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(Received March 6, 1977) 

In investigating impulse characteristics of dynamic systems we meet with the 
necessity to generate the Dirac function (the unit impulse), which, however, cannot 
be generated directly in the form of (2). That is why we seek another equivalent 
mathematical description of the system investigated, in which either the Dirac 
function does not occur at all, or—with a smaller demand on the accuracy of the 
solution —it may be approximated by the rectangular or triangular impulse. This 
paper presents a way of finding the equivalent mathematical description of the 
system investigated, and some considerations of linear dynamic systems described 
by linear differential equations with constant coefficients. 

We have the following differential equation 

y(n) + ^-iy ( n"" 1 } + ••• +a0y = d(t) (1) 

with the initial conditions ((0),y('o)> ••• »y(5)"1)» ak = constant, where the Dirac 
function 6(t) is defined by the relations 

S(t) = lim 6(t, e), (2) 
e->0 

<5(t, e) = 0 for t < 0, 

S(t, e) = — for 0 < t < e, 
e 

S(t, e) = 0 for t > e, 
oo r 

\ S(t)dt = J<5(0 dt = 9(0, 

where 
ð(t) = 0 for t < 0, 
&(t) = 1 for t = 0. ( 2 a ) 
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We consider next the differential equation 

y[n) + an_iy[
n~X)^ ... + aoy = 0 (3) 

and seek such initial conditions _v_(0), y;(G), ...,yi"(~
1) for the solution of (1) to 

be the same as that of (3), i.e. y% ___ y. The Laplace transformation of the equa­
tion (1) has the form 

s"y(S)-"Es"-1-'-.vEo, + a„_ 1(s"- 1y(s)-
i = 0 

. - 2 _ _ (4) 

- I s"'2-'y%) + ... + ai(sY(s) - y(0)) + a0Y(s) = 1, 
i = 0 

the Laplace transformation of the equation (3) has the form 

i = 0 

(5) 
- I s"" -'yj^'O + ... + a^sy.OO - y_(0)) + aoY^s) = 0. 

i = 0 

If \i holds 

y=yi, (6) 
then it holds also 

Y(s) = y.(s). (7) 

To satisfy the conditions of (7) in the equations (4) and (5), it is necessary for the 
coefficients composed of the initial conditions at the powers s to hold 

s°: y . ^ - 1 * ) + a„_1y1(0(n-2>) + ... + a2yi(0) + a.y.(0) = 

= 1 + y(0(n"1)) + a„_1>;(0("-2)) + ... + a2y'(0) + 0^(0), 

s: y1(0("-2)) + fl,_1y1(0<"-3>) + ... + a3y;(0) + a2yx(0) = 

= y(0(""2)) + _„_1y(0('-3>) + ... + a3y'(0) + a2y(0), 

s""2: yi(0) + an„iyi(0) = y'(0) + a.-^O), 
S"~U- Ji(0)=y(0). 

Then we have for the initial conditions of (3) 

yi(0) = y(0), 

^i(O) = y'(0), 
(9) 

Л(0(n-1>) = 1 +y(0 ( "- 1 ) ). 

The solution of (1) can be thus carried over to the solution of (3) with the initial 
conditions of (9). In machine computing there occurs no unrealizable Dirac function-
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see fig. 2 —by the above procedure for the solution of y(t) (the response of dynamic 
system) and its derivatives y(t(J))9 jmax = n — \. The programme diagram with the 
possibility of following y(n) is unrealizable, in the relation 

„(«) í W - ^ - i У * - " я0y 

there occurs the unrealizable Dirac function. 

t V&11 

.y( n - 1 ) l 

Fig. 1 

(n-1) ^(n-2) 
У(o>1 У(O) C-1)n1УÍ0) 

-H) П У ( 0 ) 

У(0) 

Fig. 2 

This conclusion follows even from the properties of the Dirac function and from 
the programme diagram in fig. 1 and 2 for the solution of (1) and (3). According 
to (2) we have for the Dirac function 

00 t 

- o o o 

If we lead the Dirac function S(t) on the input of the integrator, we obtain the jump 
function 9(t) on its output. Integrating the sum of the functions u(t) and d(t) (see 
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fig. 3), we get (10) on the output of the integrator, under the assumption that the 
integrator changes its sign: 

t t 

v(t) = - J (u(t) + (5(t)) dl = - J u(t) dl - S(t), (10) 
0 ' 0 

where the jump function #(t) can be considered to be the initial value of the function 
v(t) for t = 0. (3(0 = 1 for t = 0). 

St 

ÕCO 

uct) 
vCt) = -ťuCt)dt--ЭCt) 

uCt) 

Fig. 3 

SCt) vCt) = -ťuCt)dt-.9CO 

This procedure is well available in modelling transfer functions of dynamic systems 
which is equivalent to the solution of the differential equation 

y<*> + fli-.-y"-" + ... + a0y = bmz^ + ... + b0z (11) 

ak,bk constant, n ^ m. The equation of (11) is generally written in the form of 
a system of differential equations 

y[ = b0z - a0y, 

y'i = btz - axy + yx, 

ys = b2z - a2y + y2, (12) 

yn = b„_jz - an_iy + y„_1, 

y = ^ z + yn-

У.-У* 

Fig. 4 

126 



The programme diagram for the solution of (12) in case of n = 3, m = 2 the func­
tion S(t) being realizable is given in fig. 4. The programme diagram for the solution 
of the same equation by the metod of the equivalent initial conditions on the basis 

:-ÔO> 

© © © 

Уi y2 

Fig. 4a 

-Уз Уз=У 

Fig. 5 

of (10) is given in figure (4a). For z(t) = 3(t), there is a solution realizable for n > m 
on the basis of the last relation of (12), the response y will be obtained on the input 
of the summary unit. The unrealizable programme diagram for the solution of (12) 
in case of n = m = 3 is given in fig. 5. The programme diagram for the solution 
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of the same equation by the metod on the basis of (10) is given in fig. 6. The response 
of dynamic system can be followed for t > 0 only. Similary y{n) according to fig. 2 
can be followed for t > 0 only. 

y(t>0) 

Fig. 6 
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S O U H R N 

MODELOVÁNÍ DYNAMICKÝCH SYSTÉMŮ 
BUZENÝCH DIRACOVOU F U N K C I 

KAREL BENEŠ 

V práci je popsána náhrada matematického popisu dynamického systému buze­
ného Diracovou funkcí ekvivalentním popisem, ve kterém se Diracova funkce ne­
vyskytuje. Jsou uvedeny úpravy programových schémat s použitím skokové funkce. 
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Р Е З Ю М Е 

М О Д Е Л И Р О В А Н И Е Д И Н А М И Ч Е С К И Х СИСТЕМ 
ВОЗБУЖДАЕМЫХ Ф У Н К Ц И Е Й ДИРАКА 

К А Р Е Л Б Е Н Е Ш 

В статье описана замена математического описания динамической системы 
возбуждаемой функцией Дирака эквивалентным математическим описанием, 
в котором функция Дирака не находится. В статье осуществлены приспособле­
ния програмных схем на программные схемы с применением единичной скачко-
вой функции. 
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