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A NOTE TO A CERTAIN PAIR
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VLADIMIR VLCEK
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The mapping /() defined by the parametric integral
+
[ exp(—zt)ds,  whereRez >0 1))
(1]

stands for the inversion with respect to the unit circle with its centre at the origin 0.
This mapping biuniquely carries over the exterior of the circle | z| > | onto its
interior 0 < | z| < 1 and reversely in the complex halfplane Re z > 0, whereby the
only self-adjoint points of this mapping are exactly all the points of the open half-
T
)

The convergence of the integral (1) is guaranted by the condition Rez > 0;
whereby the parametric integral (1) uniformly converges for all z which additionally
satisfy the inequality

circle having the equation z(t) = exp (it), where ¢ € —%,

0<d=Rez

where 4 is an arbitrary positive number, i.e. (1) converges uniformly in every half-
plane imbedded in the right halfplane Re z > 0.

Both parts Re 1(z), Im I(z) of the mapping I(z) are the parametric integrals of the
form

+ o0 +

{ exp(—xt)cos(y)dt  and { exp (—x1)sin (y1) dt,
o (1]

respectively, both converging [or uniformly converging] in the halfplane {x > 0}
[or {x = § > 0}, where § > 0 is an arbitrary number]. These parametric integrals
simultaneously represent the Laplace integral transformation with two independent
real parameters x € (0, + c0) and y € (— 00, + 00), the kernel of which constitutes the
function K(x, t) = exp (—xt); the subjects of this transformation are the functions
f(y,t) = cos (yt) and g(y, t) = sin (yt), t € €0, + o0), respectively.
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To persue the properties of both images Re I(z), Im I(z) of this transformation
clearly, let us denote both these real functions of both real variables x, y by C(x, y),

S(x, y), respectively, i.e. for V [x € (0, + o), y € (— 00, + )] let us write

+

C(x,y) = (S exp (—xt) cos (yt) dt,

+ o0
S(x, y) exp (— xt) sin (yt) dt
o
and moreover

+ o

E(x,y) = g exp[—(x* + y*) 1] dt = E\;wexp [(=1z]»t]dt

for the two-parametric integral which, evidently, converges for V [(x, y) # (0, 0)].

Theorem 1.
I.1.ForV[x >0,ye(—o, +©)]:

C(x,y) = C(x, —y)
S(x,y) = =8(x, —y)

yC(x, y) = xS(x, y)

2.ForV[x >0,y >0]:

C(x,y) = S, x)

Clx, —y) = Sy, x)
Clx,y) = =Sy, —x)

Cx 1) = C(—i—, 1)
1
S,y = S<1,~y—)

C(x, 2) = %c(% 1)

ForV[A >0, ye(—o0, +00)]:

1
S0 ) = 75(1,%)

E(x,y) = E(y, x)

3. ForV [x > 0]:

ForV [y # 0]:

ForV[x > 0,2 > 0]:

4. For V [(x,y) # (0,0)]:
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II.

III.

ForV [x # 0]:
E(x,x) = —;—E(x, 0)
ForV[x >0, ye(—o0, +)]:
C(x,y) = xE(x,y)
S(x,y) = yE(x, y)
ForV[x > 0]:
C(x, x) = S(x, x) = \/% E(x, x).
ForV[|x|=1]:
E(x,0) = C(1, Vx? — 1)
ForV[|x| > 1]: -
E(x,0) = S&/x* + 1, 1)
ForV[x >0,y > 0]:
C(x, y) = C(y, %) = S(/2xp, x = y) [= =S(/2xy, y — 0],
whereby

C(x—y,\/fi}) ifx>y>0
C(x, y) — C(y,x) =40 _ ifx=y>0
—C(y — x,/2xy) ify>x>0

S(x, ) = S(y, %) = S(J2xy, y — ¥) [= —S(/2xy, x — )],

whereby

—C(x — y,\/2xy) ifx>y>0
S(x, y) = S(y, x) =40 L ifx=y>0
C(y — x,/2xy} ify>x>0
C(x, y) - S(xs y) = S(\/m’ x=y) [= _S(\/—z—;{);, y = x)]’
. whereby
C(x — y, \/2xY) ifx>y>0
C(x,y) = S(x, y) = 40  ifx=y>0
—C(y —x,4/2xy)  ify>x>0

ForV[x >0, ye(—o0, +00)]:

. C¥x,y) + S*(x,y) = E(x,y)

ForV([x >0,y > 0]:

L CHx,y) — S*(x,y) = S@xy, x* — y?) [= —SQ2xy, y* — x¥)],

(4.2)

@.3)
(4.4)

(4.5)

(4.6)

@.7)
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whereby
C(x* — y%, 2xy) ifx>y>0
C¥(x, y) — S*(x, y) = {0 ifx=y>0
—C(y* — x%,2xy) ify>x>0
3.25(x,y) C(x,y) = CQ2xp, x* = y*) [= CQxy, y* = x¥)],

whereby
S(x* =y 2xy)  ifx>y>0
28(x, y) C(x, y) = 1 E(x, x) ifx=y>0
S(»* — x%, 2xy) ify>x>0

4 Cx,y) = o[BG, ) + S@xy, 5 = 7]
{= 5 o= su 7 =},

whereby

—;—[E(x, y) + C(x* = y2, 2xp)] ifx>y>0
C(x,y) = %E(x,x) ifx=y>0

%[E(x, y) = CO* —=x%2xy)] ify>x>0
1
5. S’(x.y) = 5 [E(x, ) = SQxy, x* = )]

{: é—[E(x, y) + SQxy, y* — XZ)]}»

whereby

%[E(x, y) = C(x* = ¥y, 2xy)] ifx>y>0
S%(x, y) = %E(x, x) ifx=y>0
%[E(x, y) + C(Y* = x2, 2xy)] ify>x>0

IV. ForV[x>0,y>0]V[neN]:
1LEGe, ) = E( = 3", N2y [= EG” — 7, N 23]

2. C(x", y") = \/_;}T C(\/2x"y", x" =" [: \/ ;y" C(\/i);ﬁ Y- x")],
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whereby

X S(x" — y", \/ix"y") ifx>y>0
2y"
C(x", y") = { E(x", x") ifx=y>0
. SO" = x", /2x"y") ify>x>0
2y"
3. 8(x",)") = \/ (W xm =y [= \/ "X‘,T C(/2x"y", y" — X"):I,
2x" 2x
whereby
\/J’— S(x" =y, V2x")" ifx >y >0
2x"
S(x", y") = {E(x", x") ifx=y>0
yn

- S(yY" — X", /éx")z") ify>x>0
2x"

Proof: It is fairly easy to verify the correctness of all formulas in thz parts [. —1V.
stated in the above Theorem by the following: both improper two-parametric integrals
C(x, y), S(x,y) converge in the halfplane {x > 0, ye(—o0, +00)}, the integral

E(x, y) converge in the region R* — {0} and we get C(x, y) = - ,Z.,f,,,, S(x, y) =
X7+

y 1 v’
= *2***'2" and E(X, y) = - '2‘“*‘*2— .
x“ 4y xX“ 4y
Theorem 2.

ForV[x =3 >0,ye(—, +©)]V[neN]:

C(x, p) — C"(x, 1) =0 (1.2)

SE(x, ) — S, y) = 0 ~ (Lb)
CH (x, p) = S V(x,y) =0 (1.¢)
00, ) + S8 (x, ) = 0 (1.d)
CH" ™ P(x, p) + G 2 (x, 3) = 0 (l.e)
S§4n—2)(.x, V) + S'(v4n—2)(x’ ¥) =0 ' (1.1)
CH I,y + ST (x, y) =0 (l.g)
C I, y) — ST I(x, p) =0 (1.h)

Remark:

The relation (l.e) or (1.f) denotes A" 'C(x, y) = 0 [or A* S(x, y) = 0], i.e.
both functions C(x. y), S(x, y) are in every halfplane D{x =2 § > 0, y € (— o0, + )}
(2n — 1)-harmonic (both being the solution of the 2nd order Laplace homogeneous
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partial differential equation); the symbol A2"~! denotes the (2rn — 1)-times iteratep
Laplace skalar differential operator of the 2nd order A [div grad].

Proof: Each of the continuous functions C"(x, y), C™(x, y), S%(x, ), S™(x, ),
ne N, is defined by the respective improper two-parametric integral converging
uniformly (and absolutely) in every halfplane of the form D{xe {3, +®),ye
€ (— o0, +0), where 6 > 0}. So, for V[neN]V[yeR]V [xe {J, +x),é > 0]:

+ o

[ CPx, )| =1 (=1) j 1" exp (—xt) cos (yt) dt | <

! !
ol ont
xn+1 6n+1

j t"exp(—xt)dt =

]
Analogous it can be proved that by the same function ¢(n, §) = »5—'—1;7 each of the

remaining n™ derivatives

+ 20
C(x, y) = g {" exp (—xt) cos <yt +n %) dt,
+ oo

SU(x, y) = (=" | t"exp (—xt) sin (y1) dt,
0

+
S;"’(x, y) = g 1" exp (—xt) sin (yt +n %) dt,

can be bounded for V [n e N]V [y € (-0, + )]V [x € {5, + ), § > 0]. The
validity of all formulas (1.a)—(1.h) follows from the expressions of the functions
CH(x, y), CP(x, ), SP(x,y), S(x,y), k € N, in the form of the improper two-
parametric integrals given above, by putting respectively 4n — i, ne N, i = 0,1,2,3,
in place of k € V.

Theorem 3.
ForV[x =6 >0,ye(—, +0)]V[meN]A
1.[p=0,1,2,...,2m]:

Camyon (% ) = CEMam_n(x, y) = (2.2)

S py2p(%s ¥) — ST hcm- X, ¥) = (2.b)
2.[p=0,1,2,....,2m — 1}: '

CAmm B iy2s(Xs y) = ST & 1 i(x, ) = 0, (2.0)

Clm 8 o i(%s ¥) + S an(x, ¥) = 0. 2.d)
3.[p=0,1,2,....2m — 1]:

CAma2), ayanl(Xs ¥) + CEnEh o 2(x, y) = 0, (2.)

SUm 2 2y20(Xs ¥) + SR8 n-2(x, y) = 0. 2.f)
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4.[p=0,1,2,....2(m — D]:

Cl0n2 (X, ) + SEradh_ s -s(x, y) = 0, (2.8)
C,(:;Lnyz(zm P) - '4(X y) x42’(n2m§p)-3y2y(x, y) = 0. (2]’1)

Proof: ForV[ne N]V[0 Sk < n]V[x >0,ye(—o0, +0)]:
Gon-(x, y) = (=¥ j 1" exp (—xt) cos [yt +(n — k) ] = CWhrcudx, y),

Sii)yn-k(x, y) = (=1} j t" exp (—xt) sin [yt +(n — k) ;]dt = SO ilx, y).
0

(because of their continuity), both improper two-parametric integrals converging
uniformly (and absolutely) in every halfplane D{x = § > 0, y € (—o0, + oo}, where
they both are bounded by the same function ¢(n, ) = Ty . The validity of all
formulas (2.a)—(2.h) follows from the expressions of the functions C,(c';'%n-k(x, ),
SUon_i(x, y) by the given improper two-parametric integrals if we put respectively
4m — 1, meN,i=0,1,2,3, in place of n e N.

Remark:

In the formulas (2.a)—(2.h) we get for p = 0 the formulas (1.a) —(1.h) of the forego-
ing Theorem.

Theorem 4.

ForV[x 29 >0,y e(—, +00)]V[meN]A
L.[p=12,..,2m]

CEOm_ iy yop1(X, p) + CEF i pamomoa(x, ¥) = 0, (3.2)
S m1y2r-1(X, ¥) + SE 20m-mi(x, y) = 0. (3.b)
2.[p=1,2,..,2m]:
Cx‘ii’imlmyzp (%, ¥) + ST em-n(x, y) =0, (3.0)
CE T am n(x, y) = S0 (X, ¥) = 0. (3.d)
3[p=1,2,..,2m —1]:
CEEnZh 1y i(X, ¥) = CEF T e n (X, ) = 0, (3.e)
SGBn 2 iyp-1(X, ¥) — SE T2 amomoa(x, y) = 0. (3.0)
4.[p=1,2,...,2m —1]:
ciz:';,: br-z2p-1(X, ¥) = SEE T kam m2(x, ) = 0, G
CHr T Ramo 3%, y) + SBEm 0 2,2 4(x, ) = 0. (3.h)

The proof is exactly the same as that of the foregoing Theorem.
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Theorem 5.
ForV [xe (0, + ), ye(—o0, +0)]V[neN]:

e ) = @t Y (— 1 (2 T ) e, ) 5200, ), (La)
o 2i +1
CE V(x, y)=@n — DY (=17t (if) C*(x, y) S (x, y), (1.b)
i=0
SEM(x, ) = @1y (— “"_i(znzf i) SH(x, y) €, y), (Lo)
i=0
n—1
S ) = @n = DUVY (— 1 (2T ) S, ) €2, ), (L)
= 2i + 1
. " aeif2n + 1 n—i i
CP(x, ) = @1 Y (= 1) ( 2i )C“ ", ) S, ), 22)
n—1
C0(x, y) = (2n — 1)!2(’—1)"“( o )C”“(x, y) S2T0 7 (x, y), (2.)
) = 2i + 1
SPM(x, y) = (2n' Y (— 1)"_i<21-1 N 1) S*H(x, y) €27 x, ), 2.0
) =5 2i +1
S;Zn—1)(x, Y =@n— DY (=it (;7) S2i(x, y) C2"~(x, y). 2.d)
i=0

Proof: The existence (and continuity) of all partial derivatives C(x, y), Cﬁ")(x, ),
SU(x,y) and S{(x, y) for ¥ [ne N] is ensured by the analyticity of the complex
function f(z) = z™! in the whole halfplane Rez > 0, where Re f(z) = C(x, y),
Im f(z) = —S(x, y) [for both functions C(x, y), —S(x,y) arc harmonic conjugate
in the halfplane {x € (0, + ), y € (— o0, +00)}]. We prove next the formula (1.a)
only (the others may be proved in analogic form).

Since
Cilx, y) = S*(x, ) — C*(x,»)
and
Six,y) = —2C(x, y) S(x, y),
we get successively
CPAx, y) = 2[C3(x, y) = 3C(x, y) S2(x, »)],
CPAx, ) = 24[C3(x, y) — 10C3(x, y) S*(x, y) +
+ 5C(x, y) S*(x, »)],
C{(x, y) = 120[C"(x, y) — 21C3(x, ») S*(x, y) +

+ 35C3(x, p) S*(x, y) — 1C(x, y) S°(x, »)],
etc., i.e.

CP(x, y) = 2! [(i) G - G) Clx ) 8 y)] ,



CO(x, 3) = 41 [@ ¥ 1) - (;) Cx 50 + () o 5 y)] .

ey =6, (1) - (D) e s +
+ (;) C(x, 3) S*(x. ) - (Z) Cx 1) S° y)]
etc. ‘

We prove the validity of formula (1.a) by complete induction. Formula (l.a)
obviously holds for n = 1; it can be seen from the induction assumption in the second
step of the proof that (1.a) holds for any n € N, and at the conclusion, that the formula
(1.a) holds even for n + 1 (and in this way for V [n € N]) we come by using the recur-
rence formula

C3" B (x, y) = CLC"(x, »)),
valid for ¥V [n e NV].

Theorem 6.
ForV [x€e (0, +00), ye(—o0, +00)]V[neN]:

EZ"(x, y) = 2n)! E(x, y) i (- 1)",,(2'124; 1) C(x, y) S (x, ), (3.a)
i=0
n—1
EC" (x,y) = 2n — D E(x, ) ¥ (—1)”"‘(2,_2: 1) CH(x, y) S2"TT(x, y),
i=0 (3.b)
E"(x, 3) = @m! E(x. ) X (= 1)""'(2’1; 1) §%(x, y) €7, ), (3

. n-1 n—1i 2n i n—i—
E;z B(x, y) = 2n — D! E(x, ) Z (=1 ) s? ”(x, y) C* D(x, y).
i=0 2i+1 3.d)

Proof: In the halfplane {xe (0, + ), y€(— o0, +0)} the functions E(x, ),
C(x, y) and S(x, y) have (continuous) partial derivatives with respect to both variable
x and y of an arbitrary order ne N.

Since

E(x,y) = =2E(x, y) C(x, ),

E;,(X, y) = '—2E(X, y) S(X, y)7

Cix,») = §*(x, ) = C*x, ) = =Sy(x,)),
Sy(x, y) = =2C(x, y) S(x, y) = Cy(x, ),
it holds (for instance for the formula (3.b) and for the remaining formulas in an
analogic form):
EX(x, y) = —6E(x, y) [4C3(x, y) — 4C(x, ) S*(x, »)],
EP(x,y) = —120E(x, y) [6C3(x, y) — 20C(x, y) S*(x, y) + 6C(x, y) S*(x, )],
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etc., i.e.

ED(x, y) = 3 E(x, ) [—(‘;) ) + (‘:) Clx, ) S, y)],

0, ) = st ~(5) e 0 + (§) e nsin-

- (6) C(x, y) S*(x, y)],
etc.

All formulas (3.a)—(3.d) can be proved by complete induction (see an analogic
proving procedure as in the proof of the foregoing Theorem).

Theorem 7.
ForV[x >0, ye (=0, +)] A
a) Y[neN]:

+

(1) | exp (—xt) cos™(yt)dt =

:5271:{2( )C( 0)+2< )C(x,z(n—t)y)}

+

(2) | exp (—xt)sin*(yr)dt =
0

1 1 (2 . n—i 2n .
= et {7(:)%@0) +§0(—1) ( ; )C(x, 2(n — l)y)}_

b) V[ne Nu {0}]:

() [ exp (~xtycos™* ()t = 3, i(”‘ * ‘) (e [2(n — i) + 119).
o =0

© Texp(-x,) sin®"* ! (y1) dt = 5124 Z > ‘(2" + 1) S(x, [20n — D) + 11 ).
1] =0

Proof: ForV[ae R] A
1.V[neN]:

cosz"a=—2—1—[%( )—!—Z( )cosZ(n—t)a],
sin“a:z—l—[%( )+2( ( )COSZ(n——l)oc]

2.¥[neNu{0}]:
cos "y = 212{ .-Z‘o (2" l+ 1) cos [2(n — i) + 1] o,

1 —if2n + 1Y\ . .
s 2n+l 7 _1yni 2 _ 1 .
sin“" "o = 5 :—Zo( 1) ( ; )sm[ (n— i)+ 1]a
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Using the first of the formulas sub 1. we prove the relation (1) (the remaining relations
(2), (3) and (4) in an analogic form):

forV[ye(—oo, +0)]V[te0, +0)]V[ne N]:

wmpn_ L fLfam\ "tfm\
cos (yt)—»i—z,‘_l{z " +i;) . Jeos 2n i)yty,

forV [x € (0, +o0)]:
exp (—xt) cos®(yt) =

1 1(2 "l
o= {-2— ( nn) exp (—xt) + igo( in) exp (—xt) cos 2(n — i) yt}

and using integration (with respect to ¢) on the interval <0, + o0):

+ o0
| exp (—xt) cos*"(yt)dt =
0
+ o0 n—1 +o
= TL—T {i (2n> [ exp(—xt)dr + Y (Zn) | exp (—xt) cos 2(n — i) yt dt} =
2% 2\n/o i=o\ 1/ o

1 {12 i)
= {7(:) C(x, 0) +i;)( i") C(x, 2(n — i) y)}, qe.d.

THE IMAGE OF A CURVE
IN THE INTEGRAL TRANSFORMATION C(x,») OR S(x, )

Let a curve K be given by parametric equations
x = ¢(1),
y =y,

where ¢, { are continuous functions of the parameter 7, defined for V [t e M, < R]
so that () > 0, Y(7) € (— o0, + ).
Then for the one-parametric integrals C = C(z), S = S(t) holds

Clo(v), . 7
Loy =, 0
S[o@), (@] = —, VO

0@ + ¥7()
Specially, if also {(t) > 0, then

Cle@, (@] = S[Y(), ()],
Sle(@, ¥(®] = CLY¥ (), ()]
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In particular, if
a) K{y = f(x), xe D; < (0, +c0)}, then

Clx, f(x)] = L f FpTTeS
S[x, f(0)] = 2%)2?5

b) K{x =g(») >0, ye D, = (— 0, + )}, then

Cleg(y), y] = *ﬁgiy)
) + y

S oy .
[e(), y] = .

For instance

1. for V[g = ¢(7) > 0, ‘re(—-—g— +2k7z,%+ 2kn), k=0, +1, ]

Clo(z) cos 1, o(t) sin 7] = ——cos 1,

()

S[o(z) cos 7, o(z) sin 7] = *Q“(]?)“ sin 7.

2.forV[o =0(t) >0,te(2kn, 2k + 1)7n), k =0, £1,...]:

Clo(r) sin 7, g(t) cos T] = ——sin 1,

()

S[e(z) sin 7, o(t) cos 7] = g(l—r) COS T.

Corollary:
ad 1. C*[e(t) cos 1, o(7) sin 7] + S*[o(z) cos 7, o(t) sin 7] - ~v—21(~)— .
o(t
ad 2. C*[o(1) sin 1, g(t) cos t] + S*[o(7) sin 7, o(z) cos 7] = - i]( )’ )
0(z

so that for ¢ = 1:

ad 1. C?*(cos 1, sin 1) + S?(cos 7, sin 7) = 1,
ad 2. C?*(sin 1, cos 1) + S*(sin 7, cos 1) = I.
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SOUHRN

POZNAMKA K JISTE DVOIJICI
PARAMETRICKYCH INTEGRALU

VLADIMIR VLCEK

+x
V praci se studuji vlastnosti slozek komplexniho zobrazeni | exp (—zr)dt,Rez>0
0

(inverze vzhledem k jednotkové kruZnici v pravé komplexni poloroving), tj. dvojice
nevlastnich redlnych dvouparametrickych integralil tvaru

+ o0 + o
| exp (—x1) cos (yt) dt a | exp (—xt) sin (yt) dt,
0 0
oznalenych (pofad€) C(x,y) a S(x, y), navic v souvislosti s (redlnym) dvoupara-

metrickym integralem
+

E(x,y) = [exp(—|z|*)dt, z#0,
0

které soucasné vsechny stejnomérn€ konverguji v poloroviné {x 26 >0, ye
€ (—o0, +00)}, kde & > 0 je libovolné #islo.

Vzhledem k tomu, Ze ob& funkce C(x,y), S(x,y) pfedstavuji obrazy originalii
(potadé) f(y, 1) = cos (yt), g(y, t) = sin(yt) v Laplaceové integralni transformaci
s jadrem K(x,t) = exp (—xt), x > 0, 1€ (0, +00), je ve v&t& 1 ukazano, nakolik
tyto obrazy obraZeji znamé vlastnosti svych pfedmétd a vzajemné vztahy mezi nimi
(zvlasteé &ast 111 této véty).

V dalSich vétach (véty 2, 3 a 4) jsou uvedeny vzajemné zavislosti mezi parcial-
nimi derivacemi libovolnych fadt obou funkci C(x, y) a S(x, y) (jejichZ existence
a spojitost je zarudena analytiénosti funkce z7%, z # 0); ve vété 5 vyjadieni téchto
derivaci (libovolného sudého, resp. lichého fadu) a navic analogickych derivaci funkce
E(x, y) (ve v&t& 6) pomoci jisté linearni kombinace soucint pfislusnych mocnin
funkei C(x, y) a S(x, y).

V zaveredné &asti prace je ukdzano uZiti obou integralnich transformaci C(x, y)
a S(x, y) k transformaci rovinnych kfivek.
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PE3IOME

BAMETKA K ITAPE TAPAMETPUYECKUX
WUHTETPAJIOB OITPEAEJIEHHOTO TUITA

BJIAJUMMUP BIIYEK

B pabote u3yyaroTcs CBOHCTBA COCTaBHbIX 4acTeil KOMIUIEKCHOTO OTOOpaXeHHs
+

[ exp(—zr) dt, Re z > 0 (MHBEP3UM OTHOCHUTEINIBHO EAMHUYHOM OKPYXKHOCTH B IPABOH
o

KOMILJIEKCHOM nonynnocxocn«r), 3TO 3HAYUT Napbl HECOOCTBEHHBIX BELIECTBEHHBIX
NByXIMapaMeTpUYCCKUX MHTErpajioB Buaa

+ w0 + o0
[ exp(—xt)cos(yt)ydt u | exp (—xt)sin (yr) dt,
0 0o

o3HaveHHsix (mo ouepeau) C(x, y) 1 S(x, y), 6ojiee B CBAZHOCTH C (BEILIECTBEHHBIM)
NByXMapaMeTPHYeCKUM HHTETPajioM

+

E(x, y) = (,g exp(—|z|’dt, z#0,

BCH KOTOPBIE OJHOBPEMEHHO PAaBHOMEPHO CXOASTCS B MOJIYILIOCKOCTH {x = & > 0,
y€(—00, + )}, rae 6 Nt06oe MOJOKHTETBHOE YUCITO.

Beuay Ttoro, uto obe Qynxumu C(x, y), S(x, y) npenctasisror coboil 06pasbl
opuruHajos (o ouepenn) f(y, t) = cos (yt), g(y, t) = sin (yt) B MHTErpaJbHOM Ipe-
obpasoBanun Jlannaca c smpoMm K(x,t) = exp (— xt), x > 0, te(— o0, +0),
B Teopeme 1 moka3aHO, HACKOJIbKO 3TH 06pa3sl 0TOGpaXaroT 3HAKOMble CBOHCTBA
CBOMX NpPEAMETOB ¥ B3aUMHBIC COOTHOLIEHWSA MeXny HuMH (TJaBHBIM 06pa3zom
yactp III 3T0# TeopeMsl).

B cnenyrowux teopeMmax (Teopemsl 2, 3 u 4) HOABIAIOTCA B3aUMHbIE 3aBHCH-
MOCTH MEX/y YaCTHBIMH NPOM3BOAHBIMH JIIOOBIX HOPSAKOB OT 0o6eux (yHKIuiA
C(x, y) u S(x, y) [cymiecTBOBaHME M HEMPEPHLIBHOCTh KOTOPHIX FaPAHTUPOBAHA aHA-
JUTHYHOCTBI0 (yHKuuu z~ ', z # 0]; B TeopeMe 5 BBIPaXEHHE ITUX NPOM3BOIHBIX
(1106010 MapHOro WKW He MAPHOTO MOPSAKA) ¥ TAKXE aHAJOTHIECKUX IIPOH3BOIHBIX
¢bynxuuu E(x, y) [B Teopeme 6] npu MOMOILM OnpeneeHHO JiMHeiiHoi KoMOHHAMU
npousBeieHuit Hamexalmx creneneil dynkuuit C(x, y) u S(x, y).

B 3aKiro4MTENILHOM YacTH 3TOM paboTHI MOKa3aHO YNoTpeGseHue oOeux HHTeE-
rpajbHbIX npeobpasosanuit C(x, y) u S(x, y) npu npeo6pa3oBaHUH MIOCKUX KPUBBIX.
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