 
(q) na R pro niž 

a(t + n) = a(0 + a, teR, 
kde a = lnO (> 0). 

Rovnice (q) je diskonjugovaná a O, — (O = 1) jsou její charakteristické kořeny 
Q 

právě když (q) je speciálně diskonjugovaná rovnice a existuje parabolická fáze p 
rovnice (q) na R pro niž 

P(t + n) = P(t) + sign P\ t e R. 
Současně jsou také nalezeny všechny diskonjugované rovnice (q), které mají 

stejné charakteristické kořeny. 

Резюме 

З А М Е Ч А Н И Е К Л И Н Е Й Н Ы М 
Д И Ф Ф Е Р Е Н Ц И А Л Ь Н Ы М У Р А В Н Е Н И Я М 

ВТОРОГО П О Р Я Д К А БЕЗ С О П Р Я Ж Е Н Н Ы Х 
Т О Ч Е К С П Е Р И О Д И Ч Е С К И М И 

К О Э Ф Ф И Ц И Е Н Т А М И 

СВАТОСЛАВ СТАНЕК 

В работе исследуются дифференциальные уравнения без сопряженных точек 
на К типа 

У" = з(0 У, Ч€С° (К), Ч(1 + п) = Ч(1) для г е К. (я) 

Функция а е С°(К) называется гиперболической фазой уравнения ^ ) на 
х(с.К) если существуют его независимые решения и, V. \ и(() \ < \ V(^) | и г̂ Ь а(0 = 

= -~~- для I 6 1. Если уравнение (я) имеет гиперболическую фазу а на К для 
V(г) 

которой имеет место Пт а(/) = — $1§п а' . оо, Нт <х(() = 81§п ос' . со, то (^) 
<-> — 00 <-+оо 

является уравнением совершенно без сопряженных точек на К. Функция /? е С°(К) 
называется параболической фазой уравнения й ) на 1 если существуют его не-
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зависимые решения и19 V! : V^(^) Ф 0 и /?(г) = ,* для ГЕ1. Если уравнение 
рг(1) 

(ц) имеет параболическую фазу р на К для которой имеет место Нт /?(г) = 
1-* - со 

= — $1§п /?'. оо, Нт /?(/) = щп $'. оо, то ^ ) является уравнением специально 
Г-»оо 

без сопряженных точек на К. 

В теории Флоке к каждому уравнению (ц) присоединяется квадратическое 

уравнение, корни ^, — (@ Ф 0) которого называются характеристические корни 

уравнения (ц). В работе показано: 
(ц) есть уравнение без сопряженных точек и его характеристические корни 

равны ^, — (> 1) только в случае, когда ^ ) есть уравнение совершенно без 

сопряженных точек и существует гиперболическая фаза а уравнения (ц) на К так 
что 

а(? 4- п) = а(г) + а, I е К 
где а = !пе (> 0). 

^ ) есть уравнение без сопряженных точек и его характеристические корни 

равны ^, — (# = 1) только в том случае, когда (ц) есть уравнение специальна 

без сопряженных точек и существует параболическая фаза /? уравнения (ц) на К 
так что 

Р(1 + п) = р(() + 81§п Р'9 г е К. 

Одновременно показаны все неколеблющиеся уравнения (ф которые имеют 
одинаковые характеристические корни. 
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