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§1. I N T R O D U C T I O N 

O. B o r u v k a in [2] —[5] and F. Neuman in [6] investigated characteristic (or 
Floquefs) multipliers of a differential equation (q): y" = q(t)y with 71-periodic 
function q,q e C#, R = (— oo, oo), oscillatory on R by means of the dispersion of (q) 
in case of real characteristic multipliers or by means of a (first) phase of (q) in case 
of complex characteristic multipliers. In [3] and [5] it has been proved that all the 
equations from a block [q] have the same characteristic multipliers called the 
characteristic multipliers of [q]. 

This paper presents necessary and sufficient conditions for the 7i-periodicity of the 
carriers of equations in the block [q] and in the inverse block [q]"" 1 and the relations 
between the characteristic multipliers of both blocks. The main results are in § 4 

§2 . D E F I N I T I O N S , N O T A T I O N A N D B A S I C P R O P E R T I E S 

We consider differential equations of the type 

y"=q(t)y, qeC*, (q) 

oscillatory on R (i.e. every nontrivial solution of (q) has an infinite number of zeros 
to the right and to the left of t0, t0 e R). The function q is occasionally called the 
carrier of(q). 

A function a, is called the (first) phase of(q) if there exist independent solutions u 
and v of (q) such that 

t g a(t) - ^ r f o r a l i t e ite R> KO * °}-
m 
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For every phase of (q) we have: 

CCECR, a'(t) 7-0, 

q(t) = - { a , t} - a'2(l), where {a, t) = - ^ - l Y ^ - Y . T h e set of all phases 
2a'(t) 4 V a'(r) J 

of y" = —y together with the composition rule form the group (£ called the funda­
mental group. The function t + a is an element of (£ for every a, ae R and e £(£ if 
and only if there exist numbers au, i,j = 1 , 2 , deta l 7 ?- 0 such that tge(t) = 

— ll lJL holds for every t e R, where the righthand side of the formula is 
a2l tg t + a22 

meaningful. Another group is the group of elementary phases § formed by elementary 
phases, that is, by those phases a where a(t + n) = a(t) + n . sign a ' ; 6 c § . 

Let t0 e /?, n be a positive integer and y be a nontrivial solution of (q) such that 
y(t0) = 0. Denote (pn(l0) (<P-„(^o)) the nth zero of solution y lying to the right (to the 
left) of t0. Then the function (pn((p-n) defined on R is called the 1st kind central 
dispersion with index n (with index —n) of (q). In what follows we briefly say the 
dispersion of (q) in place of the 1st kind central dispersion with index 1 of (q) and 
instead of (px we sometimes write only (p. The dispersion cp satisfies: 

cpeCl, (p(t)>t, (p'(t)>0, (pO(p_,(t) = (p_,0(p(t) = t, 

<Pn(t) = <PO ...0(p(t), teR. 

n 

Between every phase a and the dispersion cp of (q) there holds the Abel's relation 

aO (p(t) = a(t) + 7T. sign a'. 

For more details see [1]. 
We say that (q) and (q*) are associated and we write (q) ~ (q*), if there exist 

a phase a of (q) and e e(£ with a*, a * : = a O e being a phase of (q*). The associativity 
relation of equations is reflexive, symetric and transitive. Consequently it defines 
a decomposition on the set of all equations of type (q) oscillatory on R. The elements 
of the decomposition are called blocks (see [2], [3], [5]). The block containing (q) 
will be denoted by [q ] ; (q) e [q] . If a is a phase of (q), then (SaĈ  = { ^ o a O ^ ; 
e1 e (S, e2 e (£} are the phases of all equations from [q]. Herefrom it follows 

[q] = {(q*^;q*(0 = - 1 + (1 + qOe(t))e'2(t),ee<£} 

(see [2], [3]). 
We say that (q) is inverse to (q) if there exists such a phase a of (q) that the function 

a"1 is a phase of (q) (see [2], [3], [5]). If (q) is an inverse equation to (q), then (q) 
is an inverse equation to (q). Generally there exists an infinite number of inverse 
equations to (q). There are exactly those equations whose phases form the setCca""1^ 
i.e. a block of differential equations. This block is denoted by [ q ] " 1 and is called 
the inverse block of the block [q] . The blocks [q] and [q]""1 have the following 
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characteristic property: Every equation from [q] is inverse to all equations from [q] " l 

and vice versa every equation from [ q ] - 1 ^ inverse to all equations from [q] . 
Consequently, [q] is the inverse block to [ q ] " 1 . If a is a phase of (q), then[q] _ 1 = 
= {(q*);q*(0 = - 1 - (1 + qOoc~1Oe(t))(a~iO£(t)y2, ee(S}. 

N o t a t i o n . The functionf"1 denotes the inverse t o f For an integer n, n ^ 0 
f [ n ] denotes the functionfofo ...Oforf~1of~1o . . . o f " 1 according as n > 0 

N ^ / „ 

u —n 

or n < 0. 

§3 . C H A R A C T E R I S T I C M U L T I P L I E R S 

O F H-PERIODIC D I F F E R E N T I A L E Q U A T I O N (q) 

In this and the following paragraph we investigate only differential equations of 
type (q) whose carries are 7i-periodic functions on R. 

Lemma 1 ([2], [3]). Jf the carrier of (q) is n-periodic, then the carriers of all 
equations from [q] are n-periodic, too. 

Lemma 2 ([2], [3]). Let a be a phase of(q). Then q(t + n) = q(t) for t e R if and 
only if 

a(t + it) = SO a(t) , 

where e e(£. 
There is associated an algebraic equation s2 - As + 1 = 0 to every equation (q) 

with a 7r-periodic carrier in the Floquet theory. The constant A is given by: A = 
= ii(x + n) + v'(x + n), where xeR denotes an arbitrary number and u,v are the 
solutions of (q) satisfying the initial conditions u(x) = 1, u'(x) = 0, v(x) = 0, 
v'(x) = 1. We denote the roots of the algebraic equation, the so-called characteristic 
multipliers of (q), by QX, O_t. Evidently Qt . Q-t = 1. Next (q) admits independent 
solutions u and v satisfying either 

u(t + n) = Oj . u(t), v(t + n) = O_x . v(t), (1) 
or 

u(t + n) = Qi . u(t) + v(t), v(t + 7l) = Ox . v(t), Oi = 1. (2) 

The characteristic multipliers Oi, O-i of (q) can be calculated by means of a phase 
or by the dispersion of (q) as shown in the next two lemmas below 

Lemma 3 ([2], [3], [5]). Let q> be the dispersion of(q). Then (q) possesses the real 
characteristic multipliers Qi9Q-i if and only if there exist x, x e R and a positive 
integer n: 

(pn(x) = x + n. 

In this case 

Q, = {-m<P'n(x)?°, ff=±l. 
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The number x in Lemma 3 is called the 1st kind determining number of type n 0f(q). 

Lemma 4 ([3], [5], [6]). Equation (q) possesses the complex characteristic multi­
pliers e±ian, 0 < a < 1 if and only if there exists a phase a of (q) with 

a(t + n) = a(t) + (a + 2n) n 

where n is an integer. 

The number a (0 < a < 1) in Lemma 4 is called the 2nd kind determining number 
of type n of(q). The equation (q) is said to be of the category (i, n) (i = 1, 2; n an 
integer), if the ist kind determining number of type n of (q) occurs. 

Remark. If (q) possesses a phase a: a(t -f n) = a(t) + (a + 2n) n where n is an 
integer and 0 < a < 1 then it follows by formula q(t) = {a, t} — a'2(t) that q is 
7r-periodic. This fact will be particularly utilized in proving Theorems 4 and 5. 

In the theory of blocks of differential equations there plays a basic role the result 
given in 

Lemma 5 ([3], [5], "the law of inertia of characteristic multipliers"). All equations 
(q) with n-periodic carriers which are contained in the same block, are of the same 
category and have the same characteristic multipliers. All such equations have or have 
not all solutions n-periodic or iz-halfper iodic. 

From the above lemma it follows that we are justified to the following definitions: 
We say that the block [q] has the characteristic multipliers Oi, O-i if Oi, O-i are the 
characteristic multipliers of an (and then of every) equation from [q]. We say that 
[q] is of category (i, n) (i = 1,2; n-integer), if (i, n) is the category of an (and then of 
every) equation from [q]. 

§4. C H A R A C T E R I S T I C M U L T I P L I E R S O F B L O C K S [q] 
A N D [ q ] " 1 

If q is a ^-periodic function then it follows from Lemma 1 that all equations from 
[q] have 7r-periodic carriers as well. However, it doesn't generally follow that an 
(and by Lemma 1 every) equation from the inverse block [ q ] " 1 has a 7i-periodic 
carrier. Since we investigate the characteristic multipliers of blocks [q] and [ q ] ~ l 

we must also assume the carriers of equations from [q] and [q]""1 to be 7c-periodic. 
If a is a phase of an equation from [q] then the above assumptions are with respect 
to Lemma 2 satisfied exactly if 

a(t + n) = eiO a(t), a _ 1 ( t + n) = eO a(t), t e R, 

where e e (£, s1 e (£. 
In the next five theorems we now give necessary and sufficient conditions for the 

carriers of equations from [q] and [ q ] - 1 to be Ir-periodic. Further we will investigate 
the relations between the characteristic multipliers of [q] and [ q ] " 1 . Theorems 1, 2 
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and 3 are dealing with the characteristic multipliers of [q] being real, while Theorems 

4 and 5 are concerned with the characteristic multipliers of [q] being complex. 

Theorem 1. Let the carriers of equations from [q] and [ q ] _ 1 be n-periodic and let 

(1, n) and (1, m) be the categories of [q] and [ q ] _ 1 , respectively. Then n — m = 1 

and both blocks have the same characteristic multipliers. If further all solutions of 

equations of at least one from [q] and [ q ] " 1 are n-halfper iodic, then this applies to all 

solutions of equations from the second block, too. 

Proof: Let the carriers of equations from [q] and [ q ] " 1 be 7r-periodic and (1, n) 

and (V m) be the categories of [q] and [q]*" 1, respectively. Let a be a phase of (q), 

sign a' = 1 and let a - 1 be a phase of (q); (q) e [ q ] " 1 . Then 

a(t + 7r) = eiO a(t), a _ 1 ( t + n) = eO a _ 1 ( l ) ; e, ei e (~ 

and 
a o e(t) = a(t) + n, a _ 1 0 et(t) = a _ 1 ( t ) + 7r. 

Consequently e and s{ are the dispersions of (q) and (q), respectively. By assumption 

the equations (q) and (q) have real characteristic multipliers Qa and Qa (cr = +1), 

respectively, and therefore by Lemma 3 there exist such numbers x and x1 that 

e["](x) = x + 7r, e [r ](*i) = xi + ft 

and 

Q. = ( - ! ) " • (eM'(x))"2, 

e„=(-l)m.(e [im ] '(^)r / 2, a=±\. 

From a(x + n) = aO e[M](x) = a(x) + n7r we get for x : = a(x) (x = a _ 1 ( x ) ) 

a(x + 7r) = a ( a - 1 ( x ) + 7r) = a(x) + nn = x + H7r and from this a~l(x + nn) = 

= a _ 1 ( x ) + 7T. Further for any t e R we have a _ 1 o e :(t) = a _ 1 ( t ) + 7r, hence 

especially for t = x we get a " 1 O e^x) = a _ 1 ( x ) + 7r which together with a" X(x + nn) = 

= a _ 1 ( x ) + 7T gives e^x) = x + n7r. Let n _ 2. Then et(t) > t + n, thus also 

e [ m ](t) > t + 7r contrary to e^Cxj) = xX + 7r. Therefore n = 1 and e^x) = x + 7r. 

From this follows m = 1 and x is the 1st kind determining number of type 1 of (q). 

From the equalities aO e(t) = a(t) + n, a _ 1 o e^t) = a _ 1 ( t ) + n, e(x) = x + 7r, 

e t(x) = x + n, x = a(x) we obtain 

8 ' ( X ) _
 a 'W _ «'(x) 

8І(X) 

a' o e(x) a'(x + n) 

if(x) _ a' o a " 1 o e^x) __ a'(a~X(x) + я) a'(x + n) 

. if o eх(x) a' o a (x) a'(x) a'(x) e'(x) 

Hence Qa = ^_ f f, a — + 1 . The blocks [q] and [ q ] " 1 have the same characteristic 

multipliers and the same category ( = (V 1)). 

Let all solutions of equations at least of one from the blocks [q] and [ q ] " 1 be 

7r-halfperiodic (because of n = m = 1 they cannot be 7r-periodic). For definiteness let 
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this hold for all solutions of equations from [q]. Then all equations from [q] have 
the same dispersion equal to t + 7r. Consequently a(t + n) = a(t) + 7r and thus also 
oc~l(t + 7r) = a _ 1( t) + 7T. Then the equation (q) has the dispersion equal to t + 7r, 
hence all its solutions are 7r-halfperiodic and it follows from Lemma 5 that even all 
solutions of equations from [ q ] _ 1 are 7r-halfperiodic. 

Theorem 2. Let the carriers of equations from [q] be n-periodic, [q] have real 
characteristic multipliers and (q) admit independent solutions u, v satisfying (1). Then 
the carriers of equations from [q] " l are n-periodic and [q] " x has real characteristic 
multipliers if and only if there exists a phase a Of(q) where a O a is an elementary phase: 
a O a(t + TT) = a o a(t) + TT. 

Proof : Let the carriers of equations from [q] be 7r-periodic, characteristic multi­
pliers of [q] be real and (q) admits independent solutions u, v satisfying (1). 

a) Let a be such a phase of (q) that a o a is an elementary phase. There exists 
ee (£: a(t + 7r) = eO a(t). Let us put y(t) := a o a(t), t e R. Then a"1 = aO y"1 

and because of y_ 1(t + 7r) = y~l(t) + 7r we have 

a _ 1 ( t + TT) = a o y~l(t + 7r) = a(y_1(t) + 7r) = eO a o y _ 1 ( 0 = eO a _ 1( t ) 

hence a _ 1 ( t + 7r) = eO a _ 1 ( t ) and by Lemmas 1 and 2 the carriers of equations 
from [ q ] " 1 are 7r-periodic. Let a"1 be a phase of (q); (q) e [ q ] " 1 . From the formulas 
a(t + 7r) = s o a(t), a - 1 ( t + 7r) = eO a _ 1 ( t ) it follows that (q) and (q) possess the 
same 1st kind central dispersion with index k, k = sign a', equal to e implying that 
they have also the same dispersion. From Lemma 3 and from the assumption that [q] 
has real characteristic multipliers it follows that even the inverse block [ q ] ~ l has real 
characteristic multipliers, as well, 

b) Suppose now the carriers of equations from [ q ] " x are ^-periodic and [ q ] " x 

has real characteristic multipliers. Let OLX be a phase of (q). By Theorem 1 the blocks 
[q] and [ q ] " 1 have the same characteristic multipliers, the same category (equal 
to (1, 1)) and all solutions of equations from [q] and [ q ] " 1 are or are not 7r-half-
periodic simultaneously. Thus, according to the Theorem from [7], there exist 
se&, y e § : a 1 ~ 1 = £ O a 1 O y . Herefrom ax = y - 1 0 a _ 1 0 e"1 = y~lO eO OL1 O 
O yO e"1,hence yO a t 0 e = eO cttO y. Consequently a"1 = yO cclO e , a _ 1 0 e"1 = 
= yO OL1 = yO e - 1 O eO OLX. Let a : = so a t . Then a is a phase of (q) and a"1 = 
= yO e _ 1 0 a thus aO a = so y - 1 e § , because § is a group and e, y - 1 are its 

elements. This proves Theorem 2. 

Theorem 3. Let the carriers of equations from [q] be n-periodic and (1, n) be the 
category 0 f[q] . Then the carriers of equations from [ q ] " 1 are n-periodic and (2, m) 

7T 

is the category of [q ]~ 1 if and only if n ^ 2, m == 0 and t H is the dispersion of an 

equation from [q]. 
P roo f : Let the carriers of equations from [q] be 7r-periodic and (1,») be the 

category of [q], 
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a) Let the carriers of equations from [q ]~ 1 be --periodic and (2, m) be the category 
of [ q ] - 1 . Let e±an\ 0 < a < l, be the characteristic multipliers of [ q ] " 1 and (q) e 
e [ q ] " 1 . Then by Lemma 4 there exists a phase a of (q) such that a(t + 7r) = a(t) + 
+ (a + 2m) n. Now let a"1 be a phase of (q); (q) e [q]. By Lemma 1 there exist 
e e (£, ex e (£: a(t + 7r) = eO a(t), a_ 1( t + 7r) = exO a - 1 ^ ) . It is clear that e and e t 

are the 1st kind central dispersions with index k, k = sign a', of equations (q) and (q), 
respectively, e(t) = t + (a + 2m) 7r. 

1. Let sign a' = 1. Then there exists a number x: sin\x) = x + n. Since 
e(t) = t + (a + 2m) n we get e["](t) = t + w(a + 2m) 7r, hence also 

x + 7 r = x + n(a + 2m) % and 1 = n(a + 2m). 

From the last equality it follows: m = 0, a = — . Thus n = — > 2. 
n a ~ 

2. Let sign a' = — 1. Then there exists a number xt: si~"^(xl) = xt + 7r. Since 
e(t) = l + (a + 2m) 7r, so is s{~n\t) = l — n(a + 2m) 7r, hence also xX + 7r = 
= x! — n(a + 2m) n, 1 = — n(a + 2m). From the last equality it follows that 

m = 0. Then, however, a = < 0 which is contrary to 0 < a < 1. 

n 

Thus we have proved that (q) has the dispersion e(t) = t + a7r = t H , n ^ 2 , 

m = 0 and [ q ] " 1 has the characteristic multipliers e ' n and the category (2,0). 
7T 

b) Let n ^ 2 and t H be the dispersion of some equation from [q]. For 

definiteness let t H be the dispersion of (q). Further let a and a"1 be phases of (q) 

and (q), respectively; (q) e [ q ] " 1 . Then a I t -j J = a(t) + 7r. sign a' which leads 
jr \ ' j . £ 

to a" 1 ^ + 7r) = a_ 1( l) H . sign a'. Then, of course, e n and (2,0) are the 
n 

characteristic multipliers and the category of [ q ] ~ \ respectively, as it follows from 
Lemmas 4 and 5. 

Corollary 1. Let the carriers of equations from [q] and [ q ] " 1 be n-periodic, let the 
category of [q] be ( l ,n) , and [ q ] - 1 having complex characteristic multipliers. Then 

. it 

n *> 2, (— 1)" is lhe double characteristic multipliers of [q], e n are the characteristic 
multipliers of\_q\~l and (2, 0) is its category. 

Proof: Let the carriers of equations from [q] and [ q ] " i be 7r-periodic, let the. 
category of [q] be (1, n) and the characteristic multipliers of [ q ] " 1 being complex. 

7T 

Then by Theorem 3 yields: n ^ 2, (2, 0) is the category of [ q ] " 1 and cp(t) = t H 

is the dispersion of an equation from [q] ; for definiteness let <p be the dispersion of (q). 
Then cpn(t) = t + n and from Lemma 3 it follows that the characteristic multiplier 
of (q), and therefore that of [q] too, is double and equal to (~ 1)". In the proof of 
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Theorem 3 there has been even shown that e l » are the characteristic multipliers 
o fLq]" 1 . 

Theorem 4. Let a, b be rational numbers, 0<a<l, 0<b<l. The carriers of 
equations from [q] and [ q ] _ 1 are n-periodic and the characteristic multipliers of[q] 
and [ q ] " 1 are equal to e±ian and e±ibn, respectively, if and only if at least one of the 
following two conditions is satisfied: 

x 
(i) a = —— 2n, where x = ±\,n ^ 0 is an integer and there exists an elementary 

b 
phase y such that y(t + b7r) = y(t) + bn and —. y(t) is a phase of an equation from [q] . 

b 
x 

(ii) b = 2m, where x = ± 1, m ^ 0 is an integer and there exists an element-
a / 

ary phase Q such that Q[ t + — J = o(t) + — and a . q(t) is a phase of an equation 
\ a) a 

from [q]. 
If the condition (i) is satisfied, the categories 0f[q] and [ q ] _ 1 are (2, n) and (2, 0), 

respectively; if the condition (ii) is satisfied, the categories of[q] and [ q ] " 1 are (2, 0) 
and (2, m), respectively. 

Proof: 1. Let a, b be rational numbers, 0 < a < 1 , 0 < b < 1 , x = ± 1 and 
x 

n ^ 0 an integer such that a = — - 2n. Suppose next that there exists an elementary 
b 1 

phase y, y(t + bn) = y(t) + bn and —. y(t) is a phase of an equation from [q], for 
x 

definiteness let it be a phase of (q). Then also —. y(t) is a phase of (q) and 

y . y(t + n) = ~ . (y(t) + n) = y . y(t) + ~ n = y . 7(t) + (a + 2n) TT. Therefore 

by Lemmas 4 and 5 e±/a7rare characteristic multipliers of [q] and (2,n) is its category. 

Let the function y~\bt), which is inverse to — . y(t), be a phase of (q); (q) e [ q ] " 1 . 

By assumption y(t + b/r) = y(t) + bn, where from y_ 1(t + bn) = ?_ 1( l) + bn. 
Therefore (q) and [ q ] " 1 have the characteristic multipliers e±ibn and the category 
(2,0). 

Let the condition (ii) be fulfilled. Completely analogous to the condition (i) we 
prove that [q] has the characteristic multipliers e±ian and the category (2,0) and 
[ q ] " 1 has the characteristic multipliers e±ibn and the category (2, m). 

2. Let the carriers of equations from [q] and [ q ] " x be 7i-periodic and let them 
have the characteristic multipliers e±ian and e±ibn, respectively; a, b being rational 

k r 
numbers, 0 < a < l , 0 < b < l . Then a = - r , b = — with 0 < k < 1,0 < r < s 

I s 

and k, I as well as r, s are comprirne, positive integers. By Lemma 4 there exists 

a phase a of (q) and an integer n: a(t + n) == a(t) + f y + 2n J it. Let a"2 be a phase 
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of (q); (q) e [q] 1. From the structure of the phases of (q) and from Lemma 4 then 
follows the existence of s, s e (£ and of an integer m with s O a ~] (t + n) = £ O a _ 1 ( / ) + 

+ ( 1- 2m J 7r. So we have gOa _ 1 ( / + s7r) = so a_ 1( l) + (r + 2ms) 7r = ^(a~1(t) + 

+ (r + 2ms) 7r. sign s'). Consequently 

a _ 1 ( t + s7r) = a_ 1( t ) + (r + 2ms) 7r. sign s' 

and passing to the inverse functions we get to 

a(t) — s7r = a(t — (r + 2ms) 7T. sign a'), 

hence 

a(t + (r + 2ms) 7r. sign s') = a(t) + s7r, 

a(t + (k + 2Hl) (r + 2ms) 7r. sign s') = a(t) + s(k + 2nl) 7r. (3) 

(j + 2n\ n Further a(t + 7r) = a(t) + I — + 2HJ 7r which yields 

a(t + s/7r) = a(t) + s(k + 2nl) n. (4) 

It then follows from (3) and (4) that 

Is = (k + 2nl) (r + 2ms). sign s' 

and further 

1 = (a + 2n) (b + 2m) . sign ^'. (5) 

From (5) it immediately follows that mn = 0, m2 + n2 > 0. 

a) Let m — 0. Then n ^ 0 and a — — . sign ^' — 2n. Let us put ax(t) : = a O s~ 1(t), 
b 

t e R. Then a1 is a phase of an equation from [q]. F r o m a ^ t + 7r) ^ a O e " 1 ^ ^ ) = 
7T 

= a(£_ 1(0 + 7r. sign s') = a O e"1^) + n(a + 2n) . sign ^' = ax(t) + — we obtain 
b . ax(t + 7r) = b . <xx(t) + 7r. So b . a2(0 is an elementary phase written as y, y(t) = 
= b . cct(t). Further s O a_ 1( t + 7r) = s O a _ 1 ( t ) + b7r which gives a O s~l(t + b7r) = 
= a O 2 _ 1 ( 0 + n, ai(^ + bn) = ax(t) + 7r and y(t -\- bn) = b . ax(t + b7r) = 
= b . a t(t) + b7r = y(t) + b7r. This proves the existence of such an elementary phase 

y(t) with y(t + «b7r) = y(t) + bn and —. y(t) is a phase of an equation from [q]. 
b 

Evidently, (2, n) and (2, 0) are the categories of [q] and [q] ~1, respectively. 

b) Let n = 0. Then m # 0 and b = — . sign 2' - 2m. Let us put aj(t) : = sign ^'. 
a 

. a O ^~ 1(0>' ~ -#• Then at(t) is a phase of an equation from [q]. From the equal­
ities at(t + 7r) = sign e ' . a O s~x(t + 7r) = sign ^ ' . a(2 - 1(t) + 7r. sign s) = sign 2 ' . 

. (a o s~x(t) + a7r. sign ^') = signs' . a o s~\t) + an = ax(t) + a7r we obtain — . 
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a,(t + 7i) = — • a i ( 0 + n- Consequently — . at(t) is an elementary p h a s e 

a a 
written as Q, Q(t) = —. a^t ) . Further we have sO a _ 1 ( t + n) = eO a - 1 ( 0 + 

a 
71 

+ (b + 2m) n = s O a _ 1 ( t ) -1 . sign e' which gives eO a _ 1 ( l + n) = so a_ 1( l) + 
a , x 

H . sign e' which in passing to the inverse functions gives sign e'. aO ev 1 ( M 1 = 
a ( n\ \ a) 

= sign e' . a O s j(t) + 7r equivalent to ax 1 t H j = a t(t) + 7t. Herefrom 

<?( t + — J = _ . a ( t + — ) = — . (Xj(t) + — = O^(t) + — . This proves the 
\ a) a \ a) a a a 

existence of an elementary phase O, such that Q 11 -\ 1 = Q(t) -\ and a. g(t) 
\ a J a 

is a phase of an equation from [q]. Evidently, (2,0) and (2, m) are the categories 
of [q] and [q] -"1 , respectively. 

Theorem 5. Let at least one of the numbers a, b be irrational, 0 < a < 1,0 < b < 1. 
The carriers of equations from [q] a«d[q]_1 are n-periodic and have the characteristic 
multipliers e±lan and e±lbn, respectively, if and only if one of the two following conditions 
is satisfied: 

(i) a = — where x = ± 1, m is an integer, and at is a phase of an equation 
o + 2m 

from [q] . 
x 

(ii) b = s where x = ±1, n is an integer, and t\b is a phase of an equation 

from [q] . 
If the condition (i) is fulfilled, the categories of [q] and [ q ] - 1 are (2,0) and (2, m); 
zf the condition (ii) iS fulfilled, the categories / f[q] and [ q ] " 1 are (2, n) and (2, 0), 
respectively. 

x 
Proof: 1. Let a = — with x = ± 1 , m being an integer; let at least one 

b + 2m 
of the numbers a, b be irrational, and let at be a phase of an equation from [ql 
Then from Lemmas 4 and 5 and from a. (t + n) = at + an if follows that e±Ia7t 

are the characteristic multipliers of [q] and (2, 0) is its category. Further x . — is the 

X t 71 t 
inverse function to xat. Thus from —. (t + n) = x . - — h x . — = « . — J . 

a a a a 
+ (b + 2m) 7i we have: e±ibn being the characteristic multipliers of [ q ] " 1 and (2, m ) 
its category. 

Let the condition (ii) be fulfilled. Completely analogous to the condition (i) W e 

prove that [q] has the characteristic multipliers e±iaK and the category (2, n) and 
[ q ] " 1 has the characteristic multipliers e±ib7t and the category (2, 0). 

2. Let the carriers of all equations from [q] and [ q ] " 1 be 7i-periodic. Let **-«* 
and e±ibn be the characteristic multipliers of [q] and [ q ] " 1 , respectively, with 0 <-
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< a < 1, 0 < b < 1, and at least one of the numbers a, b be irrational (for definite-
ness let it be the number a). By Lemma 4 there exists a phase a of (q) e [q] a(t + n) = 
= a(t) + (a + 2w) 7r, with n being an integer. Let a"1 be a phase of (q); (q) e [ q ] " 1 . 

From the equalities a _ 1( t + (a + 2n) 7i) = a - 1 ( t ) + 7i and q(t) = —~- h 

3 /a"lw(rtV ,- 2 ' a " ( 0 

+ [ JLA \ _ a - VA it follows that the continuous function q is periodic also 
4 V o T ' C O / 

with the period an and since a by our assumption is irrational, we have q(t) = 
= const. ( = k < 0). Then, of course, yj — kt is a phase of (q) and — is a phase 

7-fc 
of an equation from [q]. Therefore there exist s e (£, et e (£ and m being an integer 

such that eiyf^kt + V"^ 7 1 ) = e ( V " ^ 0 + (* + 2 m ) 7 r ' e* ( ~ ~ = " + ~7=~) = 

/ , \ \J-k J-kJ 
= e« f ) + (a + 2n) 7i and also e(t + J-kn) = e(t) + (b + 2m) 7i, 

\ > / - f e / 
e1 11 H — - ) = ^ ( t ) + (a + 2«) 7r. We now show that from the last two equalities 

V yj-kj ___ 
it follows e'(t) = sign e', ei(t) = sign e'1? t e R. From s(t + yj — kn) = e(t) + 
+ (b + 2m) n we have e'(t + J — kn) = e'(t), hence s'(t) is a periodic function with 

the period ^J -kn. Hereby s'(t) = Ű Ц Ű 2 2 - « 1 2 « 2 1 

( a l t sin t + a12 cos t) + ( a 2 1 sin t + a 2 2 cos r) 
with atj, (i,j = 1 , 2 ) being appropriate numbers, det au ^ 0. Therefore, unless e'(t) 
is a constant function, d7r, d = + 1 , + 2 , ... are all periods of this function. So, if 
s'(t) is not a constant function, there exists a positive integer d.: >/ — fc = dt. Then (q) 

has the dispersion <p(t) = / + — and it follows from the relation cpdl(t) = t + n 

and from Lemma 3 that (q) has the real characteristic multipliers contrary to our 
assumption. Therefore e'(t) = const. ( = h) and from {s, t) — e'2(t) = - 1 we have 
h = sign g'. Completely analogous it can be shown hat s[(t) = signai, t e R. So, 

it holds yf — k . sign e' = b + 2m, —-------- . sign ej = # + 2n and also sign a'. signei = 

V-fc 
= (a + 2n) (b + 2m), hence m/z = 0, m2 + n2 > 0. If n = 0, then a = ^ _ i i 2 _ £ i ) _ 

b + 2rn 

and at is a phase of an equation from [q] and (2, 0) and (2, m) are the 

categories of [q] and [q] "*1, respectively. If m = 0, then b = — . sign (e o e^ 

and — is a phase of an equation from [q] and (2, n) and (2, 0) are the categories 

of [q] and [ q ] " 1 , respectively. This completes the proof of Theorem 5. 

R e m a r k . If the carriers of equations from [q] and [q] ~1 are 7r-p5riodic and e±ian 

and e±lbn are the characteristic multipliers of [q] and [ q ] " 1 , respectively, wherein 
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0 < a < 1, 0 < b < l and at least one of the numbers a, b is irrational, then 
follows from Theorem 5 that both numbers a, b are irrational. 

From Theorem 5 immediately follows 

Corollary 2. Let a, b be irrational numbers, 0 < a < 1 , 0 < b < 1 . The carriers 
of equations from [q] and [ q ] " 1 are n-periodic and e±ian and e±lbn are the character­
istic multipliers of [q] and [ q ] " 1 , respectively, if and only if y" — — a2y or y" = 

yc yc 
= r- y belong to [ql and a = — — or b — ^— where x = ± 1 and m, n 

5 2 b + 2m a + 2n 

are integers. 
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SOUHRN 

CHARAKTERISTICKÉ KOŘENY BLOKU 
A I N V E R Z N Í H O BLOKU L I N E Á R N Í C H 

D I F E R E N C I Á L N Í C H ROVNIC D R U H É H O ŘÁDU 
S H-PERIODICKÝMI K O E F I C I E N T Y 

SVATOSLAV STANĚK 

V práci jsou uvedeny nutné a postačující podmínky pro n-periodičnost koeficientů 
diferenciálních rovnic typu (q): y" = q(t)y, qe C%, R = (— co, co), které jsou oscilato-
rické na i? a leží v bloku [q] a v inversním bloku [ q ] " 1 . Za předpokladu, že rovnice 
v blocích [q] a [ q ] " 1 mají 7c-periodické koeficienty, jsou dále vyšetřeny vztahy mezi 
charakteristickými kořeny obou bloků. 
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PEЗЮME 

XAPAKTEPИCTИЧECKИE KOPHИ БЛOKA 
И OБPATHOГO БЛOKA Л И H E Й H Ы X 

Д И Ф Ф E P E H Ц И A Л Ь H Ы X УPABHEHИЙ BTOPOГO 
ПOPЯДKA C Я - П E P И O Д И Ч E C K И M И 

K O Э Ф Ф И Ц И E H T A M И 

CBATOCЛAB CTAHEK 

B paбoтe пpивoдятcя нeoбxoдимыe и дocтaтoчныe ycлoвия для я-пepиoдич-
нocти кoэффициeнтoв в блoкe [q] и в oбpaтнoм блoкe [q] - 1 диффepeнциaльныx 
ypaвнeний видa y" = q(t)y, qєC%, R = (— oo, co) peшeния кoтopыx кoлeб-
лютcя в /?. Иcлeдyютcя cooтнoшeния мeждy xapaктepиcтичecкими кopнями 
в блoкax [q], [q]" 1 пpи ycлoвии чтo диффepeнциaльныe ypaвнeния в oбoиx 
блoкax имeют тr-пepиoдичecкиe кoэффициeнты. 
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