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Introduction

O. Boruivka in [3—6] and F. Neuman in [14, 15] brought into relation the
Floquet theory for both-sided oscillatory equations (q): y" = q(t) y, qe C°(R),
q(t + ) = q(t) for t € R(= (—o0, 00)) with the phase and dispersion theory. The
present paper brings into relation the Floquet theory for nonoscillatory equations (q)
with the theory of hyperbolic and parabolic phases [7—11].

2. Fundamental concepts and lemmas

We shall investigate differential equations of type

Y =qt)y, qeC°R), q(t+ n)=gq(t) forteR, (@

being nonoscillatory on R. Then it follows from [12] that an equation (q) is dis-
conjugate (on R), which implies that every (nontrivial) solution of (q) has at most
one zero on R. The trivial solution will be excluded from our consideration.

Let xe R and y,, y, be solutions of (q), y,(x) = y3(x) = 0, yi(x) = y,(x) = L
According to the Floquet theory every equation (q) may be associated with the
algebraic quadratic equation

Al +1=0, (A:=yi(x+ 1)+ y(x+ ),

1
whose roots (generally complex) g, " (o % 0) are called the characteristic multipliers

of (q). In the case of a disconjugate equation (q) we come to the following.
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Lemma 1. Let (Q) be a disconjugate equation. Then the equation (Q) has only positive
characteristic multipliers o, % and there exist independent solutions u, v of (Q) satisfying
either

u(t + ) = o . u(t), ot + 1) = % o), e F1, Q)]
or
u(t + ) = u(t) + o), o(t + m) = uv(t), o= 1. )

In case of ¢ = 1 the equation (q) does not possess all n-periodic solutions.
Proof. If (q) has complex characteristic multipliers, then if tollows from [4, 12]
that (q) is oscillatory. Consequently the disconjugate equation (q) may have only

- - 1 . .
real characteristic multipliers g, o If ¢ < 0, there exists according to the Floquet

theory a solution u of (q) satisfying u(z + n) = ¢ . u(t) for € R. Then for (every)
t, € R we have u(¢; + 7). u(¢;) £ 0. Thus the solution u has at least one zero on
{ty, t; + n). Naturally, —oo and co represent the cluster points of the zeros of u
and the equation (q) is oscillatory, which is a contradiction. Therefore ¢ > 0. Let
o = 1 and let all solutions of (q) be n-periodic. Let u be a solution of (q). Then

t
u(t) + O for reR. Let r,e R and put o(t) := u(r) § g(s for t e R. Since v is a solu-
to U S)

tion of (q), it represents a mz-periodic function. Now from o(t + n) =

t+mn t t+n t+n d
= u(t + n) jh—?fﬁ = u(t)(j%ii ) §L> =u(t) +u() | _i_v_s__ we have
ro u“(s) o u(s) t u“(s) : u“(s)
t+mn
u(t) | f(s )— = 0 for teR, which is a contradiction. Consequently (q) does not
t UuU(S

possess all m-periodic solutions. It follows from the Floquet theory that there exist
independent solutions u, v of (q) satisfying either (1) or (2).

Remark 1. If we have ¢ = 1 for the characteristic multipliers o, 1 of a disconjugate
Q

equation (q), then obviously, there always exist independent solutions u, v of (q)
satisfying (1), u(t) > 0, v(t) > O for teR and |w' — u'v| = 2.

Let us say with [7] that a function a € C°%), i = R is a (first) hyperbolic phase
of (q) on i, if there exist independent solutions u, v of (q) satisfying | u(t) | < | v(t) |
oniand

| _u(t) .
tgho(t) = o) for tei.
m 3 ” t 2
Then e C3(i), 2'(1) #+ 0 and g(1) = — U] + = aj()> + o'2(t) for tei. If for
20(1) 4\ (1)
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a hyperbolic phase « of (qQ) is i = R and lim «(t) = —signa’. 00, lim a(f) =

t— — oo = —

= sign o’ . 00, then (q) is & pure disconjugate equation (on R).

Lemma 2. Let (q) be a disconjugate equation. Then there exist independent solutions
u, v of (q) satisfying u(t) > 0, v(t) > 0 for te R and | w' — u'v| = 2 iff there exists
a hyperbolic phase o of (q) defined on R where

u(t) = _exipg_(g , o(t) = EXE(:OE(Q) , teR. 3

NMELO) V()|
Proof. (=) Let u, v be independent solutions of a disconjugate equation (q)
satisfying u(t) > 0, v(t) > O for teR and | w’ — u'v| = 2. We set u,(t) := u(t) —
— ov(t), v,(t) := u(t) + v(t), teR. Then u,, v, are independent solutions of (q),
v(t) > 0, |u;(t)| <]ov(t)| for teR and | w0y — ujv, | =2 |w' —u'v| = 4. We

define on R a hyperbolic phase « of (q) by the relation tgh «(¢) = Z—‘E% Then
1
u(t) = —Zﬂé@ , v(t) = onﬂ(f)— as follows from [7]. Hence u(t) =
NE0Y NELO) (
1 exp a(t) 1 exp (—a(?))
= (u (1) + v,(1)) = ———==, olt) = 5 (0, (1) — (@) = — ——-.
2 RENPTRY 2 VI @]

(<=) Let a be a hyperbolic phase of a disconjugate equation (q) on R and let v, v
be the function defined by (3). Following Theorem 5 [8] u, v are independent solutions
of (q), u(t) > 0, v(t) > 0 for ¢t e R. It is easy to verify that | u’ — u'v| = 2.

Say with [10, 11] that a function «e C°(%i), i = R represents a (first) parabolic
phase of (q) on i if there exist independent solutions u, v of (q), v(t) + 0 for t€i
satisfying

_u() .
at) = Fo) for tei.
" 1 2
Then a e C3(), a'(t) + 0 and q(t) = — (1) + 3 (0 for t ei. If for a para-
22/ 4\ a'(h)
bolic phase a of (q) is i = R and lima(t) = —signa’. oo, lima(t) = signa’. 0o,
t—> - =00

then (q) is a special disconjugate equation (on R).
Let $ be the set of all functions i, 1 e C3(R), H'(t) £ 0 and A(t + n) = h(t) +
+ n.signh’ for teR.

Definition 1. Say, equations (q,) and (q,) have the same behaviour if they are
either pure disconjugate with the same characteristic multipliers or are special discon-
jugate.
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3. Main results

Theorem 1. An equation (qQ) is disconjugate and o, — are its characteristic multipliers,
Q

0> 1, iff () is pure disconjugate and there exists a hyperbolic phase o of (q) on R
satisfying

a(t + 1) = at) + a, teR, 4
where a = In g (> 0).

Proof. (<) Let g, 1 be the characteristic multipliers of a disconjugate equation
Q

(9), ¢ > 1. Then, following Lemma 1 and Remark 1, there exist independent solutions
u,vof(q), u(t) > 0,v(t) > Oforte Rand | ur’ — u'v| = 2 satisfying (1). By Lemma 2
there exists a hyperbolic phase « of (q) on R for which (3) applies. Since

u(t+m 5 u(t)
ot +m)  C o)

we have
exp 20(t + ) = o . exp 2a(t) = exp 2(a(t) + a),

where @ = In g (> 0). Hence a(f + n) = a(t) + a and (q) is pure disconjugate.

(<) Let a be a hyperbolic phase of a pure disconjugate equation (q) on R satisfying
(4), where @ = In ¢ (> 0). Then (q) is a disconjugate, the functions u, v defined by (3)
are independent solutions of (q) and

expa(t + 1) _ exp ((x(t) + a) _

u(t + 1) = — et A e“u(t),
NETGEY NELOY
ot +my= P D) _exp(—a) —a) _
JId@ + m)| NEL0Y
From this it follows that ¢* = g, e™* =% are the characteristic multipliers of (q)

and o > 1.

L . 1 . L
Theorem 2. Let (q,) be a pure disconjugate equation and let g, 2 be its characteristic

multipliers, 0 > 1. Let o be a hyperbolic phase of (q,) on R satisfying (4). Then equations
(q,) and (q,) have the same behaviour iff there exists a hyperbolic phase o, of (qs)
satisfying
o, (t) = sign k' . a(h(?)), teR
forahe9.
Proof. (=) Let (q;) be a pure disconjugate equation and let equations (q,) and
(q;) possess the same behaviour. Following Theorem 1 there exist then a hyperbolic
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phase o, of (q,) on R satisfying a,(t + m) = a,(t) + a, where a = Ing (> 0). We
put h(r) := o~ (a,(t)) for teR. Thensign &’ = 1 and A(t + 7)) = a™ (o, (t + 7)) =
= a Yay(t) + @) = a "a,(1)) + © = h(t) + 7. We see that he §.

(=) Let he 9 and a,(t) := sign &' . a(h(t)) be a hyperbolic phase of (q,) on R.
Then (q,) is a pure disconjugate equation, o,(f + m) =sign k. a(h(t + n)) =
= sign b’ . a(h(t) + = .sign h) = sign h' . ((h(t)) + a.sign h') = a,(t) + a(a =
=1Ing > 0) and the formula ¢,(t) = — () + i((—X—Zgl) + a'%(t) yields

205(1) 4\ o5(0)
q,(t + 7) = q,(t). Next we obtain from Theorem 1 that (q,) possesses the characte-

- . 1 . .
ristic multipliers g, R Hence the equations (g,) and (q,) have the same behaviour.

Theorem 3. An equation (q) 1s disconjugate and has the characteristic multipliers
1
0, R o0 =1, iff (Q) is special disconjugate and there exists a parabolic phase o of (q)

on R satisfying
o(t + m) = aft) + signa, teR. )

Proof. (=) Let (q) be a disconjugate equation and let g, —é— be its characteristic
multipliers, ¢ = 1. Following Lemma 1 there exists a n-periodic solution v of (q),

t
v(t) + 0 for re R. Let 1, e R and put u(t) : = o(t) | —?(%, t e R. Then u is a solution
to V(S

t+n ’ t+m
of (q). It follows from ( RdSA) = S ~21— =0 that | ~g§~ =a

t v3(s) Vit + n) v*(1) t v°(s)
for t e R, where a is a constant, @ > 0. Put a(?) : = au(:zt) , teR. Then « is a para-
bolic phase of (q) on R, signa’ = 1,

t+n t+n d
a(t+n)=_ﬂt+n) =LJ‘—§1—S—=O((I)+LJ ZS =
a.u(t+ n) a o v(s) a i v(s)

= a(t) + signo’

and (q) is special disconjugate.

(<) Let o be a parabolic phase of a special disconjugate equation (@) on R

satisfying (5). Then (q) is a disconjugate equation. Putting u(t) := \E-gl—: sign o,
NMETO)
o(t) 1= v—{; , t€R, then u, v are independent solutions of (q) and

NEPZ0Y
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at + m) oz(t) + 51gn oc

ut + n) = —_ . sign .signa’'=
' Ny Ny
IO csigna’ + === = u(t) + v(1),
JiZ®1 Jla(z)s
U(t + TC) f‘:,flr - *‘;*1:-,': = U(l)

N TRy

Hence o, —1— with ¢ = 1 are the characteristic multipliers of (q).
0

Theorem 4. Let (q,) be a special disconjugate equation and let o be its parabolic
phase satisfying (5). Then equations (q;) and (q,) have the same behaviour iff there
exists a parabolic phase a, of (q,) on R satisfying

a(t) = alh(t)),  teR,
forahe$.

Proof. (=) Let (q,) be a special disconjugate equation and let (q,) and (q,)
possess the same behaviour. Let « be a parabolic phase of (q,) satisfying (5). Then
a”'(t +v) = a " }t) + vz .signa’ with v = +1. Following Theorem 3 there exist
a parabolic phase a, of (q,) on R satisfying o,(t + 1) = a,(f) + signa,. We set
h(t) := a (ay(t)) for teR. Then signh' =signo .signa, and h(t + ) =
= a Y ay(t + 1)) = o™ Hoy(2) + signa) = o~ (o, (t)) + 7. signa’ . signay = A(t) +
+ m.sign i'. Hence a, = ah, where he §.

(<) Let he $ and a,(t) := a(h(t)) for £ € R be a parabolic phase of (q,) on R.
Since signa) = signo’.sign/i’ we have o,(t + n) = a(h(t + ©)) = a(h(t) + nx
xsignh') = oc(h(t)) + sign A’ signa’ = a,(t) + signa) and the formula g,(t) =

- (l) <a2( )) yields ¢,(t + n) = ¢,(¢). Consequently the equations
20‘2(’) 4 ay(t)

(d1) and (q,) are special disconjugate and have the same behaviour.
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Souhrn

POZNAMKA K DISKONJUGOVANYM
DIFERENCIALNIM ROVNICIM 2. RADU
S PERIODICKYMI KOEFICIENTY

SVATOSLAV STANEK

V praci jsou vySetfovany diferencidlni rovnice typu

V' =q)y, qeCR), q(t+n)=4q(t) proteR, (@

které jsou diskonjugované na R. Funkce ae C%R) se nazyva hyperbolickd faze rov-
nice () na i (= R)jestliZze existuji jeji nezavisld feSeni w, v: | u(®) | < | v(t) | atgha(t) =

u(t)

pro tei. Jestlize rovnice (q) m& hyperbolickou fazi o na R pro niZ plati

t
limvstzt) = —signa’. o0, lima(t) = signa’. o, pak (q) je ryze diskonjugovana
lI‘_(;\_/'l”Tle R. Funkce [fet_g‘/)(R) se nazyva parabolickd faze rovnice (q) na i
jestlize existuji jeji nezdvisld feSeni wy, vy :0,(t) £ 0 a (1) = Z—lg))- pro tei.
Jestlize rovnice (q) ma parabolickou fdzi f na R pro niz pl:;ti lim B(t) =
= —signf’. o, lim B(t) = sign f’ . o, pak (q) je specidlng diskonjugO\;;n—ziwrovnice
na R. o
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Podle Floquetovy teorie lze ke kazdé rovnici (q) pfifadit jistou kvadratickou
C e 1y 1 ey .
rovnici, jejiz kofeny Q,Z)— (o + 0) se nazyvaji charakteristické kofeny rovnice (q).
V préci je dokdzano:
. N . 1 . .. s g

Rovnice (q) je diskonjugovani a g, 3 (e > 1) jsou jeji charakteristické kofeny
pravé kdyZz (q) je ryze diskonjugovand rovnice a existuje hyperbolickd fdze o rovnice
(9) na R pro niz

ot + n) = a(t) + a, teR,

kde a = Ing (> 0).

Rovnice (q) je diskonjugovani a Q,—;—- (¢ = 1) jsou jeji charakteristické koteny

pravé kdyZ (q) je specidlné diskonjugovanéd rovnice a existuje parabolickd faze B
rovnice (q) na R pro niz
p(t + m) = B(t) + sign B, teR.
Soudasné jsou také nalezeny viechny diskonjugované rovnice (q), které maji
stejné charakteristické kofeny.

Pesrome

3AMEYAHUWE K JIUHEVNHBIM
ANOPPEPEHUMNAJTBHBIM YPABHEHUWAM
BTOPOI'O NOPAOKA BE3 COMMPAXEHHBIX
TOYUEK C IEPUOANYECKNUMHA
KOOOPPUNIITUEHTAMUA

CBATOCJIAB CTAHEK

B pa6orte uccinemyrorcs nuddepeHumnanbable ypaBHeHns 6e3 COnpsKEeHHbIX TOYEK
Ha R Tuma
¥y =4q(t)y, g€ C°(R), q(t + ) = q(t) nns teR. @

Dynkuusa o € C°(R) HaspBaeTcs rumep6oimyeckoit (asoil ypasHenus (q) Ha
i(cR) ecJu CyIIECTBYIOT €ro HE3aBUCUMbIE peluenus u, v: | u(t) | < | v(?) | u tgh a(t) =

t .
= _——38 s t € i. Ecom ypasuenue (q) uMeer runepbonuyueckyro ¢asy o Ha R s
KOTOpOil uMeeT MecTo lima(f) = — signa’. 00, lima(t) = signa’ . 0, 10 (q)

== | Sudeo}
ABJISIETCS YPABHEHUEM COBEPILIEHHO 6€3 ConpsikeHHbIX ToYek Ha R. ®ynxuus f € C°(R)
Ha3bIBaeTCs napabosmueckoit Gaszoil ypasuenus (q) Ha i eciid CYLICCTBYIOT €ro He-

100



uq(t .
3aBUCHMBIE DPELUCHUS Uy, vy 1 v,(f) £ 0 u ) = 018 nas tei. Eciu ypaBHeHue
1
(q9) mmeer napaGoiprueckyro dasy B Ha R mis xotopoit umeer mecto lim () =
t= — o0

= —sign f’. oo, lim (t) = sign B’ . co, TO (q) sABJIAETCA YpPaBHEHHEM CIEIUATLHO

=0

6e3 conpsikeHHBIX Touek Ha R.
B Teopuu dioke kK KaxaoMy ypaBHEHHIO (q) NPUCOEAUHACTCS KBaIpaTHUECKOE

1
ypaBHeHue, KOpHH ¢, — (¢ + 0) KOTOpOro Ha3bIBAaIOTCS XapaKTePHCTHUECKHAE KOPHH
e

ypaBnenus (q). B paGote noxasano:
(q) ectb ypaBHenue Ge3 CONPSKEHHBIX TOYEK U €ro XapaKTepUCTUYECKHE KOPHH

1
PaBHHI @, r (> 1) Toabko B ciyuae, Xoraa (q) ecTh ypaBHEHHE COBEPIUEHHO Ge3

COMPSKEHHBIX TOYEK M CYNIECTBYeT runepbosmyeckas (asa o ypaBHenus (q) Ha R Tax
4TO

ot + 1) = t) + a, teR
roe a =Ing (> 0).
(q) ecTb ypaBHeHue 6€3 CONPAXEHHBIX TOYEK M €r0 XapaKTEPUCTHYECKHE KODHH

1
paBnel ¢, — (¢ = 1) TonpKO B TOM ciydae, Koraa (q) ecTb ypaBHEHHE CIELHATbHO
4

6€3 conpsiKeHHbIX TOYEK M CyLIeCTBYeT Hapabosmueckas pasa f ypasuenus (q) Ha R
TakK 4YToO

p@ + m) = B(t) + sign §, teR.

OnHOBpeMEHHO TOKa3aHbI BCe HEKOJIeOmoumecs: ypapHeHus (q) KOTOphie HMEIOT
OJMHAKOBBIE XapaKTePHCTHYECKHE KOPHH.
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