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SEMI-ORDERED GROUPS

JIRf RACHUNEK
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From the point of view of the relation theory, the notion of a lattice is based on
order relations. Likewise the notion of weakly associative lattices is based on semi-
order relations, that is on reflexive and antisymmetric binary relations. (For the basic
properties of weakly associative lattices see [2] and [5].)

In this paper we show some properties of semi-ordered groups, whereby a semi-
ordered group is a group with a semi-order relation such that the group binary oper-
ation satisfies the monotony law. In particular, there are studied some properties
of wal-groups, i.e. of such semi-ordered groups (G, +, <) where the semi-ordered set
(G, £) is a weakly associative lattice.

1. Basic definitions and examples

A semi-order of a set A is any reflexive and antisymmetric binary relation en 4.
If < is a semi-order of A, then the pair (4, <) will be called a semi-ordered set
(so-set). Let (G, +) be a group and let (G, <) be a so-set. Then the triple (G, +, <)
is called a semi-ordered group (so-group) if a < bimpliesc + a < ¢+ banda + d <
<b+ dforallab,c,deG. A so-group is directed if for each a, b € G there exists
c € G such that a, b £ ¢. Then, evidently, for each a, b € G there exists de G such
thatd < a, b.If (G, +, <) is a so-group such that (G, <) is a wa-lattice (see [2], [5]),
then (G, +, £) is called a weakly associative lattice-group (wal-group). A so-group
(G, +, <) is called a tournament-group (to-group) if (G, <) is a tournament.

If a semi-order of a group (G, +) is transitive, i.e. if (G, £) is an ordered set
(po-set), then (G, +, <)is an ordered group (po-group). It is evident that if a wal-group
(G, +, <) is also a po-group, then (G, £) is a lattice and so (G, +, <) is a lattice-
ordered group (I-group). Analogously, if a to-group (G, +, <) is also a po-group,
then (G, <)is a linearly ordered set and (G, +, <) is a linearly ordered group (o-group).

Let (G, +) be a group and let (G, <) be a so-set (a po-set) such that a < b implies
a+c=<b+ cforallab,ceG. Then (G, +, <) is called a right so-group (a right
po-group).



Example 1. Let us consider a group (G, +), where G = {0, a, b, ¢, d, e} and addi-
tion is defined as:
+ | 0 a b c d e

0| 0 a b ¢ d e
al a 0 d e b ¢
b| b ¢ 0 a e d
c c b e d 0 a
d| d e a 0 ¢ b
el ed c b a0

We define the binary relation £ on G: 0 c,a b, b<e,c<d d£0,eLa
and x £ x for each x € G. Let us show that (G, +, £) is a right so-group which is
neither a so-group nor a right po-group. It holds:

0Lcanda=0+a=<c+a=bb=0+b=Zc+b=e,
c=0+c=Zc+c=d,d=0+d<c+d=0,

e=0+e=sc+e=a
a<band0=a+asb+a=c,d=a+bsb+b=0,
e=a+cZb+c=a b=a+d<b+d=e,
c=a+esb+e=d, )
b<Zeandc=b+ae+a=d,0=b+b<e+b=nc
a=b+cLe+c=be=b+d<Le+d=a,
d=b+e=<e+e=0;
c<dandb=c+a=d+a=e e=c+b=<d+b=a,
d=c+c<d+c¢c=0,0=c+dsd+d=c,
a=c+e=sd+e=b
d<0ande=d+a<0+a=a,a=d+b=0+b=0b,
0=d+c£0+c=c¢c,c=d+d<0+d=d,
b=d+e=<0+e=ce
e<aandd=e+aa+a=0,c=e+b=Za+b=d,
b=e+cZLa+c=e,a=e+d=Za+d=b,
O=e+e<a+e=c

Therefore G is a right so-group. But G is not a so-group, sincea =a+0fa+c=
= e¢. Moreover, G is not a right po-group since 0 £ ¢, c £d and 0 £ 4.

Example 2. As is known from the theory of po-groups, a group admutting a linear
order (i.e. if it is an O-group) is torsion free. In the case of abelian groups, this con-

dition is also sufficient. (See [4].) E. Fried proved (in [3]) that the class of all groups
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admitting tournament semi-orders is essentially larger than the class of all 0-groups.
For example, a torsion group admits a tournament semi-order if and only if it con-
tains no element of order 2. We shall show a concrete construction of a tournament
semi-order for the cyclic group of order 1, where n is an arbitrary odd positive integer.

Let n > 1 be an odd number and let (G, @) be the cyclic group of the numbers
0,1,...,n — 1 with addition @ mod n. (+ and — means addition and subtraction
of integers, < and < denote the relations “to be less than or equal to” and “to be
strictly less than” in the natural ordering of integers, and <{x,y) = {ze Z; x <
S<zgy}forx,yeZ)

We define < on G as:

) 0<y©ye<1, n_1>forallyeG
z<0©ze<f—;i, n— 1> forall ze G

(1) Let 0 < x < l;_l—. Then

x-<y¢>ye<x+1, n;l +x>forallyeG

z<x¢>ze<n;1+x,n—1>u(0,x-—1)
(III)Letn_Z-1 < x <n — 1. Then
x-<y¢>y€(x+1,n—1)u<0,x-—-n;1>fora11yeG
n—1
z<x¢>ze<x—— > ,x—1>f0rallzeG
Iv) n—1<y@ye<0,l—2_—1——1>forallyeG

n ;—L, n —2> forall ze G

z<n——1¢>ze<

Prove that the relation < = (< U =) is a tournament semi-order of the group G.
The reflexivity is trivial. We prove the antisymmetry.

L. Since n = 3, we havelgngl < n;—l <n -1, thus <1, n;1>n

n+1
n< 3 ,n—1>—@.




2. Let 0<x§n_1 Then .7c+l§n—_1 +x< n-2*-1 +x=n-1,
therefore <x+1, n;l +x> A <n;—1— + x, n—1> = (. Simultaneously
<x+l,n—2—1+x>r\<0,x—1>=@.

3.Letn_1<x<n—1.Then0<x-n—1§x—1<x+1§n—-1,

hence <x+1,n——1)n<x— ngl,x—1>=®. Moreover 0 < x —

<x - n—2—1 < x — 1, therefore <0,x—- n;1>r\<x— nzl,x—-1>=@.

4.1f 0§";1-1<";1§n—2, then <0,";1-1>n

n+1
3 <

N <nz;1’ n— 2'> = . By the definition of < we obtain the antisymmetry.

Next we show that < is a tournament semi-order.
1. It is clear that <1, n ; 1>u<n; 1 , n— 1>u{0} ={l,..,n—1}

2.In the case 0<x§n;1,we have x + 1, n;1+x>u

u<"-;1 +x,n—1>U<0,x—1>U{x}={1""’"—1}'

3. For l——-i<x<n—1 there is <x+],n——1>u<0,x-—n+l>u

2 2
U<x— n;1,x—1>u{x}={l,...,n—l}.

4.1t holds <o, ";1 -1>u<";1 , n—2>u{n—- 1} ={l,..,n—1}.
Finally we prove that a <b=>a® c<b® cforalla,b,ceG. Let a,b,ceC,

a<b.
1.Leta=0.Then1 £ b <

n—1

n—1 n—1

lo) Suppose 0 < ¢ < .Thena+c=c,c+1 b +c=< + c.

But this means (by (ID) thata @ ¢ < b @ c.

18) Let 2 =1

3 <c<n-—1 Thena+c=c¢c c+ 1< b+ c. Hereby either

n—1
2

n;-l +c——n,i.e.b€r)c<c-—’1"2'-1

b+cn—-1ornsb+c< + ¢. In the second case it is b @ ¢ <

< .Henceby Il a@® c<b @ c.
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n—1

Iy) Letc=n—1.Thena+c=c,n=b+c= + n — 1. This means

that 0 < b @ c £ n—1 — 1, therefore by (IV) a @ ¢ < b ® c.
2hetb=0.Then "t Ll cacn—1.
n+1
20) Suppose0 < ¢ <n — 1.Thenb + ¢ = ¢, 5 +c<a+cs=n—-1+c

Letn<n—-1+4+c.Thena®c=<c—1l,andsoby(IDa@®c<b®c.

2p) Let n;l <c<n-—1 Then b+c=c¢, n< n;—l +cfa+c<

n—1

<n-—1 i.e. ¢ —
+c 1 c 2

Sa®e<c—1 Hence by (IIl) a®c<b @ c.

n+1

2y) Letc=n—1.Thenb + ¢ = ¢, 3

+n—1=a+ ¢ £2n -2, there-

n—1

fore 7

Sa®c<n-—2andthismeansa@® c <b @ c.

3. From 0<a§n~1 and from 0<b§n—1

it follows a + 1 <b =<

n-—1

3a) Suppose 0 < ¢ = . Thenevidently0 <a+c<b+c<n-1L

n—1 . Then a+c+1§b+c§n—_1

3aa) Let a + ¢ £
thereby ID a @ c < b @ c.

3ab) Let n;l <a+c<n—1. Thena+c+12b+c=<n-1. From
this and from (III) it follows a @ ¢ < b @ c.
3&Lan;1<c<n—L
n—1

3fa) Suppose

<a+c<n-—1 Hencea+ c+ 1 <b+ c. Indeed, let

n—1 n+1

n<b+c=
adDc<b®ec
3b) Letn < a+ c. Thenn <b + ¢ <

+a+cie0sb®dDc=La+c—

. Therefore by (111)

n—1
2

4+ n — 1, therefore 0 < b @ ¢ <

n—z—l —1.ThismeansO§a(~Dc<b6—)c<—n—-2—_—1——-1. Thus by (I) and (II)

a@c<b®ec.

<




’1;L+n~l, and so 0 <

3) Let c=n—1. Thenn<a+c<b+c <

n—1

Sa®@c<bdc< — 1. Hence by Dand (Il a @ ¢ <b @ c.

n—1 n-—1

4. Suppose 0 < a < 5> T<b<n—].Thusa+1§b§n—;i

+

+ a.
4@Lﬂ0<c§£%lﬂTMn0<a+c§n~L

n—1 n—1

daa) Ifa+ ¢ £

byMMa®c<bdc.

,thena+c+1 b+ c¢c < + a + c, therefore

4ab) Let n;l <a+c<n-—1. Then a+c+1<b+c§n—;-l—+a+
+ctmmmeﬁn§b+qtMn0§b®c§a+c—£%L.MiW(M)
a®c<bdDec.;

4occ)Leta+c=n——1.Thenn§b+c§n_1 +a+n—-1 =n—-1+a,

n—1

e, 0Sb®c=£a-1Z5 2——1.Thusby(IV)a€|—)c<b@c.

4p) Let n;l <c<n—1.Thennm1 <a+c<n—;——1«+n-—1.

4Ba) Suppose a + c<n—1. Then a+c+ 1 b+ c. If n b + ¢, then
b-i—cén_1 +a+c,hence0§b®c§a+c—n;I.Thereforeby(I[I)
a@c<bdec

4ﬂb)Leta+c=n—].Thenn§b+c§—n~%~1—+a+c=  tn-
— 1. Therefore 0 S b@c < 21 — 1 ic. by (V) a @ c < b ® c.

4fc) Letn < a + ¢. Thena + ¢ < n—1 +n —1,whichmeans 0 £ a® ¢ <

n—1 . n—1 .
< 7~ 1. Simultaneously n <b + ¢ < + a + ¢. This means 0 <
<b®c< n;l +(@®c). Hence by (Dand (IDa@® c < b @ c.

n—1

4y) Suppose ¢ =n — 1. Then n £a+ c £ +n—1,and so 0 £ ad®

-1 .. . -
@cgiz——I.Inaddxtlontherelsnga-}-c<b+c§£§—1—+a+n—1,
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—1
theref0r60§a®c<b®c§~n-2———+a—l,hence a®c<bdec.

S'SI‘pposci%l_<a<”—1,0<b§n;] .Then0<b§a—__nJ2rL.

n—1

S0) Let 0 < ¢ = .Then0 <b+c<n-—1.

Soca)Letn—;—L<a+c<n—l.Then0<b+c§a+c—n+1.Hence
by (Ill) a®c<b®ec.

Sab) Let a + ¢ = n — 1. Then 0<b+c§a—i—;—.—-1—+c=(n—l)—-
—ﬂii=l%l—1.Thusby(w)a@c<b@c.

Sac) Let n £ a + ¢, i.e.n§a+c<rz——1+1—2_———l~,and so 0Zad®c<
<n—1 — 1. Then 0 <b +c¢c<La— ntl +c=@®c)+n-— n42-1 =
= ";1 +(@®c). Thus by (D and (I a® c < b @ c.

50) Supposei%l—<c<n—l.Hencen§a+c<2n—2.

n+1

5ﬂa)Let0§a®c§~n~—;L. Then b+ c=<a-— +ec=@®c) +

n+1 n-—1

+ (a @ ¢). In addition F—%—l— + (@ ®c) £ n— 1, which

2 2

means n—1 <b+c=Zn-—1, thus a®c <b @ c. Therefore by (I) and (II)
a®c<bdec

5pb) Let ;1 <a®c<n-—2 Hence, if n<b+c¢ then n £b+ ¢ =
éa«i—(?——’l——;—]—:(a@c)-%n—i~—;—l~ands00§b®c_ﬁ_(a®c)— n;—l
Ifb+c<n—1l,thenn<a+c<b+c+nimplies0=<a®c<b+ c. Thus
by(II)a®c<b®ec.

5y)Letc=n—l.Theni1—;—L+n—l<a+c<2n——2,hence ll—;—lé

n+1

Sa®@®c<n-—2 Inaddition n<b+c<La+c— , therefore 0 < b @

2

@cé(a@c)—iz—l.Thusby(lll)a@c<b®c.
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n—1 n—1 n-—1
6. Let 3

<a<n-—1, 3 <b<n-—1. Thus b — £as

gb-w.Thusb—l_}igagb—l.

-1
62) Suppose 0 < ¢ = "

n—1
2
therefore by (Ill) a @ c < b @ c.

62a) Let <b+c<n—1Thenb+c—-—1=Za+c=<b+c—-1,

6ob) Letb + ¢ = n — 1. Then n—1 < a + ¢ = n — 2 and this implies by (IV)

a®c<bd®ec
n—1 . n-—1
6oc) Letn £ b + ¢ < +n—1ie0ZbDc< —1LIfa+c¢ <
n—1 . n+1

<n-—1,then (b ®c) +n — < a + ¢, which means (b ® ¢) + 3 =
<a+c Henceby(IDa®@c<b@e.

6f) Let n;l <cZn—1 Then nSa+c<b+ec<2n—-2 ie. 05
ga(@c<b6~)c<n—2.Moreover,n<b+c§a+n_1 +c=@@®c)+
+n+ n_l,thu50<b@c§(a€ac)+ n—l.Therefore by (II) a ® ¢ <

<b®ec.

n—1

7. Suppose a =n — 1. Hence 0 < b < — 1. Furthermore 0 < ¢ implies

at+c=n—-1+ciea®@c=c—1.

n—1 n—1

7o) Let0 < ¢ £ .Thena@c<£—;~1—and0<b+c§ -1+
+c=n;1+(a@c).Thusby(lI)a(—Bc<b®c.
n—1 n—1

76) Let 3 <c<n——l.Hence——2——_S_a®c<n—~2.
7/3a)Leta®c=n—;——1—,i.e.c—1=ngl.Thenc:n;Iandb+c=

n+1 n—1 n+1 n—1 n+
= < - = .
b+ =3 1+ 3 (a ®c)+ 3 Moreover

<b+c.Thusby(IDa®c<bdec.
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- -1
) Let 2oL ca@e<n-210nsh e thennshtes ot

n—1 and so

—-1+c=(a®c)+n;1, je. 0Sb@c=@®c)—n+
n+1

0=sb@ec=@®)——
In both cases we obtain by (Ill) a @ ¢ < b @ c.

Letb+c=<n—1.Thena®c=c—-1<b+c.

-1
7y)Letc=n—l.Thena+c=2ﬂ"2,n§b+C§n + n — 2. Thus
a@g:,z_zandogb@cén—‘l —2.ngSmustho]d,thereforen;1 <
-1 +1
<n—2.Furthermore,b@c§n2 —2=(n—2)—n2 =(@®c) —
—-"—-;il.Thusby(m)a@c<b@c.
8. Suppose b = n — 1. Then n;l < a < n — 2. In addition, 0 < ¢ implies
b+c=n—l.+c,i.e.b®c=c——l.
n—1 n—1
8x) Let 0 <c¢ < . Then n<b+c¢c = +n-—1, and so 0 =
<bocstzl_y
8aa) If b@® ¢ =0, then ¢ =1 and n;l +1=<a+ c = n—1, this means

1%—1—§a+c§n—1.Thusby(I)a(—Bc<b63c.

n-—1 n-—1

8ab) Let0 <b @ c £ — 1L.Ifa+ ¢ £ n—1,then +cZa+ec

n+1 n+ 1

By this 5 + ¢ —1Za+ c, therefore 3

a@c<b@cleth=a+c=n—-—2+cThen0La@cLec—-2=(c~-1)—
—1=0®c)—1.Hencealsoby IDa@c<b@ec.

n-—1
8p) Let 3

+ (b @ ¢) £ a + c. Thus by (II)

<c<n-—1.Thenn£a+c <2n— 3,therefore0 L a @ c <

<n—3.Moreover,ll—-_z——i§b@c‘<n—2.

n—1

88a) Let a@® c=0. Then a + ¢ =n, and so 2< ¢ < . This means

léc_léngl ~Lthusby(Da@c<bPec
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1

8ﬁb)Let0<a®c§n-l.Then(a@c)+-"--§—~=(a+c)——n+
n—1 n—1 n+1 n—1

> - = —

72 + ¢ 3 ¢c>c—1 and thus (@ ®c) + 3 >
> b @ c. Furthermore (@@ c)+1=(@+c)—n+1=m—-2)+c—n+1=
=c—1=b@®c Therefore by Il) a® ¢ <b @ c.

- - -1
i 8[3(‘)Letnz1 <a€!~)c<n—3.Weknowthat£—3—1—§b@c.Butn2 =
= b @ c cannot hold. Namely, in the other case a + ¢ = a + ntl and thus

a+c=a+ n+1,and(a®c)-— n+l = a @ c, which implies n = —1. The-
refore n—1 < b @ c holds always. In addition (a @ ¢) + n;1 =(@+c)—n+
+n-2-1 =a+c-—n;-1 ;n-z—l +c—-n;:1 =c—-1=b®c thus a®
@cg(béac)—n_l.Andsinceagn—2andn_s_a+c<b+c<2n—2,
a® c <b® c. Hence by (II) we obtaina + ¢ < b @ c.

8y) Let ¢ = n — 1. Then %—L+n—1§a+c§2n—-3,hence n—1 -
—1fa®@c<n—-3 If n=3thena®c=0and b®c=1, thus a®c <

n—1 <b®c=n-— 2. Since St

<b®c If n >3, then —1Zfa®ec,itis

n-—1 1

< a®c, thus (b@c)—"—;—-ga@a And since a @ ¢ £

Sn-3=0b@c)—-1L,by(l)adc<bDec.

(-2 -

Example 3. Let (Z, +) be the additive group of integers, *“ < the relation “to be
less than or equal to” in the ordinary sense. Let us define a relation “<” on Z as:

a<b<wgya=<bandb — a# 2. Then (Z, +, <) is a wal-group which is neither
a to-group nor an /-group.

2. Semi-ordered groups

Let G be a so-group, G* = {xe G; 0 < x}.

Theorem 1. a) If (G, +, <) is a so-group, then G* is an invariant subset with 0
in G such that ae G* and —ae G* imply a = O for each aeG.

b) If (G, +) is a group, P an invariant subset with 0 in G containing no non-zero
element with its opposite element, then (G, +, <), where a S b iff b — a€ P for all a,
be G, is a so-group and G* = P.

14



Theorem 2. A so-group (G, +, <) is a po-group if and only if G is a subsemigroup
of (G, +).

Proof. Let G* be a subsemigroup of (G, +), a £ b, b <c. Then b — a,
c—beGtandc—a=(c—b)+ (b —a)e G, therefore a < c.

Theorem 3. Let G = (G, +, <) be a so-group. Then the following conditions are
equivalent:

(1) G is directed.

2 G={y—zasyagz} foreachacG.
B)G={y—zy,zeG*},ie. G=G" - G*.

(4) For each x € G there exists ye G* such that x < y.

Proof. (1)=(2), (4) = (2): Let a,be G and let ce G* such that b < c. We
denote y=c+a,z= ~b+c+a.Theny—-z=c+a—-(=b+c+ a)=>band

=c+aza,z=—-b+c+az=a

(2) = (3): Trivial.

(3)=>(@4): Let xeG and y, ze G* such that x =y —z. Then y = x + z = x.

4= (1):Leta,beG,de G suchthata — b <d Thena<d+ b b<d+b,
thus G is directed.

Let G = (G, +, <) be a so-group, @ # A = G. Then we say that 4 is a convex
subset of Gifa < x,x < bimply xe Aforalla, be 4, x€ G. A subgroup 4 of G is
called a convex subgroup of G if A is a convex subset of G.

Theorem 4. L et G = (G, +, <) be a so-group, A a subgroup of G. Then A is convex
if and only if 0 < x, x < a imply x € A for eachae A, x € G.

Proof. Let a,be A, xeG, a<x, x<b. Then 0L —a+x, —a+ x <
< —a+ b, thus —a + xe 4 and so x e A.

Let (G, +, £) and (G’, +, £) be so-groups. A mapping ¢: G —» G’ will be called
a so-homomorphism (G, +, £) » (G’, +, £) if ¢ is a homomorphism (G, +) —
— (G’, +) and simultaneously ¢ is a homomorphism (G, £) —» (G’, £) (i.e.a < b
implies ap < bo for all a, b € G).

Theorem 5. Let G = (G, +, <) be a so-group. Then anormal subgroup A of G is the
kernel of a so-homomorphism if and only if A is convex.

Proof. a) Let ¢: G — G’ be a so-homomorphism, 0’ the zero-element in G’. Let
us denote 4 = Ker ¢. Suppose ae 4, x€ G, 0 =< x, x < a. Then 0¢p £ xp, x¢ =
S ap,ie 0 = xp, xp < 0, and thus x¢ € 4.

b) Let A be a normal convex subgroup of G, G = G/A. Let us consider the relation
“<” on G defined as:

x + A Sy + A<y there exists ae 4 such that x + a £ y. Let us show that
this definition is correct. Suppose that x, x,, y,y; € G and that x; + 4 = x + A4,
y; + A =Yy + A. Then there exist b,ce 4 such that x, + b = x, y; + ¢ = y, i.e.
x, +b+a=sy,+c. Therefore x; + (b+a—c)<y, and thus x, + A<y, + 4.
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The reflexivity of < is evident. Let us show that < is antisymmetric. Let x, y € G,
x+A<Sy+ A y+ A= x+ A. Then there exist a,be A such that x + a £ y,
y+b=<x. Bythisy+b+asx+a x+a=y thsb+as —y+x+a,
-y + x + a = 0. Since 4 is convex, —y + x + a € A. Therefore —y + xe€ A4, and
sox+ A=y+ A

Now, let x,y,ze 4, x + A < y + A. Then there exists ae Asuchthatx + a <
Sy.Thusx +a+z =<y + zandsince Aisnormal,x + z + a;, < y + zfora, e 4
satisfying @ + z = z + a;. Therefore (x + A) + (z + A) S (y + A) + (z + A).
Similarly (z + A) + (x + A) £ (z + A) + (y + A).

Finally, it is evident that the natural mapping v: G - G/4 is a so-homo-
morphism.

Note. The semi-order < of the factor group G/ A defined in the proof of Theorem 5
is called an induced semi-order.

3. Weakly associative lattice-groups

Now, we shall show some properties of wal-groups. Let G = (G, +, <) be a wal-
group. If a, b € G, then a Vv b denotes the element ¢ € G such that @ < ¢, b £ ¢ and
¢ = ¢ for all ¢’ € G satisfying a < ¢, b £ ¢’. By the duality we definc a A b.

Theorem 6. If G is a wal-group, a, b, c € G, then

l.La+®bVvc)=(a+b)V(a+c),
2.a+bAc)=(a+b)A(a+c);
3.aAnb= —(—av —b).

Proof. 1. From b,c £ bvVvc it holds a+ b, a+c=a+ (bVc) and thus
(@a+bvi@a+c)y<a+ (bvVe) Let xeG such that a + b, a + ¢ £ x, Then
b —a+x,cS —a+ x,thusbVc £ —a+ xand thisimpliesa + (b V ¢) < x.

2. Dually.

3.Since —a, —b < —aVv —b, —(—aV —b) £ a,b. Let xe G such that x <
< a,b. Then —a, —b < —x, therefore —aV —b < —x,andsox £ —(—a Vv —b).

Note. Now, the wal-groups evidently form a variety of algebras of the type
(2,0, 1, 2) with two binary operations + and Vv, with one nullary operation 0 and
with one unary operation — (.).

Theorem 7. If (G, +, £) is a so-group, then the following conditions are equivalent:

(1) G is a wal-group.
(2) For each g € G there exists g vV 0.

Proof. (1) = (2): Trivial.
(2)=(1): Leta,beG.Then[(a —b) VO] + b=(a—-b+b)vb=aVh.
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Let G be a wal-group, x € G. Letus denote | x| = x V —x. Itisclear that —| x| < x,
x<|x]

Theorem 8. If A is a convex subgroup of a wal-group G,ae A,xe€ Gandif 0 < | x|,
x| Slalor|x]|£0,|lal £ |x]|, then xe A.

Proof. Let ae A, xe G, 0 X | x|, | x| £]a]|. But then | x| e 4. And since
—]x| £ xand x £ | x|, xe A. Similarly we can prove the case | x| £ 0, |a| £
= |xl

Let G = (G, +, =) be a wal-group, A a subgroup of G. Then 4 is called a wal-
subgroup of G, if A is a wa-sublattice of (G, £). A wal-ideal of G is any normal
convex wal-subgroup 4 of G which satisfies the following condition: For all a, b€ 4,
x, y€ G such that x < a, y £ b there exists ce 4 such that x vy < ¢. (It is clear
that if G is an I-group, A a normal subgroup of G, then 4 is a wal-ideal of G if and
only if 4 is an I-ideal of G.)

Let (G, +, £), (G, +, £) be wal-groups. A mapping ¢: G — G’ is called a wal-
homomerphism (G, +, <) - (G, -+, £) if simultaneously ¢ is a group homo-
morphism (G, +) = (G’, +) and a wa-latticc homomorphism (G, £) - (G', £).
It is evident that each wa/-homomorphism is a so-homomorphism.

Theorem 9. If G, G’ are wal-groups, ¢ : G — G’ a wal-homomorphism, then Ker ¢
is a wal-ideal of G.

Proof. Let ¢ : G —> G’ be a wal-homomorphism and let 0" be the zero-element
in G'. Let A = Ker ¢. By Theorem 5 A is convex. Let a,be A. Then (aVvb) ¢ =
=apVbp=0VvV0 =0, thus avbed. Let x, yeG, a, be A, x <a, y £ b.

Then x¢ < ap =0, yp < bp = 0, therefore (x Vy) ¢ = x¢ vV yp < 0" and so
xvy)ev0 =0.Letde A. Then [(x Vy)Vd]le=(xVy)oVvde =(xVy oV
v 0 = 0, thus (x V y) V d e 4. This implies the existence of ¢ € 4 such that (x v y) v
v d = ¢ and therefore x vy < c.

Theorem 10. Let A, B, C, D be wal-groups andleto : A—> B, : B—> C,6: A—> D
be wal-homomorphisms such that & is surjective and (Ker 6) « = Ker B. Then there
exists exactly one wal-homomorphism o* : D — C such that the diagram

O(*
) E— ~C
1
6] B
—~B
o

commutes.

Proof. The existence of the unique group homomorphism a* is known. Let
deD and let ae A such that ad =d. Then (dVOp)a* = (@dV00)a* =
= (aVv0,)da*=(av0y)ap =axfVv0,uf = ada*V0;=du*VOp* (04,00,
is the zero-element in 4, C, D, respectively.) Then a* is a wal-homomorphism.
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Theorem 11. If A is a wal-ideal of a wal-group G, then A is the kernel of a wal-
homomorphism. Moreover, if @ : G — G’ is a wal-homomorphism with the kernel A,
then the mapping \r : G|A — G', defined by (x + A) Y = x¢ for all x€ G, is a wal-
isomorphism.

Proof. By the proof of Theorem 5, G/4 is a so-group with respect to the induced
semi-order. Let x, ye G. Then x + 4, y + A = (x Vy) + 4. Let z€ G such that
x+ A,y + A< z+ A. Then there exist a, be A forwhichx + a<z,y + b £ z,
ie. —z+ x< —a, —z + y £ —b. Since A is a wal-ideal, there exists ¢ € 4 such
that(—z + x) V(—z + y) £ —c. Thisimplies —z + (x V y) £ —c, hence (x vV y) +
+ c¢ =< zand thus (xVy) + 4 < z + A. But this means that (x + A) V (y + 4) =
= (x Vy) + 4, and so G/A is a wal-group and the natural homomorphism v : (G, +) -
= (G/A, +) is a wal-homomorphism.

Now, let ¢ : G — G’ be a wal-homomorphism. Then by Theorem 10, the diagram

* =
G/Ker ¢ ¢ v G’
f
v] IG'
G—m -G
®

commutes, Y is a wal-homomorphism and (x + Ker @) ¥ = xwW = x¢ 1,. = x¢
for each x € G.
Let G be a wal-group. We denote the set of all wal-ideals of G by £(G).

Theorem 12. Let G be a wal-group, A, Be £(G), A = B. Then B|A e L(G|A)
and the natural group isomorphism v : G|B — (G[|A)/(B|A) is a wal-isomorphism.
Proof. By Theorem 10, the diagram

*

V=V
G|B——~ (G/A)r/(B/A)

—

Vg VB/a

G e GlA

Va4

where vp, v,, vp, are the natural homomorphisms, commutes and v is a wal-iso-
morphisn.
Let G be a group,® # A < G. Then [4] denotes the subgroup of G generated by 4.

Theorem 13. Let G be a wal-group, H a wal-subgroup of G and C a convex wal-
subgroup of G which is a wal-ideal of [H v C]. Then H n Ce £(H), H + C is a wal-
subgroup of G and the natural isomorphism v : H|(H n C) - (H + C)/C is a wal-
isomorphism.
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Proof. Since C is a normal subgroup of [HU C], [Hu C] = H + C. Let x =
=h+ceH+ C. Then x+ C=h+ C, hence (xV0O)+C=x+C)VC=
=(h+C)vC=(hvO0)+ C and this means x V0 = (A Vv 0) + 4, where de C,
therefore x VOe H + C. Thus H + C is a wal-subgroup of G.

Let he H ce HNC,0 £ h, h < c. Since C is convex in G, he Cand Hn C
is convex in H. Then it is evident that H n C e £(H).

Let us consider the diagram

y = o*
H/(HnNC)——~(H + O)|C
1 .

i
VEnc 1
-H+ C

H—

o= lgpsc

where vync, Ve are the natural homomorphisms. Since (Ker vync) lg n+c =
=(HnC)lyyie = HnN Cc C= Kery, the diagram (by Theorem 10) com-
mutes and the group isomorphism v is a wal-isomorphism.
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Souhrn

SEMIUSPORADANE GRUPY

JIRI RACHUNEK

Semiuspofadanou grupou se rozumi grupa s relaci semiuspofadani, tj. s reflexivni
a antisymetrickou binarni relaci, takova, Ze grupova binarni operace spliiuje zakon
monotonie. V ¢lanku jsou ukézany nékteré vlastnosti semiuspofadanych grup,
specialné pak wal-grup, tzn. semiuspofadanych grup (G, +, <) takovych, Ze (G, £)
je slabé asociativni svaz.
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Pesrome

INOJNIVVIIOPAJOYEHHGLIE I'PVIIIIBI
MUPXU PAXVHEK

ITonyynopsimoyeHHas rpymnma — 3TO IPYINHA C OTHOILIEHHEM TOJIYMOPSAIKa, T. €
C pedJISKCHBHBIM U AHTUCHUMMCETPHYECKMM OMHAPHBIM OTHOLIEHHEM, Takas, 4TO
rpynnoBasi OuHapHast ONEPALU BHITOJIHACT 3aKOH MOHOTOHHM.

B cTaThe moxaszaHbl HEKOTOPLIC CBOMCTBA IMOJIYYMOPSAOYCHHBIX T'PYMIT, HMEHHO

wal-TpyIm, T. e. TaKuX IONyymopsiAoYeHHsIx rpyn (G, + =), uto (G, £) — cnabo
accolMaTUBHAS PEILIETKA.
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